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J Main Concepts

0 The loop transfer recovery method (LTR) is a design methodology for an observer based
controller. It deals with the design of controller parameters such that frequency domain
specifications are satisfied.

* Nominal system frequency shaping.
* Robust stability and performance frequency shaping

O The method was first developed as a modification of the LQG compensator, where design
parameters are changed in order to achieve robustness similar to the LQR (at input) or KBF

(at output). The method can also be seen as a H, Optimization.

= Recall MIMO stability margins

Corollary 1 (Th. 4): If @, (jo) has no CRHP Corollary n°® 2 (Th. 6): If ®_(jo) has no
zeros, and o[ I+G™ |> o for @ e Q,, then the CRHP zeros, and c[I+G]>a for eecQ,
stability margins are limited by: then the stability margins are limited by:
GM e[1-0,1+0] GME{L,LJ
l-a'l+a
PM < {—2 sin %,25#7‘1 %} PM < {_25”1_1 %lzsm_l %}
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Chapter 5: LTR General Concepts m

* From Kalman’s inequality

r + i "

1

* LQR stability margins: GM = [%, x], PM = +60°

e KBF stability margins: GM = [E' ©], PM = 4600

* LQG stability margins:  There are NONE
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Consider now two structures, the firstusesa
static gain (LQR forinstance), and the second
a model based dynamiccompensator:
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Model Based Dynamic Compensator
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Chapter 5: LTR General Concepts

* The two controller structures are given by:

Static Compensator u(s) = H, (s)r(s) — H,(s)H,(s)x(s)

u(s) = H (s)r(s) — H,(s)H,(s)&(s)

Model based compensator : ’

O Evaluate the loop transfer function matrices

The closed loop transfer matrix is the same for both cases ( try it ):

2(s) = (s)B[I + H H®(s)B| H, 7(s);y(s) = Ca(s)
TFM

where we assumed that the inverses exist and H,H, = H,H,.
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Chapter 5: LTR General Concepts

Compare open loop transfer matrices at points 1 and 2 (same signal).

'_..O_, H,

f

— =
ull__‘
A4
>~

The loop TFM at point 1 (between u’ and u) is the
same in both cases u(s) = —H H $(s)Bu'(s)

L T

-

The loop TFM at point 2 (between ©”’ and u”) is different in general

CASE Static Compensator:

u'=—H H ®(s)Bu"

[TT

—e—»| B —
2

1z = D(s)

CASE MBC:
u'= —HlHQ:fz

-1

+o

K, (I +ceK,)

Note that existence of the inverse of C®B,
implies that the system must be minimum

Inputm J|>

phase and square (or well — posed)

output

CPBu"

bd

B(C®B) ~ K, (I +CoK,)

CP®Bu'
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O Summary:

« Robustness is maintained if the loop is open at point 1 and the controller is a LQR
or a controller with guaranteed stability margins (from MIMO Nyquist)

* Nothing can be said at point 2, since the transfer matrices are not the same.
 The objective of the “recovery” is therefore to recover the robustness properties

of the LQR at point 2, which is the plant input. This implies of course that both
loop transfer matrices be the same.

= For the loop transfer matrices to be the same the
following identity is required (Doyle & Stein Condition
1979) B(C®B)"' =K, (I + C®K,)" (1)

u'=-HHg
& = qn(s)[B(CchB)” — K, (I+C3K, )

Copu' w'= —H H®(s)Bu"

-1
+&

K, (I+C®K,.| |CPBu"

Inputm J|> output
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1 Do we remember the LQG compensator ?:

=  Plant Dynamics

1
. 1 .
€ =Ax+ Bu +w //: U B + X f X C
y=Cz+v /7 +
|
|
= Compensator Dynamics : 4
u=-K.zx el
&= A+ Bu+ K, (y - C&) Contro] ©=-~~=" é-m ——————————
=(A-BK, - K,C)&—K,e KF Ga K/l
®=  Frequency Domain .\P‘f@/ .
U

G(s) = CP(s)B
K(s)= K, (sl — A+ BK, + K,C) K

F

Controller

: 4+ ¥ A
B(s) = (sI — A)" : B ()% | eHiC

Ls)=K,(sI — A+ BK, + K,C) K,C(sI —A)"'B

L) J|> e U The LQG Interconnection is well-posed and internally stable provided the appropriate X
5 | pairs are stabilizable and detectable: AUBURN




Chapter 5: LTR General Concepts m H—/\jW_/J_L

U Assumption: choose K to be a function of a design parameter ¢, such that:

K, (I+CeK,) = 4, |1 +COK,(g)] =

for g, >0 BW

lim

qy—>

K, (q,)
9

=BW

Then the RHS of (1) becomes:

K, (q,)
9 9

K,(q,)

9 Ty

-1

I, OPK,
9 9

-1 -1

= BW(C®BW| =BWW '(C®B) = B(C®B)

*  Now we must find K ,(q,) @

Consider the observer to be given by a Kalman Filter estimator (KBF), the
filter gain matrix is a function of the Riccati equation solution:

AN+ 3A"+Q, —XC'R'CT =0
K,=%C'R

with W arbitrary, positive definite weighting matrix.

