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O The previous results describe the stability robustness conditions for a particular location and
type of bounded unstructured uncertainty in the control loop. In the early 1980’s theorems
were developed (Lehtomaki, Sandell, Doyle, IEEE-TR-AC-2/1981 ) to derive similar conditions as
function of the uncertainty location.

* Nomenclature: Consider a unity feedback loop with a full state feeback structure. Let the nominal model
and the perturbed system be given respectively by:

G(s) = (A, B, K| G(s)=G(s.e),e=[01]« (4 B K

Open Loop and Closed Loop Model Open Loop gnd Closed _I_oop Perturbed System
Characteristic Polynomials Characteristic Polynomials
P, (s) = det[s] — A] O, (s) = det|sI — Al
®_,(s) = det[s] — A 4 BK] O, (s) = det[s] — A+ BK]
. D _ (s) - D (s)
de 1+ 0(0] = 2 se 1 + ) = Tl
T (s) D, (s)
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'&Dﬂm Chapter 4: MIMO Shaping with Uncertainty

(J Computational Details (properties of determinants):

= Consider the nominal system with loop transfer matrix L(s)

1. Determinant of closed loop
characteristic polynomial

¢(s) =det[s] — A + BK]|

— det[s] — A] det [; + (sl — A}"BK}

——

rpe)l’ ['I; -:

3. Substitute in 1:

L(s)=K(sl —A)

{-'br'!(s:l = {.'{):J!(S:I det |/ + (Sf — AJ o BK}

= ¢ (s)det |1 +K(sl —A)

'p

-

= i’ﬁ”;(f) L'|E:'[[J;+ L{ﬂ]

Inputf}“\ J|> output

e
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2. Use the identity:

det|l,+ F G

nEm mxn

=det|l,+ G
\-"ﬂr“'.,

mxn nxm

detl + L(s)] = ZZ’I 8
det [I + C:;(S)] = é:‘iis;
oL\?
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Chapter 4: MIMO Shaping with Uncertainty

A, opr(5) = |Gl(s) = G(s)|G7'(s)

ROUT

* Multiplicative output uncertainty:
{-’Ilu':'.l':"‘:' = (f+ —\'||"-:| Ja| =)

Useful for: HF plant dynamics,
sensor errors, uncertain zeros

A?‘T'ERSE(SJ — é—l(SJ _

« Inverse additive uncertainty:
reals) = Gl (T — Al)G(8)) 7!

Useful for:
low-freq. (LF) parameter errors,
uncertain poles

AFVVERSE (s) = G(s) G- (s) — G_1(5)

ROUT

» Inverse mult. output uncertainty:
Grals) = (I — Als))7'G(s)

Lseful for;
low-freq. (LF) parameter errors,
uncertain poles

&LTTERSE (5) _ G_'?r—'l(s) _ G—'l(s) G(?)

RINP

« Inverse mult. Irlput Unﬂenainw:
{‘.!-'.I“:'k:] = 'If'lll'k'.“-l|I if\.]'l :
Useful for:

low-freq. (LF) parameter errors,
uncertain poles

Inputf}“\ J|> output
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O Stability Margins Implications

e Basicldea: if the deformation of the Nyquist diagram from the model to the system is
achieved without changing the number of encirclements, then there is no instability due to
the perturbation.

* Note: the Nyquist Criterion does not require any information on the location of the
unstructured uncertainty in the loop, and it provides (formally) information about
absolute stability.

* Fundamental Robustness Theorem (Theorem 2 — Lehtomaki — IEEE-TR-
AC-02/1981)

The closed loop perturbed system is stable, that is (flﬂ{a-] has NO CRHP zeros if:

1. ‘f’oLI[S:I and ®_, (s) have the same number of CRHP zeros

2. ®_ (s) Has no CRHP zeros. That is the closed loop model is stable = det[/ + G] # 0

ad)

3. If ®,,(jw,)=0then & (juw )=0

4. |det

I +G(s, E)] = 0,V(s,2) € D, x[0,1]

mp"tq\@ S https://ieeexplore.ieee.org/stamp/stamp.jsp?tp=&arnumber=1102565
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O Computational details

*= Theorem 3 =  Theorem 4

Given the structure in the figure, the closed loop Given the structure in the figure, the closed loop

Perturbed system is stable, thatis @, (s) has Perturbed system is stable, that is &DCL (s) has
NO CRHP zeros if:

NO CRHP zeros if:

A — AR
. .

G(s) 4+>O—> +=O—> G(s) |—>

A

Y

h 4

A. Points 1, 2, 3 of Theorem 2 are satisfied A.
B. The following holds: B.

o [I + G(s)] >0 (A)
V(s,e) € D, x[0,1]

Points 1, 2, 3 of Theorem 2 are satisfied
The following holds:

o [1 n Gl(s)] >0 (A)
V(s,e) € D, x[0,1]

Sketch of Proof: we are interested in verifying if and when the return difference matrix for the
perturbed system becomes singular , that is:

det[[ + G(s, 5)} = 0,Y(s,e) € D, x[0,1]
G(s,6) = (1 - )G(s) + Cs)
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Chapter 4: MIMO Stability Margins ﬁ ﬂ—/\_'}_/J_L

For the multiplicative error characterization:
I +G(s,6) =1+ G(s)+ A, (s)G(s)

But [/ + G(s)] is not singular, i.e. det[] + G(s)] # 0 by assumption, therefore we must
find:
o [A + B} =0

A=1+G(s); B=¢eA (s5)G(s)
Assume (A + B) to be singular, then (A + B) is rank deficient. This implies:

EI{V = 0,

|, :1}(:)(A+B)u:O€W(A+B)

Equivalently:
Av = —Bv = |Av| =By,

Using singular values:

min = =o_(4) <||Av| =|Bv| <o _ (B)= max-—7 >
- HVH2 H H2 H H2 - HVH2
Which vyields:

det(A+B)=0=0_(4)<o_(B)
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'&Dﬂm Chapter 4: MIMO Stability Margins

In conclusion:

o (A)>o (B)=det(A+B)=0

4

= Similarly we can write for Theorem 4

o [I + G(s)} >0 (A,)| =« Thisproves Theorem 3

I+G '(se) = G’(s)[[ + G H(s) + 5AR(5)};det[G’(s)] = 0

* Therefore we have the implication:

det[I +G(s,e)| = 0 o |[T+G'(s)|> 0, (eA,)

0| T+ G (5)| > e, (B,) >0, (A))

* This proves Theorem 4
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0 i [I + G(S)} >0 (A) * Input/Output Additive direct

o [I + G_l(s)] >0 (A) *  Input/Output Multiplicative direct

= Summary: The above are the sufficient conditions described by theorems 3 and 4. This result
is conservative in the sense that:

1. It considers the worst case €= 1
2. It considers full complex uncertainty (unstructured)

=  For additive and multiplicative inverse errors:

INVERSE
A )

(s) = G'(s) = G™'(s)
AINVERSE (8) — [é_1<8) o G—l(s)] G(S)

RINP

e Similarly to the previous derivation:
-1
G(s,e) = [sAA(s) + Gl(s)]
G(s,e) = G(s)[l + eAR(s)]l

* from which

_ Gls,e) =|(1- )G (s) + gé—l(s)}l
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* The inverse uncertainty in its multiplicative form is then:

L(s)=[1+2,(5)]

= Theorem 5

Given the structure in the figure, the closed loop
Perturbed system is stable, that is (I)CL (s) has
NO CRHP zeros if:

+=Q G(s) >
+ L
A

A. Points 1, 2, 3 of Theorem 2 are satisfied
B. The following holds:

¥

F 3

A

0| I +G ()| >0, (D)
V(s,e) € D, x[0,1]

Inputf}“\ J|> output

This yields the robustness conditions for inverse perturbations expressed in multiplicative form:

= Theorem 6

Given the structure in the figure, the closed loop
Perturbed system is stable, that is (I)CL (s) has
NO CRHP zeros if:

G(s) |—»

v

—

R

A. Points 1, 2, 3 of Theorem 2 are satisfied
B. The following holds:

O—min [I + G(S)] > Umax (AR)
V(s,e) € D, x[0,1]
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L Depending on the uncertainty type (additive, multiplicative) and location, robustness
theorems lead to the following inequalities:

0|l +CE)] >0, (A)) 0 T+G ()] >0, (D)

L Question: Can we extend the concept of Stability Margins to the MIMO Case using the
above relationships?

