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Chapter 5: LTR General Concepts

 Main Concepts
 The loop transfer recovery method (LTR) is a design methodology for an observer based 

controller. It deals with the design of controller parameters such that frequency domain 
specifications are satisfied.

• Nominal system frequency shaping.
• Robust stability and performance frequency shaping

 The method was first developed as a modification of the LQG compensator, where design 
parameters are changed in order to achieve robustness similar to the LQR (at input) or KBF 
(at output). The method can also be seen as a H2 Optimization.

 Recall MIMO stability margins
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• From Kalman’s inequality 𝐺𝑀 ൌ ሾ12 ,    ∞ሿ,      𝑃𝑀 ൌ േ60଴• LQR stability margins:

• KBF stability margins: 𝐺𝑀 ൌ ሾ12 ,    ∞ሿ,      𝑃𝑀 ൌ േ60଴
• LQG stability margins: There are NONE

1( ) ( )s sI A −Φ = −
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• The two controller structures are given by:

1 1 2
( ) ( ) ( ) ( ) ( ) ( )s H s s H s H s s= -u r x• Static Compensator

{ }
1 1 2

1

ˆ( ) ( ) ( ) ( ) ( ) ( )

ˆ ˆ( ) ( ) ( ) ( )

s H s s H s H s s

s sI A B s KF C s-

ìï = -ïïí é ùï = - + -ê úï ë ûïî

u r x

x u y x
• Model based compensator

• where we assumed that the inverses exist and H1H2 = H2H1.

 Evaluate the loop transfer function matrices

1

1 2 1
( ) ( );( ) ( ) () )(s B I H H s Bs s s C s

TF

H

M

-é ùF + Fê úû =ë=x r y x


• The closed loop transfer matrix is the same for both cases ( try it ): 
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• Compare open loop transfer matrices at points 1 and 2 (same signal).

• The loop TFM at point 2 (between u’’ and u’ ) is different in general

1 2
' ''( )H H s B- F= uu

CASE Static Compensator:

( ) ( )

( )

1 2

1 1

1

ˆ'

ˆ ( ) '

''

F F

F F

H H

s B C B K I C K C B

K I C K C B

- -

-

ìïïï = -ïïï é ùï = F F - + F Fê úíï ê úë ûïï é ùï+F + F Fï ê úï ê úë ûïî

u x

x u

u

CASE MBC:

• The loop TFM at point 1 (between u’ and u) is the
same in both cases

1 2
)) )(( (H H ss Bs - F= u'u

• Note that existence of the inverse of CΦB, 
implies that the system must be minimum 
phase and square (or well – posed)
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• Robustness is maintained if the loop is open at point 1 and the controller is a LQR 
or a controller with guaranteed stability margins (from MIMO Nyquist)

• Nothing can be said at point 2, since the transfer matrices are not the same.

• The objective of the “recovery” is therefore to recover the robustness properties 
of the LQR at point 2, which is the plant input. This implies of course that both 
loop transfer matrices be the same.

 Summary:

 For the loop transfer matrices to be the same the 
following identity is required (Doyle & Stein Condition, 
1979) ( ) ( ) 11

F FB C B K I C K
--F = + F (1)

1 2
' ( ) ''H H s B= - Fu u
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 Do we remember the LQG compensator ?:

( ) 1

( ) ( )

( )
C C F F

G s C s B

K s K sI A BK K C K
-

= F

= - + +

ìïïïíïïïî

( ) 1( )s sI A -F = -

 Frequency Domain

( )
0

C F F

C

A BK K C K
K s

K

é ù- - -ê ú= ê ú
ê úë û

 The LQG Interconnection is well-posed and internally stable provided the appropriate 
pairs are stabilizable and detectable:

A B

C

ìï = + +ïíï = +ïî

x x u w
y x v

 Plant Dynamics

( ) 1 1( ) ( )
C C F F

L s K sI A BK K C K C sI A B
- -= - + + -

( )
( )

ˆ

ˆ ˆ ˆ

ˆ

C

F

C F F

K

A B K C

A BK K C K

ìï = -ïïï = + + -íïïï= - - -ïî

u x

x x u y x

x e



 Compensator Dynamics
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 Assumption: choose
F