AUBURN
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*  Rewrite the filter gain matrix
K,(q,) = ¥(q,)C" R,
* Define
{QF =Q, +¢,BVB' with (),and R, original noise covariance matrices, and

R, =R, V' > 0 arbitrary symmetric weighting matrix

* Using the above, the Riccati equation can be rewritten as:

by

2

9

by
2

Ty

Q

Ty

A A"+ 22+ BVB" — ¢

0

_|_
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1 Theorem: (Kwakernaak - Sivan, ‘Linear Optimal Control Systems’, Wiley 1972, Th. 3.14, pp. 306-307)

Given a stabilizable, detectable LTI stochastic system, assume B and C' to be full rank:

= Ax + Bu +v v=(0,Q,)
y=Cz+n n=(0.R, = pN)

Let X be the steady state solution of associate Riccati equation (2), then the following hold:
1. The following limit exists: lm ¥ = ¥ _
p—0

2. If and only if the system is minimum phase( CP®B i invertible), then: dim(y} < dim(u) = Eﬁ =0

3. Otherwise:dim(y) > dim(u) = X =0

.2 1
* From the theorem, we can prove that, in Eq. (2) : lim — = 0 note: ¢,=—
g, Py
. )y RPN DY
* Therefore in (2) we have: lim ¢.|=|C"R,'C|~|= BVB'
o 0 9y

Inputm J|> output
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K,(q,) = X(¢,)C" R,

Recall: g
eca R —R
Therefore: lim %KF(QO)RO K,(q,) = BVB'
qy—00 qo
q,

. ] K
But from previous results: F(qo) . BW

9

1

Therefore the non singular matrix Wis givenby: ~ W = B[VR, ]2

(J Summary: the approach modifies the LQG (stochastic) compensator with a
deterministic observer — based compensator in which the gain is a function of a

parameter g, (or 1/p,) available to the designer, in order to match loop transfer
function matrices.

* The resulting compensator is NOT OPTIMAL anymore in

the sense of the LQG

AUBURN
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N L

L Consider the general block diagram for an LQG-like compensator. Because of MIMO
signals (TFM must be compatible with respect to multiplication)

_____________________________________________________________

We can identify 2 sets of loop breaking points: (A, B) are the plant output breaking
point, (C, D) are the plant input breaking points

Input TN
I

TR

output

I/
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* Modify the closed loop system into a unity feedback structure

o S
=2
)
+
_|_
=
L J
)
+
I
rrn

Inputm J|> output

o+ A + B + %
- -1 = K,r =_Kr
S I ik k| 1 =
[ A | A |
C | T Gisy T
-1
K(s) = K_ sI-A+BE,+K£C| K,
u=-Kzx
y=Cr+tn 1R=pI K ==B"P |n=0V —ul)
z = Hx ATP+PA+Q—1PBBTP=0 P
p .
Z= Az + Bu+ K, (y — Cz)
T xCor
J:E{}im% (:I:THTH:I:+puTu>dt K, = "
0
AN 4+ 54T + TWIT — Ly etvies = o

I

25,
a8
H ]
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* Compute the transfer matrices at the opening points A, B, C, D.

- | B
( r o+ : A: R + :
Point A: signals a = a’ Point B: signals b = b’
= The loop transfer matrix between a and a’ can = The loop transfer matrix between b and b’ can
be computed as: be computed as:
a = CB(s)Bu b=y-C2=y-CQButKb|=

- = —COK,b'
w=K (3 +BK, +K,C) Ky ;

= Fromwhich b=—-C®K b'
= Fromwhich a = G(s)K(s)a' '

T (s) = G(s)K(s) @
T,(s)=CPK,

E AUBURN
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Point C: signals ¢ = ¢’ Point D: signals d = d’

= The loop transfer matrix between c and ¢’ can

be computed: * The loop transfer matrix between d and d’ can

be computed:
c=-K&=-K®Bc't K, (y-Cs) =
= —K |®Bc'+ OK y|ly + K 2C =
= K (I+®K,C) [®Be'+ ®K,y|

y = CPBc'
= c=-K ([+2K,C) |(®B+®K,CPB)c
= c=—K ®Bc'
C T(s)=K3B |@
S T (s) = K(s)G(s) . A

IER AUBURN
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1 Comments: depending on the location of the loop opening:

* Assumptions: square minimum phase plant.

* Performance requirements are defined by appropriate shaping of the frequency response

( singular value behaviour)

* For the loop opened at the input, the ‘LQR’ component defines the performance
requirement, and the ‘KBF’ component provided the loop transfer recovery.

* For the loop opened at the output, the ‘KBF’ component defines the performance
requirement, and the ‘LQR’ component provided the loop transfer recovery.