Im

e Recall the SISO case: NO changes in the Nyquist
diagram encirclement of (-1, 0) occur if:

» /A

1497 > |L, () =1 = A,
() g(jo 1
‘1 + g(s)‘ > ‘LA (s) — 1‘ = ‘AA‘

A\ 4

=
a

g(jo,)

p(®)
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* We can extend the constraints to the MIMO case by introducing the singular values of the
appropriate transfer function matrices:

o [I + G_l} >0 [L

M _I] = 0 ax AM]
oI +G]>0a, [L;j _ 1] =02,

* The uncertainty must appear simultaneously in all channels either as gain perturbation or
phase perturbation (this is a conservative result due to the use of singular values as
measure of size of a matrix).

MIMO Gain Margin: is the pair of real (c,, ¢,)

that defines the largest closed interval such
that when /,(jo) are all real constant that

satisfy

\::,J i | ) ¢ <l<ci=1,..,m

| : G(s)
: the closed loop system remains stable.

MIMO Phase Margin: is the pair of real
(-¢,, ¢,) that defines the largest closed

interval such that when /,(jo) = e’ and ¢,
satisfy

-, <¢,<c i=1,..,m

the closed loop system remains stable.

Inputf}“\ J|> output
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Chapter 4: MIMO Stability Margins

1. Consider the uncertainty present as gain perturbation from

nominal:

‘L(jw)‘ = diag {‘ll(jw)‘}

Assume the error to be bounded by some value oz min {Jmin [[ + Gl]} =

From the robust stability requirement:

w

o [I + G_l} >0 [LM — I] =0 [A(s)}
o,[A@)| =0, [L—T]=i 1]

If the largest |, — 1] is less than ¢, then we have the following result:

1—oz§lz.§1+oz

Input T
|

A

output

I/

Which guarantees a gain margininterval: [ 1 — o, 1 + a |
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Chapter 4: MIMO Stability Margins

Consider the uncertainty present as phase perturbation from |{L(jw) = diag {Ali(jw)}

* This can be rewritten as: ‘l, — 1‘ —
2

Using Euler formulas:

RCAC 1‘ = ‘Cos[(bi (w)} —1+ ‘]Slrl[(bZ (w)

o) _ 1‘ <3

|

<3

lei — 1| = |efrbf(w) _ 1| <B,

= (2(1 — cos(¢h; (@) < B,

= [cos(¢;(w)) = 1 +jsin(¢;(w))| < B,
= (cos?(¢;(w)) — 2cos(¢p;()) + 1 + sin*(¢;(w)))* < B,

Which guarantees a phase margin interval:

2.
nominal:
Input_{}\ JI> output

+2sin* [

s]
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Chapter 4: MIMO Stability Margins

Corollary 1 (Th. 4): If @, (j®) has no CRHP
zeros, and o[ I+G™ | > a for o O, then the

stability margins are limited by:
GM EI:].*OL,].‘FOL]

PM c|-2simt® 2simt Y
2 2

GM = GM, 2 UGM,, 1,

Corollary n® 2 (Th. 6): If @_(jo) has no
CRHP zeros, and o[I+G]>o for oeQ,

then the stability margins are limited by:
R
l-o' l+o

PM < {—2 sint2 2sint EJ
2 2

PM — PM]+L U PM]+L—]

(] Note # 1: from the previous corollaries, the best minimum singular value is obtained when o =

1. This yields:
oI +G|=1=GM, = L io|= |~6dB,+00|
O [+C | =1=GM

min

G

(J Note # 2: Stability Margins are a
conservative measure of robustness. They
may fail in the case of ill-conditioned
systems:

Input T
|

A

output

I/

L =10,2| = |~o00,+6dB]

PM

+G

PM | =

I+G

o]

L

+2sin ! [%H — [—60°,+6o°]

[—60°,+600]

Gain Margins: —GM :|L(_;‘m| )‘
+GM =L jooy )

Phase Margins: § = £L( jw; ) -7

Good stability margins do not imply robustness.
~ Must look at distance to (-1,j0).
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mmmmmm

dynamic approximation of an unmanned aircraft

Translation along Zb

Z

Z
w=Zw+Z, 8, >0="2a+—=§
vt VooV

Rotation about Yb

g=0=Ma+M,d5,

E

Center of Mass Acceleration along Zb

Ar=w-Vq=w=Z0+Z,3,

Inputf}“\ J|> output

A B
A z, 0172], [%],
gl Lo 1]lq 0]
——— ——
C D

N L

O Example: Consider the linear-time-invariant (LTI) short period pitch-plane

i

d |
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* The system has 1 input and 2 outputs (SIMO). The autopilot (controller) for this plant
contains proportional - plus-integral control elements in the inner rate loop closure and
outer acceleration loop closure, given by:

Ky(s+ay)

Ky(s) = -
Az + + 3 q q A, A,
Cj KAZ (5) _bo_" Kq (5) > 6_ (S) P (S)
_ Ky(s +a) ] SIMO
Ka.ls) s Inner Rate Loop
Outer Accel Loop

B AUBURN
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Controller

* Add a second order actuator model and consider a flight condition corresponding to
unstable dynamics

— Z—II +éf5e + q
4 4 ¢=0.6
q = Mo + Msd. w =113rad / sec
0p = — 2,0, — (8, — d,.)
5o e
— >

s* + QEwns + wi

Inputf}“\ J|> output
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Chapter 4: MIMO Stability Margins

Rewrite the model in state space format:

—1.3046
_ 47.711
X =Apx + Bpu { A, Bp] 0
- . - 0
y=Cpx+ D,u Cp Dy
—1156.
0

1.0
0
0
0

9

—0.21420
—104.83
0
—1.2769.0

0 —189.95
1.0 0

0
0
1.0
—1.356

0
0

Rewrite the controller in state space format (y is the model state vector, ris the

commanded Acceleration A ,.):

K _=-0.0015
K, _—0.32
Using the following numerical values: a4 =920
q
a =6.0

z

0
Xe = Aexe + BL‘I_‘V + Beor A B, Beo [ 192
= Cexe+De1y + Dear C. Dog Do| o
[-0.32
Inputf}“\ J|> output
B ]

0

0

0
12769.0

§

0 0.0030 0 ~0.0030
0 ~0.0029 1.92 0.0029
1.0]  [-0.0005 032]  [0.00048]
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* Build the complete state space model: . NOTE: the matrix Z must be

u=Cexe+Dey+ Deor invertible for the feedback problem
u=~Cex,+Dg (Cpx + Dpu) + Dor to be well-posed!
gl = {),CID”), U= Cexe +Dc1Cpx + Deor (I-D,D)=1- [—0.0005 0.32] 8 =1

z

u=2"" (Cc.\'c + De1Cpx + chr)

* Build the complete closed loop system:

%= (Ap + ByZ "D Cp)x + ByZ ' Coxe + ByZ ' Dar
e = (Ac + BaDpZ ' C)xc + Ber (I + DpZ ™ ' Dot ) Cpx + (Bz + BaDpZ ™ 'Dia)r

ﬂ\] B { Ay +B,Z 'DC, B,Z7'C. ] {\] y=Cpx+Dpu
Yo | [Ball+DyZ 'Det)Cy Act BaDpZ 'Ce | | X — o 1 DyZ (Coxe + Doy Cox + Dot
Ag
bz Da 1. (602 Dy Dz || 02 D)y
" JBLQ + BuD,Z "D,y ]J’ X
PS i(! +DPZ“DL.L) Cp Dpz—‘cyl L] +[D, 27 "Dl r

C{'.’ D{'.’