K to be a function of a design parameter q0 such that:

0

0

0

( )
lim F

q

K q
BW

q¥

é ù
ê ú =ê úê úë û

with W arbitrary, positive definite weighting matrix. 
Then the RHS of (1) becomes:

( )
1

1 1
0 0 0

0 0
0 0 0 0

( ) ( ) ( )
( )F F F

F F F

K q K q C K qI
K I C K q I C K q

q q q q

-
- - é ùFê úé ù+ F = + F = +ê ú ê úë û ê úë û

0
q  ¥ ( ) ( ) ( )

1
1 1 11

0 0

F
C KI

BW BW C BW BWW C B B C B
q q

-
- - --

é ùFê ú+ = F = F = Fê úê úë û
for

0
( )

F
K q• Now we must find

1 0T T
F F

A A Q C R C-S+S + -S S =

• Consider the observer to be given by a Kalman Filter estimator (KBF), the 
filter gain matrix is a function of the Riccati equation solution:

1T
F F

K C R-= S
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0
1

0
( ) ( ) T

F F
qK q C R-S=

• Rewrite the filter gain matrix

00

0

2 T
F

F

Q Q BVB

R R

qìï = +ïïíï =ïïî

• Define

with Q0 and R0 original noise covariance matrices, and 
V > 0 arbitrary symmetric weighting matrix

• Using the above, the Riccati equation can be rewritten as:

2 10
0 02 2 2 2 2

0 0 0 0 0

0T T TQ
A A BVB q C R C

q q q q q
-

æ ö æ ö æ ö æ öS S S S÷ ÷ ÷ ÷ç ç ç ç÷ ÷ ÷ ÷ç ç ç ç+ + + - =÷ ÷ ÷ ÷ç ç ç ç÷ ÷ ÷ ÷ç ç ç ç÷ ÷ ÷ ÷è ø è ø è ø è ø
(2)
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0

2 1
0 02 2

0 0

lim T T

q
q C R C BVB

q q
-

¥

é ù é ùS Sê ú ê ú =ê ú ê ú
ê ú ê úë û ë û

• Therefore in (2) we have:

• From the theorem, we can prove that, in Eq. (2) :
0

2
0

lim 0
q q¥

S
= note: 0

0

1
q

r
=
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• Recall:
1

0 0

0

( ) ( ) T
F F

F

K q q C R

R R

-ìï = Sïïíï =ïïî

0
0 0 02

0

1
lim ( ) ( )T T

F Fq
K q R K q BVB

q¥
=• Therefore:

• or:
0

0
0

( )
F

K q
B V R

q


• Therefore the non singular matrix W is given by:

• But from previous results: 0

0

( )
F

K q
BW

q


1
2

0
[ ]W BVR=

 Summary: the approach modifies the LQG (stochastic) compensator with a 
deterministic observer – based compensator in which the gain is a function of a 
parameter q0 (or 1/ρ0) available to the designer, in order to match loop transfer 
function matrices. 

• The resulting compensator is NOT OPTIMAL anymore in 
the sense of the LQG
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 Consider the general block diagram for an LQG-like compensator. Because of MIMO 
signals (TFM must be compatible with respect to multiplication)

• We can identify 2 sets of loop breaking points: (A, B) are the plant output breaking 
point, (C, D) are the plant input breaking points
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• Modify the closed loop system into a unity feedback structure

A B

C

H

ìï = + + Gïïï = +íïï =ïïî

x x u w
y x n
z x



( )
0

1
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T T T

T
J E H H dt

T
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¥
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=
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• Compute the transfer matrices at the opening points A, B, C, D.

( ) 1
1

( )

c c F F

C s B

K BK K C K
-

-

= F

= F + +

a u

u y

( ) ( ) 'G s K s=a a

 The loop transfer matrix between a and a’ can
be computed as:

 From which

Point A: signals a = a’ Point B: signals b = b’

ˆ '

'
F

F

C C B K

C K

é ù= - = - F + =ê úë û
= - F
b y x y u b

b

'
F

C K= - Fb b

 The loop transfer matrix between b and b’ can
be computed as:

 From which

( ) ( ) ( )

( )
A

B F

T s G s K s

T s C K

ìï =ïíï = Fïî
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Point C: signals c = c’