1. Loop broken at the output:
* Frequency shaping requirements (stability, performance, and robustness) are defined using the

compensator dynamic behavior (“filter”)
* The recovery is performed by selecting the LQR design parameters (performance index weights: Q,

R) in order to match the desired frequency response (H, p in the block diagram).

2. Loop broken at the input:
* Frequency shaping requirements (stability, performance, and robustness) are defined using the

LQR feedback gain selection
* The recovery is performed by selecting the compensator KBF design parameters (covariances: W,

V) in order to match the desired frequency response (I, i in the block diagram).

Inputm J|> output
AUBURN
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1 LQG/LTR and Robustness with respect to unstructured Uncertainty

* Consider Input and Output uncertainties. The uncertainty is multiplicative, stable and
bounded over frequency

5| L(jw)| <1 (W;L=T+A

* Frequency shaping requirements for stability and performance robustness

Uncertainty at the Output Uncertainty at the Input
____________ G=1G .. e G=GL
A B C i D
K I (7 — & I * K — L —— G
* The loop is broken at the output of the = The loop is broken at the input of the plant
plant (uncertainties in sensor dynamics, (uncertainties in actuator dynamics,
high frequency dynamics, etc.) controller dynamics, etc.)
W - - plw)
- 11 () —1, (]
n \Y) |
E[Gﬁ—] < — W W, RS ] [fo:I [ ] W > d’ RS
Er.'. lr."bl‘] i T 1‘& . .
. | A ...L' HI‘A..-'
o\l +(GK) }>ET(_.¢]_E—’.¢RS KGJ }3"’ ),V RS
Input /TN JA\ output 715
¢ b
R AUBURN
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L LQG/LTR Design with the loop open at the Input

OVERALL COMPENSATOR K(s)

R E | Y | u Yy
l:‘—."}(%)ﬁ%ﬁ = B I%g-:a{ Gep(s) I——f‘-’
h |
INTEGRATOR LQGILTR | r‘ 2
|

‘“ | COMPENSATOR|  yopel
L
Real Loop Transfer Matrix:  1,(s) = K(s)G(s)
Desired Loop Transfer Matrix  T,,(s) = K. ®B =T (s)
Q= HT'H e Recall Kalman’s Equality:

Let:

R=pl ol + BT —sI—AT]lHTH[sI—A]lB:

-1 _1
« Hand p are now design parameters = ‘I +B' <—SI - AT) KCT]pI[I + K (sI — A) B]
for frequency shaping of T,(s)

Inputm J|> output
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Compensalor
Kis)

Recovery with KBF LQR Loop i Target Loop

* Kalman’s Equality can be rewritten as:

I+ TLQ(S)]* I+ T, (s)| =1+ %[HCDB]* [HDB]

Thus: 7, [I T TLQ(S)] - \/1 + %05 [HCDB] ()

7%
oy
.l.

AUBURN
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* Low Frequency Performance

At low frequency, we usually have 0. [TLQ] >> 1 so we can use the following approximation:

0,|T,,|~ ! o,|H®B|

LQ Nﬁ

to verify the requirement it is sufficient to select ( H, p ) such that:

o, [HOB]> 2 ()

Jo 1=1,(@)

In addition, it is important to maintain “balance” keeping o . [T } and o [T } close.
min L@ max LQ

e Robustness

From (*) it is clear that O, [I + TLQ] > 1 . Inaddition Laub (1981) proved that:

ai{I+TLQ]>1:>oZ.[I+TL_Ql]>%

This implies that the LQR guarantees robust stability for all unstructured uncertainties such that

I (w)] <05 ,
= Sooan

Input /TN JA\ output
I
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* High Frequency Performance/Robustness

The previous conditions are inadequate when lm(w) grows (high frequency). The high frequency

behavior requires a modification of T ,(s) in that range.

« Assume H®PB tobe minimum phase.

. e
*  Compute T (s)at high frequency p — 0 , thus we can set: jw = s = jT ,c = const,

P

_ -1 WHB
this yields: T = \/; K, (]CI—\/;A) B — — **)

# :

‘7 wC <A)C

* Atcrossover frequency o [TLQ(jwcmax)] =1 andwe can write: Jw = \/7 — W=
: P \/;

= And the maximum crossover frequency is bound by: w =

Cmax \/;

Inputm J|> output

AUBURN




Chapter 5: Loop Transfer Recovery ﬁ ﬂ—/\_ﬁ_/rt

Q

The determination of (H, p) must obviously take into account the constraint imposed by the
crossover frequency.

B =w <wiw =1 (w)=0dB

max cmax — C
\p

. WHB
Note that from (**) T(JW) - T so the maximum attenuation is at the most—20 dB/dec
JwA P

o

If higher roll-off is required, the bandwidth must be reduced.