Inputf}“\ JA\ output i
L d |
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Xqg = Agxg + Byt
y=Cuxq+Dgr

* Insummary:

* Closed Loop Time Histories ]1
o 08 o z
. _ < 02 / 2
* Exercise: Derive the loop o/ =
. . v
transfer function matrices at 02 L : ],
input to the plant L,(s) and at oos " Time (sec) i
the output of the plant L_(s) .
respectively, in literal form: ool \\ Z
z 0 5
1 S =
L) =Cp(s)[sI—A ] B, +D,  |Zan >
-1 0.02 =
Lo (8) - CLO (S) [SI o ALO] BLO + DLO -0.03
0 0.5 1 1.5
Time (sec)

-0.02

-0.04

-0.06

-0.08

-0.1

1
Time (sec)

0.5

|
Time (sec)

1.5

Inputf}“\ J|> output
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Chapter 4: MIMO Stability Margins

N L

Consider the loop broken at the input and compute the classical stability margins:

Input T
|

A

output

I/

m(L)

-1.54 yor

GM =~ 8.8dB
PM = 50°
Nyquist
2
1.5

Unit circle

05 / m\gwu

\ radius = 0.5676
0 / N
By,
\ Z/ Gain Margin
-1
PN T Phase Margin

2 45 -1 -05 0 0.5
Re(L)

AUBURN
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Magnitude dB

Multivariable Gain and Phase Margins:
I1+LI at input [+inv(L)| at Plant Input
8 EEE| T I - ]
50 REI A
40
40
30 GM,., — [ﬁ%} PM,., — :tlsin"%“ v
20 AN 20 e R N I R R
AN My = (1= Bl Bl PMyps = 42sint e BEL
10} min =0.5678 > SN T 10 - min = 0.73047 b
: \\\ ” i B
10 10° 10! 102 103 10 :
Frequency (rps) 107! 100 10! 102 10%
Frequency (rps)
The minimum values can be computed:
2, = mina(l + L) = 0.5676; f, =mina(l + L") =0.7305
0. [T +I]=1=GM, , =[0.6379,2.3127] = [-3.9,7.28|dB PM,,, = |+2sin”" (0.5676)| = [+32.97°]
oI+ L =12 6M, | =[02695,1.7305| =[-11.4,47)aB  |PM,,,, = [2sin (0.7305)| = [£42.84"

GM =|-114 728] dB; PM = +4284deg

Inputm JA\ output /:\.
12> D
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GM ~ 8.8dB, PM ~ 50’ GM =[-114 7.28] dB: PM = +4284deg

* Note that the stability margins computed via singular values are more conservative than
those using classical control.

* Consider the loop broken at the output and compute the sensitivity and
complementary sensitivity functions

S =[1+1,6)] sl = swp{orc 1+ 2,6}

o
1-1 -1
T(s)= L (s)|I + L (s) T(s)| =supio L (s)|I+ L (s)
0 0 00 max_~ o 0
|S| at Plant Output [T| at Plant Output
10 10
0 =y 0 H
L N
10 - 1.02 N
e 10— ma =1.0734 ‘\
g % 2 N
3 ° 20
= -30 '-"E
E g -30
= 40 =
50 -40
-60 50
70
104 100 10! 102 103 -60
10! 10° 10! 102 10*
Fre / (rps
requency (rps) Frequency (rps)

Inputf}“\ J|> output
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HS(S)HOO = sup {crmaX [I + Lo(s)]_l} = 1.0257

HT(S)HOO = sup {amaxLo(s) [I + Lo(s)]l} =1.0734

Want limited peak for stability

‘Want limited peak to
and steady state error

avoid resonance and low

Sensitivity __ Stability
7 ) Roll off plant
o S

1
S(s) = ——
1+ L(s)

Want errors small at low freq for
command tracking + disturbance rejection

@ For robustness to high
frequency dynamics and
limited control effort

dg_ mping
Complementary 271

Sensitivity F'erakr Resonance

Y722
Roll off plant
0d8
Want near 1 value for &) 7
- o,
command tracking and//' % i
high loop gain 4 é
L(s) 4
T(s)=
14 L(s)

Roll off plant for robustness to noise,
high freq unmodeled dynamics

* Comments:

* The sensitivity peak 1.0257 is very small peak indicating good stability margins at the plant
output.

* The complementary sensitivity represents the acceleration closed-loop transfer function. The
sup at 1.0734 is a measure of the peak resonance in the acceleration loop. This is also small
value also indicating good margins in this loop.

* Itisimportant to verify both input and output breaking points for stability margins

* In some multivariable systems, the margins at the plant input will be adequate, but at the plant output
they could be low. It is always prudent to check margins at all loop break points to make sure no
sensitivity problems exist.

Inputf}“\ J|> output
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* The Nyquist plots for both loops open at the plant output are shown next, indicating good stability

margins:
5 Nyquist 2 Nyquist
1.5 - 1.5
1 — - =
Jos // Q__ . 305 // ™
20 ¢ - g o ¢
= N e E LN |V
1.5 - -1.5 /
-2 -2 /
2 15 -1 -05 0 05 1 15 2 2 -15 -1 -05 0 05 1 15 2
Re(Lout Az Loop) Re(Lout g Loop)
30 T
R e Controller Frequency Response
= 7. [K(s)]
@ 20 N\ * The proportional — Integral behavior is
g evident from the figure
"E;, 10 * If Noise rejection is not satisfactory,
Z 5 additional poles are necessary (low
0 pass filtering), however in this case
= N stability margins may decrease due to
10 TN the increased phase lag.
101 100 101 102 108
Frequency (rps)

Input 4\ J|> Output
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 Disk margins are robust stability measures that account for simultaneous gain
and phase perturbations. They also provide additional information regarding the
impact of model uncertainty at various frequencies.

e =il

Y

= Given a nominal loop transfer function L = PK, consider a scalar complex parameter f

defining a perturbation.

J = ge

—Jj9

{‘Lf( ja))‘ = \fL(jw)\ = \gL(jw)\

LI (jo) = £fL(jw) = £L(jw) - ¢

L(jo) = fL(jo)

= Magnitude and Phase of the perturbed
loop transfer function.

AUBURN
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= Rewrite the definitions of classical stability margins:

* The gain margin f = g measures the amount of allowable perturbation in the plant gain.
* The phase margin f = e7?is the amount of allowable variation in the plant phase before the
closed loop becomes unstable.

Definition 1 Definition 2
The 3”{” _’””"gins consist of an upper limit gu>1 and a The phase margin consists of an upper limit ¢u > 0 such that
Ilc))“i;r lulmt §1L1<1 S_Udl ti\lat d well 4 for all positi 1) the closed loop is stable and well posed for all phase
e closed loop is stable and well posed for all positive . .
variations ¢ in the range —¢u < ¢ <¢u

gain variations g in the range g1 < g < gu . . _ .
2) the closed loop is unstable or ill posed for gain varia- 2) tqi’le<clo?ed loop is unstable or ill posed for ¢=g¢u (if
u o).

tions ¢ = gu (if gu<oc) and g = gr (if g >0).