( )

( ) 1

ˆ ˆ'

ˆ'

'

c c F

c F c

c F F

K K Bc K C

K B K y K C

K I K C B K
-

é ù= - = - F + - =ê úë û
é ù= - F +F + F =ê úë û

é ù= - +F F +Fê úë û

c x y x

c y x

c y

( ) ( )1

'

'

'
c F F

c

C B

K I K C B K C B

K B

-

F

é ù = - +F F +F Fê úë û
 = - F

y = c

c c

c c

 The loop transfer matrix between c and c’ can
be computed:

( ) ( ) ( ) '

( ) ( ) '

K s K s G s

K s G s

= = - = -
 = -
d u y d

d d

Point D: signals d = d’

 The loop transfer matrix between d and d’ can
be computed:

( )

( ) ( ) ( )
C c

D

T s K B

T s K s G s

ìï = Fïíï =ïî
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 Comments: depending on the location of the loop opening:

• Performance requirements are defined by appropriate shaping of the frequency response 
( singular value behaviour)

• For the loop opened at the input, the ‘LQR’ component defines the performance 
requirement, and the ‘KBF’ component provided the loop transfer recovery.

• For the loop opened at the output, the ‘KBF’ component defines the performance 
requirement, and the ‘LQR’ component provided the loop transfer recovery.

1. Loop broken at the output:
• Frequency shaping requirements (stability, performance, and robustness) are defined using the 

compensator dynamic behavior (“filter”)
• The recovery is performed by selecting the LQR design parameters (performance index weights: Q, 

R) in order to match the desired frequency response (H, ρ in the block diagram).

2. Loop broken at the input:
• Frequency shaping requirements (stability, performance, and robustness) are defined using  the 

LQR feedback gain selection
• The recovery is performed by selecting the compensator KBF design parameters (covariances: W, 

V) in order to match the desired frequency response (Γ, μ in the block diagram). 

• Assumptions: square minimum phase plant.
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 LQG/LTR and Robustness with respect to unstructured Uncertainty
• Consider Input and Output uncertainties. The uncertainty is multiplicative, stable and 

bounded over frequency
( ) ( );

m
L j l L Is w wé ù £ = +Dê úë û

• Frequency shaping requirements for  stability and performance robustness

RS RS
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 LQG/LTR Design with the loop open at the Input

( ) ( )
LQ c C

T s K B T s= F =

( ) ( ) ( )
D

T s K s G s=Real Loop  Transfer Matrix :
Desired Loop Transfer Matrix 

TQ H H

R Ir

ìï =ïïíï =ïïî
Let: 

• H and ρ are now design parameters 
for frequency shaping of TC(s)

• Recall  Kalman’s Equality:

( ) ( )

1 1

1 1

T T

T

T

T T
c c

I B sI A sI A B

I B sI

H H

IA K I K sI A B

r

r

- -

- -

é ù é ù+ - - - =ê úê ú ë ûë û
é ù é ù

= + - - + -ê ú ê úê úê ú ë ûë û
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Thus: 21
( ) 1

i LQ i
I T s H Bs s

r
é ù é ù+ = + Fê úê ú ë ûë û

[ ] [ ]
* *1

( ) ( )LQ LQI T s I T s I H B H B
r

é ù é ù+ + = + F Fë û ë û

• Kalman’s Equality can be rewritten as:

(*)

Design with
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At low frequency, we usually have min
1

LQ
Ts é ù >>ê úë û so we can use the following approximation:

1
i LQ i
T H Bs s

r
é ù é ù» Fê úê ú ë ûë û

max LQ
Ts é ù
ê úë ûmin LQ

Ts é ù
ê úë û

In addition, it is important to maintain “balance” keeping and close.

to verify the requirement it is sufficient to select ( H, ρ ) such that: 

min

1 ( )
1 ( )

m

p
H B

l
w

s
wr

é ùF >ê úë û -

• Low Frequency Performance 

1
i LQ

I Ts é ù+ >ê úë û

1 1
1

2i LQ i LQ
I T I Ts s -é ùé ù+ >  + >ê ú ê úë û ë û

From (*) it is clear that . In addition Laub (1981) proved that:

( ) 0.5
m
l w <

This implies that the LQR guarantees robust stability for all unstructured uncertainties such that 

• Robustness
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• High Frequency Performance/Robustness

The previous conditions are inadequate when ( )
m
l w

( )
LQ

T sbehavior requires a modification of in that range.
grows (high frequency). The high frequency

• Assume H BF to be minimum phase.