LTR: Loop Transfer Recovery

* The first step in the recovery procedure, is to add fictitious columns and rows to the control gain and
input matrices, in order to square O®Band K PB

) ) ]
« The second step is to solve iteratively the AN +3A"+Q, ——XC'R'CE =0
following problem: ¢, — oo , T'“ .
1Q, =Q, +¢BVB ,Q, =TT",V=>0
R,=pnl
Input /TN JA\ output
el %

B AU 1§ URN




Chapter 5: Loop Transfer Recovery

ek
]

Since the filter gain is given by: K,

at each iteration compute:

AL+ AT + TWTT — lch’v—lcz =0

F

L
K, ,o(8) =K [s] —A+BK + K,C| K
T .(s)=K. (s)G(s)=T,(s)

TN LG D

The iterative procedure continues until:

A

INP LQ

The procedure is complete when:

T, () = T,(s) = K(s)G(s) — K, ®B(C®B) C®B~ K, &B="T, =T

C

AUBURN
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Chapter 5: Loop Transfer Recovery ﬁ

OVERALL COMPENSATOR K(s)

|
l:H=.’_.- 2 G (=) I;C{ K o td® FI%\@‘?F{ Gp(s) i =
: g | INTEGRATOR  LOGILTR | AFTI F16
i Do SN ]
L T |
Controller

1.Add integrators, and reduce the system to
a minima lization (if necessary);
2.Design the K ®(s)B,

3.From specifications find p(w) and / (o) ,

and build the SV barriers;

4.Find (H,p ) so that icsj.[HtDB] satisfy low

i

frequency barrier and o {ﬁjj <o, With o,
P

such that / (o )=0dB;

m

5.0nce (H,p ) are selected solve for K¢ using

Riccati. Verify that at low frequency

o [K®B]~ Lo [HOB]

o
6.Use o ; [I + TL‘Ql] >% to verify robustness
WithT,, = K ®B;

Inputm J|> output

7.Additional robustness test:
1 — 17,
@ ° [TLQ(uTLQ) J

8.Compute transmission zeros of C®(s)B to

verify that the system is minimum phase;
9.Perform recovery with g, —» « using the

system:

A +SAT T - Lsces — 0
0
Q. =Q,+qBVB,Q,=IT",V >0

R, =nlI

.
since K, = £C
L

at each iteration compute:
Kioo(s)=K_[sI-A+BK_+K.C| K,
and T,,,(s) = K,,s(S)G(s).
Iteration continues until:
o i':TINP] 0 f[TLQ]

_ 1
10. Verify the design, checking S [I + T;NH = >

AUBURN
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L LQG/LTR Design with the Loop open at the output
 The procedure is dual to the previous one. Performance and robustness are set by

selecting the filter parameters, then the recovery is done using the LQR parameters.

OVERALL COMPENSATOR Kis)

L Y,
I—»'—’>{ 6,6 f=={ Gee) ==

|
INTEGRATOR | AFTIF16 2.q
|

o i e e e o

Real Loop Transfer Matrix ~ T',(s) = G(s)K(s)

Desired LoopTransfer Matrix T.(s) = C®K, =T, (s)

KF * Kalman’s Equality yields:
Lot rwrt =rr’ 1
' Vel ai[I—FTKF(S)]:\/l—F—af[C(I)F]
7
* The design parameters for shaping T'z(s) are 1
now 7/ and L. i [TKF] ~ T [C(I)F]

Input_f}“\ J|> output
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Automation and Robotics,,
e “Stics

Universily of Pisa

Compensator

U Low Frequency Performance

ai[T

KF

] 1

A

~ ——=0,|COT|

» This is used to set the low frequency requirements on the design parameters (4, 1)

Input 1 I output

==

o|CPT| > IC)
1

m

w)

P

=

i
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 Robustness / Bandwidth

The crossover frequency constraint must be also satisfied, relating the crossover

frequency to the uncertainty upper bound, leading to:

or =w <wiw =[] (w)=0dB

o
max cmax —— C
\

O Computation of T’ ,(s)

Once /'and u are selected we solve the “Filter” Riccati equation once.

1
AL + AT +TTT - =3C'Cz2 =0
vl

O LTR: Loop Transfer Recovery

The first step in the recovery procedure, is to add fictitious columns and rows to the control gain and
input matrices, in order to square C@B and C®K

The second step is to solve iteratively the following problem:

Input TN
I

TR

output

I/

AP+ PA+Q,— PBR 'B'"P =0
QC:HTH—F(]iCTVC ,q, >0 V>0
Rr:p] q0—>OO

AUBURN
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Recovery

B'P
P

Since: KC =

At each iteration compute:

1

A"P + PA+Q——PBB"P =0

P

K, o(8) =K [s] —A+ BK +K,C|] K

LQG

F

Ty (8) = G()K | o (s) = T}y(s)

The iterative procedure continues until:
o) [T ] RO, [T ]

our KF

In summary, as ¢, — o©

T,(s) = G(s)K(s) — C®B(COB)

COK, = CDK

F

T

KF

=T

B

AUBURN
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OVERALL COMPENSATOR K(s)

I

|

U |
I_I—’% G, (s) | 1|
1

|

Fr—————

INTEGRATOR AFTIF16 2.q

o : COMPENSATOR MODEL

e e

1.Add integrators, and reduce the system to
a minimal realization (if necessary).
2.Design the filter computing C®('s )K.,.