= Real systems may have simultaneous gain and phase perturbations not well described
by the above definitions

Courtesy of Seagate

Bode Diagram Nygquist Diagram
- T T J.8 Vs

[}
=]

Magnitude (dB)
[=]

[ )
S

(=]

10°

Imaginary Axis

Phase (deg
65 w w
oo oo

=z 0

[+

25

| IR

Real Axis

Input /T JA\ output 10 10
P e Frequency (rad/sec)
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Chapter 4: Disk Margins

. k
= Consider the open loop system: L(s) = k=1
s(s+1)(s+2)
T™—— K, =6=>>15.6 dB
e PM = 53.4 deg
" & que;g: (rad/s) b -

» Assume a complex perturbation f = 2.6 — 2.86j

Bode Diagram

-50

Magnitude (dB)

System: untitled1

Gain Margin (dB): -10

At frequency (rad/s): 0.523
Closed loop stable? Not known

g

% System: untitied1

a 270 F Phase Margin (deg): -35.3

o Delay Margin (sec): 5.05
315 Al frequency (rad/s): 1.12

Closed loop stable? Not known
-360 : + :
102 10" 10° 10' 102
Frequency (rad/s)
Input /T JA\ output
| I/

GainMargin:
PhaseMargin:
DiskMargin:
LowerBound:
UpperBound:
Frequency:
WorstPerturbation:

[0.4028 2.4829]
[-46.1246 46.1246]
0.8515

0.8515

0.8515

0.6436

[1x1 s8]

a8
i
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Chapter 4: Disk Margins

Allloml&ﬂbnaaﬂn: Rnhutics"ts
University of Pisa
Bode Diagram
Gm = -6.24 dB (at 0.719 rad/s), Pm = -41.3 deg (at 1.12 rad/s)
50 T T T
)
T or
[}
=
2
5 50
(5]
=
-100 ;
I =
o -1440 |
@
2
@ 2880 F
@
£
o 430f
-5760 . L .
102 10! 10° 10! 102
Frequency (rad/s)
Bode Diagram
100 . : : .
|
° . e
L System: g
2 Gain Margin (dB): -6.24
51_1 At frequency (rad/s): 0.719 ]
S 7| Closed loop stable? No :
e \ Number of poles in RHP of open-loop system: 0
200 L+ . . Gain Margin (dB): 126 Number of net encirclements around the -1 point:
o a0 Al frequency (rad/s): 201
System: g Closed loop stable? No => Number of poles in RHP of closed-loop system:
=) Phase Margin (deg): -41.3 => Closed-loop-system is unstable
8 -2.304 | pelay Margin (sec): -0.643
ol At frequency (rad/s): 1.12
o Closed loop stable? No
< -4.608
o
£6.912 . - L -
102 10! 10° 10’ 102 10°
Frequency (rad/s)

Pt
=
"
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Analysis using a generic complex perturbation f

.

( Main Idea: define a disk, which can handle simultaneous complex perturbations as well

1L ad . he :
e D(a,a,b) = +a . 5 € C with |5 < a where a; k_), o are real parameters that define the set of
1 —bo perturbations

a+b=1

1 1 10 e
¢ 2< ) 2( ) fED(a-.J):{lliGd:OECWlth|O|<Q}

2
The sets D are circles with center on the real axis with “size”
ey oo o and “skew” (deviazione) G.

B | AU BURN
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Chapter 4: Disk Margins

12 =02
1 a=0.75
0.5
=
5 o
o 0 + + -+ +
g “Ymin f =il © Ymax
-0.5
&
1.5
0 0.5 1 1.5 2 2.5 3
Real
1
0.5 4 -
> (e \
& ( \|
= @ ‘ - o
© ’l
g \if\ﬂ /I.
-0.5 Y
—1
-0.5 0 0.5 1 1.5 2 25
Real
e o=0, 0=0.67
o=-1,¢=0.75
o=-5 a=0.36

Input 1 I output

22—l —wa) and _ 24e(l—a)
’)mm_Z—i-a(l-l—a) ’)mm‘_Q—a(l—f—J)
C= 5(7111111 + Af'ma.x) and r = _(Aj'max - ﬁfmin)

Key Point: it is helpful to think of o as controlling the
amount of gain and phase variation while ¢ captures
the difference between the amount of relative gain
increase and decrease.

| ®

() (b)

Par
o
] |
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= How do we relate disk margins to closed loop stability?

* The first approach is to select 6 and compute the largest value of o for which closed-loop
stability is maintained. This yields a stability margin, formally defined that can be used to
estimate the degree of robustness for a feedback loop

* Definition 1: For a given skew G, the disk margin o, is the largest value of o such that

the closed loop with fL is well posed and stable for all complex perturbations f e D(«,,,,0)

= Alternative approach:

* Uses D(o, ) to cover known gain and phase variations, e.g. neglected actuator or
sensor dynamics. This approach requires some knowledge of the plant modeling
errors specified in terms of gain and phase variations. Then o and ¢ are selected
to give the smallest set D(o, ©) that covers these known variations.

* The goal is then to assess the robustness of the closed-loop with respect to this set
of variations.

This second analysis approach can be performed by computing the disk margin o,
associated with the chosen skew ©. If 0., > &0 then the closed-loop is stable for all
variations in D(a, ) and hence the system is robust to the known modeling errors

Input T
|

JA\ output

I/

ﬂ AUBURN
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Chapter 4: Disk Margins

Comments on the computation of D(a., G):

* Recall the definition of D(a, 6): [ € D(a,0) = {

1+45%4

2

| — =24

- : 5 € C with |[4| < a} (*)

Starting from the nominal stability condition, which means f = 1, as fchanges, stability of the
closed loop system changes when its poles s = j@, cross the imaginary axis, for some ;. That is:

Input T
|

A

output

I/

s=jo e IR 1+ fL(jo)=0

AUBURN
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*  From (*), It exists a f, such that:
1 9,€ C with |§] < a

» Stability transition can be rewritten (after some algebra):

. o—1\.
(Sr(t]bu‘()) —+ 9 ) O(} =1

* From the above, the following theorem holds:

= Theorem: Let © be a given skew parameter defining the disk margin. Assume the closed-
loop is well-posed and stable with the nominal, SISO loop transfer function L. Then the

disk margin is given by:

B 1
Xyax = .
HS(ja)) +
Note that f 0th dition b o !
* Note that for ¢ = 0 the condition becomes: &, ,, = ) .
S(jo) - T(j)
Inputf}“\ J|> output 2 _

ﬂ AUBURN
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=  Summary:

* Disk margins are related to classical gain and phase margins providing a more comprehensive
analysis of robustness.