0r • Compute TLQ(s) at high frequency                , thus we can set: , .
c

j s j c constw
r

= = =

max max
( ) 1

LQ c
T js wé ù =ê úë û

c c
j

j
w w

w w
r r

=  =• At crossover frequency and we can write:

max

MAXc

HBs
w

r

é ùê úë û= And the maximum crossover frequency is bound by:

this yields: ( )
1

 
c

c WHB
T j K jcI A B

jc
r r

r

-æ ö÷ç ÷ç = - ÷ç ÷ç ÷÷çè ø
(**)
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• The determination of  (H, ρ) must obviously take into account the constraint imposed by the 
crossover frequency.

max max
; : ( ) 0

c c c m c

HB
l dBs w w w w

r

é ù
ê ú = £ = =ê ú
ê úë û

If higher roll-off is required, the bandwidth must be reduced.

( ) WHB
T j

j
w

w r
• Note that from (**) so the maximum attenuation is at the most–20 dB/dec 

• The first step in the recovery procedure, is to add fictitious columns and rows to the control gain and 
input matrices, in order to square CΦB and KCΦB

 LTR: Loop Transfer Recovery

• The second step is to solve iteratively the 
following problem: 0

q  ¥

1

0 0
2
0

1
0

, ,V>0

 

T T
F F

T T
F

F

A A Q C R C

Q Q BVB Qq

R I

m

m

-
ìïï S +S + - S S =ïïïïï = + = GGíïï =ïïïïïî
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T

F

C
K

m
S

=• Since the filter gain is given by:

0

i INP i LQ

q

T Ts s

ìï  ¥ïïí é ùé ùï »ê úï ê úë û ë ûïî

• The iterative procedure continues until:

( ) 1
( ) ( ) ( ) ( )

INP D C C LQ C
T s T s K s G s K B C B C B K B T T

-
= =  F F =»F F =

• The procedure is complete when:

1
( )

( ) ( ) ( ) ( )
LQG c c F F

INP LQG D

K s K sI A BK K C K

T s K s G s T s

-ìï é ùï = - + +ï ê úë ûíï = =ïïî

• at each iteration compute:

11
0T T TA A W C V C

m
-S +S + G G - S S =
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Input

Controller
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 LQG/LTR Design with the Loop open at the output

 

T TW

V Im

ìïG G = GGïïíï =ïïî

Let: 

• The design parameters for shaping TB(s) are 
now Γ and μ.

• The procedure is dual to the previous one.  Performance and robustness are set by 
selecting the filter parameters, then the recovery is done using the LQR parameters.

Real Loop Transfer Matrix ( ) ( ) ( )
A

T s G s K s=

Desired LoopTransfer Matrix ( ) ( )
B F KF

T s C K T s= F = • Kalman’s Equality yields:

21
( ) 1

i KF i
I T s Cs s

m
é ù é ù+ = + FGê ú ê úë û ë û

1
i KF i
T C

m
s sé Gù é ù» Fê ú ê úë û ë û
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 Low Frequency Performance 
1

 
i KF i
T Cs s

m
é ù é ù» FGê ú ê úë û ë û

1 ( )
1 ( )

m

p
C

l
w

s
wm

é ùFG >ê úë û -

 This is used to set the low frequency requirements on the design parameters (μ, Γ)

Design with
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 Robustness / Bandwidth

max max
; : ( ) 0

c c c m c

C
l dBs w w w w

m

é ùGê ú = £ = =ê ú
ê úë û

 The crossover frequency constraint must be also satisfied, relating the crossover 
frequency to the uncertainty upper bound, leading to:

 The first step in the recovery procedure, is to add fictitious columns and rows to the control gain and 
input matrices, in order to square CΦB and CΦKF

 LTR: Loop Transfer Recovery

 The second step is to solve iteratively the following problem:

0
q  ¥

2

1

00

0

, 0

 