3.From specifications find p(o) and /(o) ,
and build the SV barriers.

4.Find (T,n ) so that ics,. [Cor'| satisfy the
L

o

low frequency barrier, and o [CT} < o, with

Jn
o. such that / (».) = 0dB.

5.0nce (T,un ) are selected, solve for Kr
using Riccati. Verify that at low frequency

5 ,[COK, ]~ % o .[COr]

6.Verify robustness:

T, = COK,

G, [I + T,;,}J > %__With

Inputm J|> output

7.Additional robustness test:

1 — -1
m)‘(f ‘:TLQ(I-'—?-LQ) :l,

8.Compute transmission zeros of C®(s)B to
verify that the system is minimum phase;
9.Perform recovery with g, >« using the

system:

A"P+PA+Q,—PBR'B'P =0
Q,=H"H+q,C'VC ,q, =0V >0
R =plI

g, — o

T
since i = B P 4t each iteration compute:

p
Kooo(s) =K. [sI-A+BK.+K.C] K,

and T, (s) = G(s)IK . (s) = T, (s)

Iteration continues until:

AT

ouT KF

10. Verify the design, checking
_ 1
S [I T TIN%D:| = >

N L
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O Loop Transfer Recovery for Tracking: Plant Augmentation

e Standard procedure when integrators are needed for steady state error requirements. In

MIMO systems banks of integrators are added, in required number, in different points of the

\ 4

loop.
Output
_____________ K
* The augmented system is:
1
G(s) =G (5)G,(s) G,(s)= ;I
. |4 BC,| |0 .
T = 0 ) X+ B, u+1'¢

Inputm J|> output

Gp(s)

A4

* The augmented system is:

G(s) = G,(s)G (s) G,(s) = ;I
. AA BAC'p 0 r

z 0 Ap T+ Bp u+I'C
L= CA O]x+n

AUBURN
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O Parameter Selection for frequency response shaping

» Several approaches are present in the literature for helping the designer in the choice of the
LQG/LTR design parameters (/ and u for filter shaping, H and p for regulator shaping), in
order to achieve satisfactory frequency response for the loop transfer matrices.

* Note 1: The scalars (&, p) are gains, therefore tend to translate the singular values
Bode plots. The matrices (/, H), on the other hand, modify the shape of the singular

values.

* Note 2: An important issue is the capability of making the frequency behavior of
0., and o, similar, so that the system response closely resembles that one of
the singular values. The available design parameters allow this at low and high
frequency, while more uncertainty remains in the mid-range (crossover)

* Following is an example of design parameters selection. For
alternate techniques see Lavrestki, Wise, “Robust and Adaptive

Control”, Springer 2013, Chapters 3 and 6.

Inputm J|> output
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* Loop open at the Output

Assume integrators are added as needed for steady state error requirements (input to the
plant). The system is (plant noises were neglected for simplicity):

:i:a 0 0 T N I y T LB
. — u = U
{L'p Bp] Ap LL’p O ZBp A — 0, Ba — Ca — ]
— [O C } xa _ C xa
yp o p T o T
p p
* The transition matrix becomes
B(s) = (s1 A)*l sl 0 o £ 0
s) = (sl — = =ls
B, sI= A ler—A)'B (sT—A)"
z 0 .
T,(5) = T (s) = CO(s)T =0 C, ||* 5 0= Ty (9)
(sl —A) 'L (sl —A) L2
S p

B
-1 1
N T, (8)=C (s —A) —Sp L+C(s[-A)T,

B AU 1§ URN




At low frequency we can assume:

(jwl — Ap)_1 > —Ap_l;w =[0,w, ]

—1B ~1 —1B
T, (s)~—CA' LT —C AT, = —C AT,
p p ]w p p p p ]w

* Select: I' = —(C’pApo)_1 = Gp_l(()) Tpor(8) = —C AT,

FOL

* For arbitrary I', , The singular values of T, have Gp‘l(O)
integral behavior and tend to coincide at low I'= T
frequency 2
: . 1 I

* At high frequency we can assume: (jwl — Ap) ~—w — 00
Jw
put /T JA\ output
b

e Chapter 5: Loop Transfer Recovery ﬁ ﬂ—/HW_/J_L
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. . : ) AT T)-1
In T'po; (S), the second term is dominant. Select: r,=0C(CC

r I
T, (s) = Cpo (jwl)Q + o

. . . . I

* Forarbitrary I';, The singular values of 1'z,; have integral behavior T° — 1

- . CT(C CT)—l
and tend to coincide at high frequency p VT p

* Loop open at the Input

As before, assume the system is augmented with an appropriate number of integrators for
steady state requirements

x'p_Ap Oxp+Bp _ A%+ n
i |1c, ollz,| [o|" T Y| T A =0,B =C, =
T z
b=l 1] /|=¢ l
xa xa
* Results: Low frequency: High frequency:
_ -1 _ T -1 pT
H=\H, G,\0) H=|(B'B,)"'B H,
pi JT\JI} output
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Chapter 5: Loop Transfer Recovery

L Example

LQG LTR Procedure using MATLAB

Given the system: G(s) =

The modelis: G(s) =

5 efTs

(s+5)(s—1)

s—1

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Delay time T=0.05 sec.