* They account for simultaneous changes in gain and phase. Perturbations in phase only are
located on the unit circle f = 1; perturbations in gain only are located on the real axis f € R

e The margin o,y is used to compute guaranteed gain and phase margins in the figure

*  With d = to,,,y, We obtain, using geometry and trigonometry:

3 2 2 : - i
2— F (J_ = !T] 2 + O(‘ma.x(l - U) J LFie™=u 1+ [min [max
max ~ _ COS ¢, = =
/max — ey '

m s ~
2+ apax(l + o) 2 — a‘maﬂx(l + 0o 2c Ymin T Vmaax

Vs Yaax i (=98, ]

1

o
o
S
£l

Imaginary
o
-

Inputf}“\ J|> output
AUBURN
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Chapter 4: Disk Margins

= MIMO Extension:

* One loop at the time application: This introduces perturbations in a single channel while holding
all other channels fixed. This can be overly optimistic as it fails to capture the effects of

simultaneous perturbations in multiple channels.

u z
Uy ,_|f = IT | 1
1
K L K P 2
Uz = 22 . Up = Zo

fi

* Multi-loop disk margins capture the effects of simultaneous perturbations in multiple channels.

e The multi-loop disk margin is a single number o, defining the largest generalized disk of perturbations

f1 and f2 for which the closed-loop in Figure is well-posed and stable. It is emphasized that the
perturbations f1 and f2 are allowed to vary independently, i.e. they are not necessarily equal.

https://it.mathworks.com/help/robust/ug/mimo-stability-margins-for-spinning-satellite.html

Uy

Y
A

f
K | 4
2

= »

Y
y

Y

output

Inputf}“\ J|>

Brian Douglas RC 2

Brian Douglas RC 3

=
S
]
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Chapter 4: Stability Margins of LQR, KBF, LQG ﬁ ﬁ_/rl

* Consider the general unity feedback structure of a LQR controller:

(s e(s) 1 2 (s S
(3 [ Ko J 1 [(SI_A)IB}*U. (o

* We can prove the Kalman’s Inequality for the Kalman Filter as well, since it is a feedback

HI + L(S)H2 > 1

loop itself:

L(s) = —C(sl — A)_le

Implications: The Nyquist plot of L(jw) will always be outside the
unit circle centered at (-1,0).

1

aM = |- 4 PM = [—600 +60°

AUBURN




mmmmmm

Chapter 4: Stability Margins of LQR, KBF, LQG

O Stability Margins for the LQG compensator

A S meeemeemeeiee e P T

'+ Compensator
L K
........... :r..ﬁ..&.”.
r s
== ] KF 8
+héy ~ ; ; ;
........... : {a- :
{ZI,,: :

B e |

o o i e e e

A-K.C| 0 D
= |- —-—---—-—-—-}—-—-—-—— —q—|———
K,C |A-BK 0

Guaranteed Margins for LQG Regulators
JOHN C. DOYLE

Abstract—There are none.
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O Linear Optimal Control and Estimation play a fundamental role in the design of
compensators for Multivariable linear systems. Their Robustness properties (in terms
of stability margins) are therefore important to evaluate.

* Consider the general unity feedback structure of a LQR controller:

r(s e(s) 1 2 (s s
(s Ko L (SI_A)l}*()y()

(%Q:O@L<QAB |M@KJJAVB

-1

[+K (sI—A) B=1I+L(s)

' C'Cx + uTRu}dt

ﬂ AUBURN




&%Dﬂ,; Chapter 4: Stability Margins of LQR, KBF, LQG m ﬂ—/\_'}_/J_L

* Recall the Single Input Case. From the Riccati equation we obtain the Kalman Inequality,
leading to Guaranteed Gain and Phase Margins.

L+ K (sT = A) ')

> 1= |1+ L(s)| > 1

* Kalman’s inequality can be extended to the MIMO case:

R+ B'(—sI —A")"'Q(sI —A)'B=[I+B"(—s[ —A")'K'|R[I + K (s —A)'B]| > R

* Perform Spectral Factorization (I)(S) =W’ (—S)W(s)

d(s)=R+ B"(—s[ — A")'Q(sI — A)'B
W(s)=RI+K(sI—A)"'B]>R

e Substituting:

I +~REK (sI — Ay 'BJR'[I +RK (sI — A)'BJR] > I
W(—sWRI'W(=sWR]> T

Input 4\ J|> Output
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Chapter 4: Stability Margins of LQR, KBF, LQG ﬁ ﬁ_/rl

L(s)=K (sl — A)"'B

Kalman’s Inequality can be written as:
[+ L(—=s)]"[I + L(s)] > I

Which is satisfied if and only if:
1

(I + L(s))_1

o I+ L(s)|=

min

>1< o0 [S]L1

max -

o

max

From the definition of MIMO stability margins, LQR gives at the input of the plant:

1
— 00

GM = . PM = [—60O +60°]

This holds also for any diagonal input weight matrix R (see Athans 1978):

o {\/E(I +K_(sI-A)" B)Rﬂ >1

Output

Input /T JA\
VA
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R Chapter 4: Stability Margins of LQR, KBF, LQG m ﬂ—/\_'}_/J_L

e Consider the general structure of a Kalman Filter Estimator:

_c w(t) = [0,V] i) = @
y=tete 7,(t) = [n,,Q,] o/ = o

J = E{e'Ze} = B{(z - 2) Z(x - &)}

K,=QC"V™! AQ+ QA" +W —QC'V'CQ =0

* We can prove the Kalman’s Inequality for the Kalman Filter as well, since it is a feedback

loop itself:
L(s) = —C(sI — A)_le

(B | AUBURN




Chapter 4:

Stability Margins of LQR, KBF, LQG ﬁ ﬂ—/\_'}_/J_L

1!1‘4 l'”'“

* Using the Filter Riccati equation:
y * If the measurement noise power spectral density

» Plant

is diagonal, then at the input to the Kalman gain

oy ——— ! matrix Kfthere will be an infinite Gain Margin, a

gain reduction margin of 0.5 and a minimum
Phase Margin of + 60 degrees.

* Consequently, for a single-output plant, the

- T
— K, |

.................

L.Q Regulator

1 , Nyquist diagram of the open-loop filter transfer
Kalman . . . . . . . .
Filter ; function will lie outside the unit circle with
center at -1.

O Stability Margins for the LQG compensator

Input 4\ J|> Output

Guaranteed Margins for LQG Regulators
JOHN C. DOYLE

Abstract—There are none.
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* The use of a state estimator and/or observer can make the system arbitrarily sensitive,
and all Robustness considerations are lost. The reason for this is that the LQG
compensator operates on a system, which is not the internal Kalman filter model.

* The sensitivity of LQG with respect to loop uncertainty was proved Doyle (1981) with
a simple SISO example:

* Choose the following weights:

11 0 1 B (0 )
w—01w+1u+1w w=\0, o 11R
—= — ; ::1
y:[l O]w—l—n " (0’ 1) Q % 1 1
. . . T
K. =RBP=(2+[a+q)[t 1]=f[1 1] ¢ =0=1=K =K,
K. =3C'V7* = (2441 c)m — dm
e Consider now the complete system with an arbitrary controller gain 1m and a unity
filter gain: |
& = Az — BK mi + ... Ly o0
Al _BK m N 0 1 L—mf —mf
/R P S ——— o oo |7 o T T Ty -
= CL KfC-i_A_BKC_KfC L d Oi 1 d 1
|nputuf}\ J|> Output ) d 0 : _d - f ]_ - f
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Chapter 4: Stability Margins of LQR, KBF, LQG ﬁ ﬁ_/rl

* The characteristic Polynomial is given

by:

(OA + (OA* + ()N +
d+ f—4+2(m —Ddf| A+ 1+ (1 — m)df]

* From Algebra:

* From which we can infer that for large enough d and f, df > d + f, and the closed loop

A+ f—4+2m—1)df| > 0
1+ (1—m)df| >0

system becomes unstable for arbitrarily small values of m.

uuuuuu
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O In the previous chapter lower linear fractional transformation was used to
represent a nominal closed loop system in a convenient 2 — Block structure

w z dl 'Ul Yy
g P Py, (5)
u ' 1 " v, d2
) Ks) [
{P,+B,K(I-P,K) P, }=T,(s) L = PK s =(r+r)"
Lz' - _KP22 S, = (I + Lf[:)_l

O In the following, we will use the upper linear fractional transformation to
incorporate uncertainty.

* Advantages: Computer mechanization, account for unstructured (full complex) as
well as structured (real diagonal) uncertainties.