T T
C c

T T
C

c

A P PA Q PBR B P

Q H H C VC q V

R I

q

r

-ìï + + - =ïïï = +  ¥ >íïï =ïïî

 Computation of TKF(s)

 Once Γ and μ are selected we solve the “Filter” Riccati equation once.
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T

C

B P
K

r
=Since:

1

1
0

( )

( ) ( ) ( ) ( )

T T

LQG c c F F

OUT LQG B

A P PA Q PBB P

K s K sI A BK K C K

T s G s K s T s

r
-

+ + - =

ìï é ùï = - + +ï ê úë ûíï = =ïïî

• At each iteration compute:

i OUT i KF
T Ts sé ù é ù»ê ú ê úë û ë û

• The iterative procedure continues until:

( ) 1
( ) ( ) ( )

A F F KF B
T s G s K s C B C B C K C K T T

-
=  F F F = F = =

0
q  ¥• In summary, as
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Output
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• Standard procedure when integrators are needed for steady state error requirements. In 
MIMO systems banks of integrators are added, in required number, in different points of the 
loop. 

 Loop Transfer Recovery for Tracking: Plant Augmentation

1
( )

A
G s I

s
=( ) ( ) ( )

p A
G s G s G s=

0
x

0

0 x

p p A

A A

p p

A B C
x u

A B

y C n

z
ì é ù é ùïï ê ú ê úï = + + Gï ê ú ê úïí ê ú ê úë û ë ûïï é ùï = +ê úï ë ûïî



• The augmented system is:

Output Input

( ) ( ) ( )
A p

G s G s G s=
1

( )
A

G s I
s

=

• The augmented system is:

0

0

0

A A p

p p

p A

A B C
x x u

A B

y C x n

z
ì é ù é ùïï ê ú ê úï = + + Gï ê ú ê úïí ê ú ê úë û ë ûïï é ùï = +ê úï ë ûïî


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 Parameter Selection for frequency response shaping

• Several approaches are present in the literature for helping the designer in the choice of the 
LQG/LTR design parameters (Γ and μ for filter shaping, H and ρ for regulator shaping), in 
order to achieve satisfactory frequency  response for the loop transfer matrices.

• Note 1: The scalars (μ, ρ) are gains, therefore tend to translate the singular values 
Bode plots. The matrices (Γ, H), on the other hand, modify the shape of the singular 
values.

• Note 2: An important  issue is the capability of making the frequency behavior of  
σmin and σmax similar, so that the system response closely resembles that one of 
the singular values. The available design parameters allow this at low and high 
frequency, while more uncertainty remains in the mid-range (crossover)

• Following is an example of design parameters selection. For 
alternate techniques see Lavrestki, Wise, “Robust and Adaptive 
Control”, Springer 2013, Chapters 3 and 6.
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Assume integrators are added as needed for steady state error requirements (input to the 
plant).  The system is (plant noises were neglected for simplicity):

• Loop open at the Output

0 0

0

0

a a a

p p p p p

a a
p p

p p

x x I x
u A Bu

x B I A x x

x x
y C C

x x

é ù é ù é ù é ù é ù
ê ú ê ú ê ú ê ú ê ú= + = +ê ú ê ú ê ú ê ú ê ú
ê ú ê ú ê ú ê ú ê úë û ë û ë û ë û ë û

é ù é ù
é ù ê ú ê ú= =ê ú ê ú ê úë û ê ú ê úë û ë û


 0,

a a a
A B C I= = =

• The transition matrix becomes

1

1

1 1

0 0
( ) ( )

( ) ( )p p
p p p

IsI
s sI A sB sI A sI A B sI A

-

-

- -

é ùé ù ê úê ú ê úF = - = =ê ú ê ú- -ê ú - -ë û ê úë û
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1 1 2

0
( ) ( ) ( ) 0 ( )

( ) ( )
B KF p FOL

p
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I
sT s T s C s C T s

B
sI A sI A

s
- -

é ù
ê ú é ùGê úé ù ê ú= = F G = =ê úê ú ê úë û Gê ú ê úë û- -ê ú
ê úë û

1 1
1 2

( ) ( ) ( )p
FOL p p p p

B
T s C sI A C sI A

s
- -= - G + - G
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• At low frequency we can assume:
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• For arbitrary Γ2 , The singular values of  TFOL have 
integral behavior and tend to coincide at low 
frequency
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• In TFOL(s), the second term is dominant. Select: ) 1
2
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• For arbitrary Γ1 , The singular values of  TFOL have integral behavior 
and tend to coincide at high frequency