The frequency response of the maximum input uncertainty is given by:

Magnitude (dB)

Input TN
I

TR

output

I/

MAX'UNCERTAINTY:

Frequency (racd/sec)

I (s)=0 [L(s)] — \A G(s) — 1\
B |—0.125s +4.9984 — 0.025s> — 1.1246s — 4.9984|
N

0.0255% +1.1246s + 4.9984 |
s (s +49.984)
(s + 39.988)(s + 5)

with crossover frequency

W, ~= 7 rad/sec

AUBURN
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L We wish to design a controller such that:

* the closed loop system is stable
* the steady state error to a unit step is 0
* the closed loop system is robust to the assumed uncertainty.

* Phase 1: Plant Model Augmentation

An integrator is added for steady state requirements (the pole is set to -0.001
because of the recovery constraints).

1
Gaug (8) =

(s +0.001)(s — 1)

* Phase 2: Definition of Target TFM

The target TFM comes from the LQR design (input uncertainty)

(H,p) > ﬁai[H@B] > K ®(s)B

The LQR design parameters are found based on low and high frequency requirements:

HB
o [HCDB] > _P w<01 o |—=|<Trad/ sec

T1-1 " Jp

A

AUBURN
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* Phase 3: Performance and Stability Design with LQR

Select H = diag (2, 2) and r = 1.

Primo vincolo di robustezza

T T TTTI0T
B EREL

70

T T ITTrIr T T T rIrrm T T T IrTmm LI —rrrrmm
R BRI v

sl oo Pl :
Ui — tisart(pyo(HeE) |.

Magnitude (dB)

_____

......

Frequency (radisec)

* Based on the above, we can compute K, =(5.9930, 7.9990) using the
LQR, and all requirements are satisfied.

|nputf}‘\ JA\ output "\:
A~ H |
B AUBURN
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______ )

The first plot shows the validity of the
approximation

L
N

The second plot shows the LQR stability margins
verification

0|1, =0 |K®B|~ =0 [HOB]

1

-1

o [1+1,]> 5

The third plot shows the stability robustness test

1
N >0

4 ()

T[T +T,)

Verifica primo test di robustezza (quarto requisito)
T

Singular Values (dB)

-20
10 10 10" 10’ 10' 10° 10°
Frequency (rad/sec)

|nputf}‘\ J|> output

80

Verifica validita approssimazione (terzo requisito)

L I
| — Vsqn(p)oHeB) |
— (K, "B) :

Singular Values (dB)

10° 10 10 10°
Frequency (rad/sec)

Verifica do test di rok

za (quinto requisito)

= ” ]
OnaxTLa ™0+ Tia™)
- U|m

Singular Values (dB)

60

i

10°

107 10"

10° 10° 10°
Frequency (rad/sec)

Pt

CR

il
AUBURN
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* Phase 4: Transfer Recovery using the Filter

-

A + 3 AT + 1T —lECTCE =0

o
10, =Q, +¢BVB" ,Q =TT"=BB",V >0

R, = pl = 0.01]
Robustness Recovery

IREEIL [ IR IR EEEE

100

T
i
'
[
I

e The iteration using g, gives
satisfactory values for g,=100

50

fin)
=z 0
* Loop transfer function open at -
. b
the input 5
2 =0
w
Zero/pole/gain:

12071.133 (s+0.7031)
______________________________________ -100

{s-1) {s+0.001) (s*2 + 61.193 + 1854)

-150
10

Frequency (rad/sec)

|nputf}‘\ J|> output

2
AR
i |
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* Phase 5: Final Synthesis

amjn[ G]Z#:J()w),w<wl R
amax[ G]<lm(Lw),w>w2 R
o |+ (KG)_l} > 1, (w), Vo R°

Input a b Output
= :

B | AUBURN
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* Comparison with previous controller (Pl)

Zerofpole/gain:
3 (s+1.333)

Input 1 I output

Amplitude

} 5 — LQG
: | — Pl
| | | | | | |
1 2 3 4 5 £ 9 10
Time (sec)

Pt

=

i
AUBURN
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O Example 2

* Design Specifications

Uncertainty

The design objectives are good steady state
performance and robustness:

Magnitude (dB)

e -20 dB/dec slope at low frequency (<0.1)

e Bandwidth below 10 rad/sec (closed
loop)

e Good output decoupling

¢ Good robustness with respect to an
uncertainty due to actuator dynamics.