Input 4\ J|> Output
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O Upper LFT representation

d, v Y
. —l A
“ o Mn ! M12
T el | n g
y — 4 My, (s)

-1 . -1
M22 + leA(I o NuA) M12} - TQQ(S) LO = _MQQK o (I 0) 1
Lz — _KM22 i (I+ i)i

* Existence of the inverse (I — M, A) 'necessary for well — posed
closed loop system as seen by the uncertainty

ﬂ AU 1§ URN




Chapter 4: Uncertainty in a 2x2 Block Structure

e How does it work?

* Example: Consider the standard feedback loop for the controlled system, where G( s) is an
uncertain LTI system approximated within 5% by the model GO(S) :

1

Gy (s)

* Therefore we can write

1.

T &+ 0.0Ls+1

G(s) = G,(s)|I + A(s)]

A(s) is a multiplicative error, modelled with any stable LTI system having a gain less than
0.05.

‘A(jw)‘ < 0.05,Vw € [0,00)

* Or, using a weighting function

AGjw)| = W, - Aw),
W, = 0.05

Input /T JA\
VA

Output

A(w)HOO < 1,Vw € 1[0,00)
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&%@”ﬁ Chapter 4: Uncertainty in a 2x2 Block Structure ﬁ H—/\j}_/J_L

2. Inaddition, a structured uncertainty is present as a 10% fluctuating feedback gain about the
nominal value &,

k() = K, + 6(1), |5(t)] < 0.1k,
Unstructured multiplicative — F’ - A .
_: i S 2
: 5(.)
Structured parametric > i
+A 2

* Objective: Combine all uncertainties in a single block

Input _‘f}\ J|> Output
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&%D%m Chapter 4: Uncertainty in a 2x2 Block Structure ﬁ H—/\_H_/J_L

o . . P |V q| |op,
1. Introduce fictitious inputs and outputs in order to isolate the p = = a=|"1=A
uncertainties dand A. P, € 9 p,
11 P
2. Draw the original block diagram a2 ( f; i) P2
including fictitious p and q vectors
T +O € ( :;_,; ( e ]
* Collect the system and uncertainty b i
representation, with: f
ko
G () = o)
1+ k,Gy(s)
G, (s) = kG (s)
p=Mygt Myr v = M(s) !
y=M,q+ M,r Y r

Input _‘f}\ J|> Output
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* We obtain:
1-G, 1-G,
M — 5§ 0
11(3) _1—G2 G, ( [ss1 )
1 ( q1 ) (Pl )
M,(s) = 1 92 p2
' >
M, (s) = |G, Gl] A iy M(S) _-—-%y
My, (s) = G,
M . _Gl G1
u(s) = —(1-G) -G,
! G
e C t
orrection M12 (S) _ 1 _lG
2

Input _
| [ g B
AUBURN
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\

A A R™M 2 Ay ™2
+ + g
=S aH=
» A e Al 0
b4 w 0 AZ
M &
/ L=MA
Need this matrix I+L=1-MA

h A

A0
z | 1] 0%h,

|

|

22

]_.

Z] :—K(G(Z] '+'H'])+ 11’2]

Zy = G(—K(zz + “’2)‘*‘ “"1)

emg P ke -{rexG)
(riGx o I ERT

o

g

[ H-‘l
G K ‘\rl-'z
s

M

|

* Note: Return Difference Matrix. Non singularity required from Nyquist

Criterion.

Pl
e
i

i
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 More general weighted representation of unstructured uncertainty

= W,(s) and W,(s) are used to model the uncertainty, and later on incorporated in the controller
analysis and synthesis processes.

= Ais fully unknown but stable and bounded in magnitude: HAHoc <1

WAW,
G(s) = G(s) + WAW,
¥ G

L

[a) Additive uncerainty il
G(s) = G(s)|T + W,AW,] G(s) = I + WAW,]G(s)
W,AW, W AW, 3 by
! Wp i _ " Wa(s)
2 Wi (5) i
Gis) —r ¥ Gis) : : : {
= | -l_. G(s) H—Y
(k) Input-multipticative uncertainty (e} Outpat-multiplicative unce riaioty i_______________________h_____j
W AW, ‘1 J WAW,
i L Gis) —r —p G(5)
() Input feedback uncertainty {&) Output feedback uncertainty
~ -1 ~ -1
Gs) = G(s)[I + WA W) G(s) =1+ WAW,] G(s)
LISy ST, « The block A isolated from unstructured uncertainty is given by a full
q |

5 | complex matrix AUBURN




&%@”ﬁ Chapter 4: Uncertainty in a 2x2 Block Structure ﬁ H—/\j}_/J_L

O Weighting Matrices can be used to shape desired design requirements as well as uncertainty.

= Recall earlier results for robustness stability with shaping

e Nominal closed loop system asymptotically stable det[[ + GK] = 0; Vw € [0,00)

det|T + GK| = det|T + G(jw,e) K (jw)| = 0; Yw € [0,00)
ase 0—1 =G(jw)=G(jw)

—1

o I+ (G(jw)K(jw)) >0 [L(jw)], Vw e (0,00)

min

With L (jo ) stable, bounded, minimum phase uncertainty

= ForsisOsystems o [G(s)] = o, [G(s)]=|G(s)

el e TG Ly, (s) = G(s)K(s)
o K r TL o T < ZEOL (S) N G(S K(S)
I G(s) = [1 +w,(s)A,]G(s)

ﬂ AUBURN




Chapter 4: Uncertainty in a 2x2 Block Structure ﬁ H—/\j}_/J_L

From SISO Nyquist, worst case stability of closed loop real system GP(S)

w (S)L(S) Imaginary
‘wI(S)LOL(S)‘ < ‘1 + LOL(S) :Vw 1I+—L(s) < L;Vw l
A Real
o, (5)T(s) <1 & |T(s)] < |——{s Ve
w,(s) ‘%L‘

For a MIMO system, the above requirement becomes a normed weighted limit on the complementary
sensitivity matrix. From the general definition of #, norm:

et =supofeG] o, T, <1V

A similar result can be obtained using Sensitivity and for other locations of uncertainty

ta b, k22 G’(s) - [I tw, <S)A¢I]_1G<S)
| S(jw) =T + L, ()]

- E —r : R E -
T LESR

1

wﬂ(s)S(s)‘ <l& Hw”(s)S(s)H <1

oo

‘JA\ output

Input _~™
|
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QXXB% Chapter 4: Uncertainty in a 2x2 Block Structure m
* Example: Consider a process control model
fe T8
Gs)=———, 4<k<9,2<T <3, 1<7<2
Ts+1 | |
Take the nominal model as
6.5
Gols) = ——0
(2.5s+1)(1.5s+ 1)
Ayjw) = G(jw) = Go(jw) Am(s) = ,
Gol(s)
W,(s) = 0.0376(s + 116.4808)(s + 7.4514)(s + 0.2674) W — 2.8169(s + 0.212)(s? + 2.6128s + 1.7
s = (s + 1.2436)(s + 0.5575)(s + 4.9508) me §2 4 2.2425s + 2.6319

Input_f}“\ _{} output

i

AUBURN




Chapter 4: Uncertainty in a 2x2 Block Structure

* 2 - Block structure built for direct incorporation of structured uncertainty.