• Loop open at the Input
As before, assume the system is augmented with an appropriate number of integrators for 
steady state requirements

0

0 0

0

p p p p p
p

a p a p

p p
a

a a

x A x B x
u A Bu

x IC x x

x x
y I C

x x

é ù é ù é ù é ù é ù
ê ú ê ú ê ú ê ú ê ú= + = +ê ú ê ú ê ú ê ú ê ú
ê ú ê ú ê ú ê ú ê úë û ë û ë û ë û ë û

é ù é ù
é ù ê ú ê ú= =ê ú ê ú ê úë û ê ú ê úë û ë û


 0,

a a a
A B C I= = =

• Results: Low frequency: High frequency:
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LQG_LTR Procedure using MATLAB

 Example

Given the system: 
5 

( )
( 5)( 1)
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Delay time T=0.05 sec.
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with crossover frequency

7 rad/sec
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The frequency response of the maximum input uncertainty is given by:

MAX UNCERTAINTY:
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• the closed loop system is stable
• the steady state error to a unit step is 0
• the closed loop system is robust to the assumed uncertainty.

 We wish to design a controller such that:

An integrator is added for steady state requirements (the pole is set to -0.001 
because of the recovery constraints).
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• Phase 1: Plant Model Augmentation

The target TFM comes from the LQR design (input uncertainty)
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The LQR design parameters are found based on low and high frequency requirements:

• Phase 2: Definition of Target TFM
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Select H = diag (2, 2) and r = 1.

• Based on the above, we can compute Kc = (5.9930, 7.9990) using the 
LQR, and all requirements are satisfied.

• Phase 3: Performance and Stability Design with LQR
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The first plot shows the validity of the
approximation
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The second plot shows the LQR stability margins
verification
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The third plot shows the stability robustness test
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• Phase 4: Transfer Recovery using the Filter
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• The iteration using q0 gives 
satisfactory values for q0=100

• Loop transfer function open at 
the input
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• Phase 5: Final Synthesis
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• Comparison with previous controller (PI)
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 Example 2

2 2
( ) ( )

20 20m

j j
L j l

w w
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• Design Specifications

• The crossover frequency is about 20 
rad/sec.  As shown in the uncertainty 
representation.
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• System Model (Short Period Dynamics plus first order Actuators, landing flight 
condition)
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• The singular values of the model indicate the necessity of adding integrators for steady state 
error requirements (2 integrators)
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• Consider an output uncertainty, use of the filter for performance and robustness 
specifications
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• The first constraint is satisfied, 
since:
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• The second constraint is also 
satisfied (barely)
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• Compute the Kalman filter gain, and 
evaluate the approximation

• Robustness Analysis
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• Recovery Process (q= 3162.23):
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 The procedure illustrated previously has some limitations:

• Square plant (The recovery inverts the plant)
• Minimum phase system  (Existence of inverse, well posedness)
• Full order observer (Compensator size)
• High Gain for full recovery (Highly sensitive to high frequency noise and 

disturbances)
• Perturbation Set limited to Unstructured uncertainties

• From previous results (Doyle – Stein Conditions): we wish to have Lt = Lo
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 Procedure: Consider a stabilizable and detectable system

• Synthesis  Step 1: Design a static compensator  u = -Fx (use ANY method) to meet:
 Nominal closed loop stability and performance requirements
 Resulting loop transfer matrix Lt(s) has appropriate frequency shape for robustness 

• Synthesis  Step 2: Design a dynamic compensator  C(s) such that the loop transfer matrix Lo(s)
equals or approximates Lt(s) (this becomes the recovery part of the design)

0

• Make Error Mismatch go to zero using an optimization procedure (f.i. Newton – Rapson)
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 Full observer structure
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• Auxiliary 2 – Block Structure: The previous Lemma is equivalent to finding a gain matrix K, for the system: 
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• Reduced Order Observer: The paper presents a recovery procedure using a reduced order observer: 
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