The uncertainty models a 10% inaccuracy in

the model up to 2 rad/sec, and the fact that «  The crossover frequency is about 20

such inaccuracy grows at high frequency with rad/sec. As shown in the uncertainty

slope of +20 dB/dec. Thus: representation.

Jw + 2
20

_ Jw+2

L(jw)

=1 (w) =

Inputm JA\ output '_h.':\.
- q |
B AUBURN




'&Bﬂg Chapter 5: Loop Transfer Recovery m ﬂ—ﬂ_'}_/rL

* System Model (Short Period Dynamics plus first order Actuators, landing flight

condition)
Bo =
T |Ap = P

r = [7 q a 6, 6, . .
T 0  0.0066  1.3411  0.1690  0.2518 ] 0
u=\6,. 0. 0 -0.8694 43.2230 -17.2510 -1.5766 ] o

0  0.9933 -1.3411 -0.1690 -0.2518
=7 20 0
Y 0 0 0 -20.0000 0 o 20

T 0 0 0 0 -20.0000

z = {0 vl = Cp:z:

* The singular values of the model indicate the necessity of adding integrators for steady state
error requirements (2 integrators)

“alori singolsri del sistema ad anello aperto Walori singolari del sistema aumertato sd anello aperto
G0 T T TTTTIT T T TTTTIT T T T T T T TTTTIT T T TTTTT a0
40
. 20 |- u]
. X-axis
. . A ok
- Lok - Velocity
o - = = —
K : 8 p & =
NN~ I I A 2 o
— T Hornzontal 2 ol 2
SN 2 % 5 7 £
E ¥}
3 B0f- 3 -100
c =
i in
80 -
=100 |- -130
120 -
k2 : il Iu 1 2 : 3 = : [ : 1 i 2 - 3
Input_ ™ JA\ Output 10 10 10 10 10 10 10 0 10 10 10
‘ I/ Fregquency (radrfzec) Freguency (radizec)
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* Consider an output uncertainty, use of the filter for performance and robustness

specifications
w, =20
CT 1 W 1
o |—|<w ;—J.[C@F]>L pw) ==
max \/7 C \/7 i ].—l (CU) )
K K mn Jjw+2
(W)=
B 20
: _ e CcT
* The first constraint is satisfied, o |——=|= 0w, =~ 5
since: VH
. Performance Constraint
o B I B O
* The second constraint is also S S
satisfied (barely) A
£
-1005 2 1 = I“n : 1 : 2 ”“3
imput (T TR, outpur 10 107 10 10 10 10 10

I/

Freguency (radisec)
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e Compute the Kalman filter gain, and

evaluate the approximation

0.8850 1.8145
130.3232 -2.7376
15.2352 -0.9295
-13.9719 -1.3389
-1.2990 14.0128
-14.0746 -1.3063
-1.3118 14.0656

Robustness Analysis

Singular Yalues (dB)

150

100 f--4-

400 |-

150 f---

50 F3m=idd

-200

I I
A Vsortipra,, (C8T)
L Vsoturo, (O T Qi
— (TP
T K

_________

10

Frequency (radfsec)

Singular Values (dB)

T
R 1

Dmin(‘ * Tk|1)
_ Dme\x(I * ka)
e

10 107 10 10” 10’ 10* 10*

Frequency (radfsec)

Singular Walues (dB)

g0

60

40

20

T )
— Ol 1+ Tl

20}--

-40

10

Frequency (rad/sec)
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3162.23):

Recovery Process (q

Freguency (radizec) (radisec)

(ap) (ap) sanes, senbus

(ap) (ap) sanep, ienbus

-40

-B0

-a0

10

10

10

10

10

10

10

Freguency (radizec) (radisec)

AUBURN
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10°

.
H
o o
el

(ap) sanjea tenfulg

1
H H
] [ ]
] [Ty

rad/sec)

{

Frequency

T TTTITT

(3P (3p) s=nigs Jehbuls

Frequency (radisec) (radizec)

output

Input TN
I

Jr
A
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0 The procedure illustrated previously has some limitations:

* Square plant (The recovery inverts the plant)
* Minimum phase system (Existence of inverse, well posedness)
* Full order observer (Compensator size)

* High Gain for full recovery (Highly sensitive to high frequency noise and
disturbances)

* Perturbation Set limited to Unstructured uncertainties

AUBURN

=0 ﬁﬁ 1 o AvsBu X
T L (s)=F(sI-A)"'B
_ Fle
L .
u'=—HHz
&= rb(s)[B(c@B)" - K, (I+0C3K,) " |c®Bu’
+rI>[KF (1+cok,)"|cTBu"
r=0 i ou ) i= Ax+ Bu |5 C Y
L (s)=F(sl—A+BF +KC) 'KC(sl— A)"'B
—F(s[-A+BF+KC)Y'K |«
* From previous results (Doyle — Stein Conditions): we wish to have L, = L,
Input TN JA\ output
raire
5 ]