T = —(ao —|—6(5m)x—|—u

Example 1:
‘5‘<1
6 | 5m <
Qa <
o]
1/s >
a'::—aoa:—wp—{—u
z =0
P m

Input _~™
|

SRS

Output

ao + 667)1 <

v
O
A

______ N L
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Example 2: Consider a second order system with gain and corner frequency uncertainties

k
G(s) =
(s +w)(s+w,) Wy +0,0,, 4 | Wy + 830, 14
\@\ <1,i=123
Ei] ky + 6,0, 2 L y3— o 1 it
s s

We can isolate the 3 uncertainties, as before, creating a fictitious input-output pair for each uncertainty

. w
Tl 7% 0 L n K, w I =10 wpl = And the 3 constant gain uncertainty Block:
T, 0 —w, ||, 0 0 0 —1j
w
»3 I 7
0 o w, 6 0 0 Z
pl B ! im pr = 0 62 O Zp2
=6 0 +1 0 |u
P . , 0 0 o]z
e L 0 Sl )% ]
p m
y = [0 1] !
Input_f}“\ 'J|> output 2
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Chapter 4: Uncertainty in a 2x2 Block Structure

I |
| |
O, | ¥
' |
|
| s L !
i 2 :
i .
] ) 1
I 0, i
’ |
. .
e b e e s e e
| |
Wp ! :
l 5lm
[ | 2
Wra | [— : Zpy
_: ’ 5m i
5 ! ] I ]
Wps ! { II
1 y |
| O @y [t D 0y ¢ Oum 7 Zy
L 13
I |
| A |
u ' , y Y I |51 v | A | V
: —» L —»—b—r&—ﬁ = Oo—  — T -
: | | 5 |
b |______________________________________________'

[ ]
[ ]
Input_f}“\ _{} output

The block A isolated from the model has a definite structure

(diagonal in this case) , therefore represents a structured uncertainty

J,,, constitute the weights

=4

1 |
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U Uncertainty using state space representation: {

* Assume as an example the uncertainty

be additive with respect to the system
matrices

.L'!Lz.l"l.n'i'hs. B‘ZHL—""BE-. C=C“+C5p

outputs

x=A,x+B,u+B,

y=C,x+D,u+D

'E:.x-f-[}!._u.

Input_f}“\ _{} output

= Ax + Bu
y=Cz+ Du

* Linear dependence on

uncertain parameters

D=D, +D,.

In order to separate the uncertainty, we introduce a set of fictitious inputs and

k

A B, y
g, =rank| | I
C. D )

0

ol
it
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* Construct (BQ,CQ,DWDQI,DQQ) So that the uncertainty enters as a feedback law:

w. =06z ,i=1..k

pi iz pi?

A
(51, \
1 \ —
L L, )|
w, e T 1| “p
I
| 4“‘7
I \, B, B, :
Lyl |C, D, D, |
—Ufle, p, 0 pT—» _'_
U | [ y
I
I
L | : T
| I I I
3 I
I
; I

Input /T _]A\ Output
I
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Recall Example 2:

Gls) = —
(s +w,)(s+w,) Wy, + 6,6, [« Wy +830,,, 14
\51.\31,@':1,2,3
i N ™
— k, +9,9,,, 1 3O ———— .1. >
hY 5
0 0 & -8, 0 0 (0
Pl 920, 0 A Bsl_slo o Elm 5 ozm 0 0l+s
! 1 =y, , i —6363m C6 D . P e .
0 0 0O 0 0 0 \O
k., ' 6,6
B, = o I B; = . 1 =1 0
=050 0 §,)+|0 |5,(5,, 0 0)+|-15(0 &, 0).
C,=(0 1), C;=(0 0), D=0, D,=0 ol - 0 0
Input_f}“\ _{> Output ;'\,
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W, =0, W,=0, W,=0,
R;! =(0 0)’ R; z(élm U)’ Rg =(0 53::1)"
Z,=6,, Z,=0, Z,=0.

Im *

This implies that D;; =0 and

1 -1 0
BE e ’ C2 = 5251 O ’ D"] - 0 ’
0 0 -1 )

/",-,l
21N
il
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Chapter 4: Uncertainty in a 2x2 Block Structure ﬁ H—/\j}_/J_L

O Exercise: Inverted Pendulum Example

* Neglect DC motor dynamics at the hinge, and
compute the transfer function between armature
current and cart position:

mpXp = F, s +a
myz,=F —m,g Gs)=k 2, 2
PP = T2 p s (s" +b)

J¢=LF, sing - LF, cos

S/

Let all three parameters be uncertain: k =k, +6,, a=ay +6,, b=by + ;. In
order to pull out the A's, one has to draw a block diagram where again the uncer-
tain parameters &,,98,,0; are isolated in the form of additional blocks.

-=1

Input /T ‘JA\
2

W,
z 3
] 5, 3 4: 63 <
'
wy!
21 5
4 5 W) b i 2
wli
u s +ay - 1 y i
ko L 52 s :_ __________________
1 |& W,
® = I+ 6,
a
Output u P(s)
—_—P
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Chapter 4: Uncertainty in a 2x2 B

lock Structure

O Summary

The basic idea is to isolate uncertainty (structured and unstructured) in a separate block, to be connected in
feedback to the plant, via additional input — output pair.

A Z, Wp P.(s) P,(s) P,(s)\ W,
Z |=P) w =P, P,(s) P,() || W
y u P, (s) P,(s) P,(s) ) u
Wp Zp
w p z .
u y L A J
- \ W__/_‘_, M |z
/
The uncertain plant is
G=7,(P,A).
Here, 4 (P,A) denotes the feedback connection of P and /A (similar to
A1(P,K), cf. Sect. 8.2.3), and the uncertain feedback system is '
- M, () M,(s
M(s) = 7 R,y =] ¢ e,
Mﬂ(s) Mgz (8)
Input_f}“\ J[} output A
5 | AUBURN
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(] Road to the Small Gain Theorem

) Statement: Given an uncertain 2-Block structure with stable uncertainty transfer matrix A(s), furthermore

let the uncertainty bounded in magnitude HAHW < Y : stability robustness requires finding the largest v, such
that the feedback system below is internally stable.

M]l

The uncertainty A can be composed of several components. Normally we as-
sume that it has the following block diagonal form:

A=diag(8]1, ,....6,1 ,A,,...A, )

with A;(s)e RH... The quantities §; may be real numbers or transfer functions,
0;(s)e RH... This will be discussed in the next chapter. By suitable weights
which have to be added to the plant, we may assume that

16.1<1 (or || 6, ||, < 1) and || A, ||, < 1.

Input /T ‘JA\ Output
I
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* Recall the Internal Stability Requirements for MIMO Systems:

dy Ll Y

Afs)

A
Za W, u o d,
M * ﬂi{ﬂ
I e L —1
B a)|_|-(1+KG)'KG ~(I+KG)'K |[w
[Mzz + M21A(1 - M11A) 1]\/[12] = Tzz(s) LJ { (I+GK)™'G —(1+GK)"‘GK}[W2]
K . _
M

* Definition 1 : An upper Fractional transformation (LFT) (M, A ) is said to be well posed
if (I-M;Ap) ! exists

* Definition 2 : An upper Fractional transformation (LFT) #(M, A ) is said to be well posed
if (I —M;,Ap) has a proper and stable inverse

Input_/}“\ 'J|> output
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O Small Gain Theorem (Zhou, p. 218): Let a nominal system M(s) be internally stable.
Moreover, let y> 0 (also in the presence of stable weights); then :

= The perturbed system is well-posed and Internally stable for all stable
perturbations for which:

(a) ||All.. € 1/7 if and only if ||M(s)|| . <~
() 1Al < 1/v if and only if || M (s)]|.. <.