®* Procedure: Consider a stabilizable and detectable system

J'JZ.*:A,\HLBH ] »
- ] P(s)=COB+D, ®=(s]—A4)
l_y =Cx+Du

e Synthesis Step 1: Design a static compensator 4 = -F'x (use ANY method) to meet:

= Nominal closed loop stability and performance requirements
=  Resulting loop transfer matrix Lt(s) has appropriate frequency shape for robustness

L (s)= FOB

*  Synthesis Step 2: Design a dynamic compensator C/('s) such that the loop transfer matrix L, (s)
equals or approximates Lt(s) (this becomes the recovery part of the design)

r i A%

— P(s) =
-1 . L,(s)=C(s)P(s) => L ()

C(s)

Iy

*  Make Error Mismatch go to zero using an optimization procedure (f.i. Newton — Rapson)

E(s)=L(s)—L,(s)=FDOB-C(s)P(s) —= 0

Inputm J|> output
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=  Full observer structure

X=Ax+Bu+K(y—-Cx—-Du), n=u=-Fx

éFBligec?Coggoller )Jr E ( (‘5)_ (-G(‘S)_F(q) ‘I'BF‘l‘A( _A_DF) A
: ; L(s)=C,(s)P(s)=F(® " +BF +KC—-KDF) K(C®B+D)

Lemma: Recovery error, E,(s), i.e., the mismatch between the target loop and the

resulting open-loop of the observer based controller is given by

E,(s)=M(s)[I+M(s)]" (I +FD®B), M(s)=F(®"+KC)" (B-KD)

LOOP TRANSFER RECOVERY FOR LOOP TRANSFER RECOVERY FOR
GENERAL NONMINIMUM PHASE NON-

GENERAL NONMINIMUM PHASE NON-
STRICTLY PROPER SYSTEMS, STRICTLY PROPER SYSTEMS,
PART 1—ANALYSIS® PART 2—DESIGN"

B. M. CHEN,' A. SABERI' AND P. SANNUTI?

B. M. CHEN,' A. SABERI' AND P. SannuTPR

CONTROL-THEORY AND ADVANCED TECHNOLOGY

CONTROL-THEORY AND ADVANCED TECHNOLOGY
Vol. 8, No.1, pp.101-144, March, 1992

Vol. 8, No.1, pp.59-100, March, 1992

i
AUBURN
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« Auxiliary 2 — Block Structure: The previous Lemma is equivalent to finding a gain matrix K, for the system:

F‘ = A4'x+C'u+F'w
: Vo T
z aux - l y =2 + u=-K x

Thus, LTR design is equivalent to design a state feedback law for the above auxiliary
system such that certain norm of the resulting closed-loop transfer function is made
either identically zero or arbitrarily small. As such, the H, and H_ optimization

techniques can be used to solve the LTR problem. There is no need to repeat all over

- again once this is formulated.

A New Stable Compensator Design for Exact
and Approximate Loop Transfer Recovery*

B. M. CHEN,} A. SABERIf and P. SANNUTI}

For minimum phase MIMO systems, a LTR design is presented via a new
compensator which is stable and which allows much lower gain and thus
et () R o lower controller band-width than the conventional observer based

controller. -




""" ) T 1 P — Dynamic equations of C(s): v = (4 —KC)v+Ky, n=u=-Fv

+ Transfer function of C(s)=C_(s)= F(®'+KC)'K

- Achieved open-loop: L (s)=C_ (s)P(s) = F( '+ KCO)'K(COB+D)

o)

Lemma: Recovery error, E(s), i.e., the mismatch between the target loop and the

resulting open-loop of the CSS architecture based controller is given by
E (s)=M(s)=F(®"+KC)"(B-KD)

Proof. E (s)=L,(s)—L_(s)
— FOB—-F(® ' +KC) "' K(CDB + D)
= F(® ' +KO)'[(d' + KC)DB - KCDB - KD]
— F(®'+KC) (B+ KCDB— KCDB— KD)
=M(s)
ey | rubos
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It is Clear that LTR via the CSS archltecture based controller is achtevable 1f and only 1f
- one can design a gain matrix K such that the resulting M(s) can be made either
identically zero or arbitrarily small. This is identical to the LTR design via the |
- observer based controller. Thus, one can again using the H, and H_ techniques to

- carry out the design of such a gain matrix.

Example: Consider a given plant characterized by

To 1] To |
X = x+ |u, y=[2 1lx+0-u
3 4"

Let the target loop L,(s) = F @B be characterized by a state feedback gain F' = [ 50 10],

A Observer Observer

Magnitude

Frequency (rad/sec)
= EBefjw)  -----  Bo(jw)

Frequency (rad/sec)
mput T SRS ouyt —— L(wk - L{je)  —--e— L)
12>

Tarset ss o
arge =ri
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