= Proof of Part (a) with y=1:

(Sufficiency) It is clear that M(s)A(s) is stable since both M(s) and A(s) are stable.
Thus by Theorem 5.7 (or Corollary 5.6) the closed-loop system is stable if det({ — M A)
has no zero in the closed right-half plane for all A € RH, and ||A|| < 1. Equivalently,
the closed-loop system is stable if

inf o (I — M(s)A(s)) #0

s EC+

* Iffwheny=1

for all A € RH and ||Af|_ < 1. But this follows from

inf o (I — M(s)A(s)) > 1— sup o (M(s)A(s)) = 1—||M($)A(3)|| o = 1-[|M(3)]| > 0.

seCy seCy

(Necessity) This will be shown by contradiction. Suppose [[M|__ > 1. We will show
that there exists a A € RH o with [|Al[_ <1 such that det( — M (s)A(s)) has a zero
on the imaginary axis, so the system is unstable. | |

Input_f}“\ _{} output \

] |
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O Small Gain Theorem (Lavretsky, 2013, p. 134):

AT

«  From det(I-AM) = 0 we have: o.)<o

Given a block diagonal, bounded, stable uncertainty
matrix A(s), and a stable nominal system M(s),

robust stability requires the return difference matrix
to be nonsingular from Nyquist.

det(I —AM)=0=0_ (I —AM)>0

A bound on the norm of A(s) can be found recalling the A + B argument (see slide 55).

max (AM)
=0 (D<o (AM)<o (A)-o (M)=o (A)>—
min max max max max O-max ( M )
det(l —AM)=0=o0 (A)<#
max O_maX(M)

Input /T ‘JA\ Output
I

» Sufficient condition due to conservatism of inequality in red (*)

______ N L

The Small Gain Theorem has several versions, and it is an original extension of the
MIMO Nyquist Criterion
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O Small Gain Theorem (Mackenroth, 2004, p. 388):

dl ﬁ]- Lo = _PQQK
P,(s) Given P,,(s) € RH,,, K(s) € ®RH,,, and additionally HLO(S)H <1
then the feedback system is well — posed and internally
u stable
K(s)
*  Well posedeness and internal stability require S, to exist and be stable (MIMO S = (I + LO)_1
Nyquist)

|z,s)|. <1=|D,D,|. <1=det(T = D,D,)=0 5,is well posed.

227K

* Internal stability requires no unstable transmission zeros of (I + L ), i.e.

irg o(+L, (s)#0 ilg oc(I+L,(s)) 21-sup 6(L,(s))>0

seCy

(*) The Small Gain theorem gives a necessary and sufficient condition for unstructured uncertainty,
and only a sufficient condition for structured uncertainty.

Input /T ‘JA\ Output
I
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Chapter 4: Small Gain Theorem

 Example: Consider a SISO model given by:

) A
10
G (s)=—— + Nominal Plant
0 s—1
: HA(S)HOo <1  Input additive uncertainty w M z
1
K(s)== « Controller
2
* Compute the transfer function from wyto zp
1
w ZP —“(s—1
— Al) M (s)=— 56 2 -
] L H 1+ K(s)G,(s) s+ 4
|
| | :
i | * The nominal system is asymptotically stable
HEREEE |
| so1 i * The maximum singular value of M,,(s) is:
' |
|
___________________ 3 , _ 1 Jw® +1
0 nax [Mn(jw)] = ‘Mn(]w)‘ - 5 5
w” +16
K(s) |

The uncertain system is unstable

Input _~™
|

SRS

Output

I/

The H,, is given by:

HMH(jw)H =supo l@ _ 1
* e 24 6] 2
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L Preview of Approach to robust stability and robust performance using SISO
systems ( Skogestad, Multivariable Feedback Control, Chapter 7.)

* A control system is robust if it is insensitive to differences between the actual system and the
model of the system which was used to design the controller. These differences are referred
to as model/plant mismatch or simply model uncertainty. The key idea in the H_ robust
control paradigm is to check whether the design specifications are satisfied even for the
“worst-case” uncertainty.

* The approach can then be described as follows:

1. Determine the uncertainty set: find a mathematical representation of the model
uncertainty (“clarify what we know about the system and what we don’t know”).

2. Check Robust stability (RS): determine whether the system remains stable for all
plants in the uncertainty set.

3. Check Robust performance (RP): if RS is satisfied, determine whether the performance
specifications are met for all plants in the uncertainty set.

Input /T ‘JA\ Output
I
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* It should also be appreciated that model uncertainty is not the only concern when it comes to
robustness. Other considerations include sensor and actuator failures, physical constraints,
changes in control objectives, the opening and closing of loops, etc. Furthermore, if a control
design is based on an optimization, then robustness problems may also be caused by the
mathematical objective function not properly describing the real control problem. Also, the
numerical design algorithms themselves may not be robust.

* Remark: Another strategy for dealing with model uncertainty is to approximate its effect
on the feedback system by adding fictitious disturbances or noise. For example, this is the
only way of handling model uncertainty within the so-called LQG approach to optimal
control. Is this an acceptable strategy? In general, the answer is no. This is easily
illustrated for linear systems where the addition of disturbances does not affect system
stability, whereas model uncertainty combined with feedback may easily create instability.

Input /T ‘JA\ Output
I
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AL, Chapter 4: Summary ﬁ

e Uncertainty in the plant model may have several origins:

1. There are always parameters in the linear model which are only known

approximately or are simply 1n error.

The parameters in the linear model may vary due to nonlinearities or changes mn

the operating conditions.

Measurement devices have imperfections. This may even give rise to uncertainty

on the manipulated inputs, since the actual input 1s often measured and adjusted

in a cascade manner. For example, this 1s often the case with valves where a flow

controller is often used. In other cases limited valve resolution may cause mput

uncertainty.

4. At high frequencies even the structure and the model order is unknown, and the

uncertainty will always exceed 100% at some frequency.

Even when a very detailed model is available we may choose to work with

a simpler (low-order) nominal model and represent the neglected dynamics as

“uncertainty”.

6. Finally, the controller implemented may differ from the one obtained by solving
the synthesis problem. In this case one may include uncertainty to allow for
controller order reduction and implementation inaccuracies.

1

[F'S]

}Jl

Input _~™ ‘]A\ Output :\
| [/ : El:'.
ﬂ AUBURN
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* How do we combine all the uncertainties in a mathematically tractable set?

L.

2

Parametric uncertainty. Here the structure of the model (including the order) is
known, but some of the parameters are uncertain.

e Structured Uncertainty

. Neglected and unmodelled dynamics uncertainty. Here the model is in

error because of missing dynamics, usually at high frequencies, either through
deliberate neglect or because of a lack of understanding of the physical process.
Any model of a real system will contain this source of uncertainty.

* Unstructured Uncertainty

3. Lumped uncertainty. Here the uncertainty description represents one or several

sources of parametric and/or unmodelled dynamics uncertamty combined mto a
single lumped perturbation of a chosen structure.

* Structured Uncertainty o « Unstructured Uncertainty

Input _~™
|

‘]A\ output
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* Uncertainty approximation as a frequency dependent complex function (or
matrix in MIMO settings disc (conservative)

T T T T
Im | o !
| |
I — N |
- B P A1 N |
I N I
L - | N |
\ | ~

w=2 ‘
=1 N N N
7 (\(}( w=0. 01 . \ vt \)"i

! _‘-—J’“’K B ) 72777L777ll\ Y
CYE N vm_uud‘\. j Re I it )
LN - R
S~ id;:u.- - ! !
N _3 ! !
1 2
Model sets
G(s) {Gnnmf’.":' + A | ”ﬂ" = JI' / /\
[“-_I-I'IEITI }
(Gnom(s) = MNominal plant
A = unknown, but bounded,
perturbation (i/o operator)
Input T _]A\ output
L . . . g : 1]
5] Typically, A is stable, causal and satisfies, ||Ally. < 7. AUBURN
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* Disc shape representation of a complex additive uncertainty

Gp(s) = G(5) + wa(s)Aals); |Aa(jw)| < 1Vw

* A ,(s) is any stable transfer function, at each frequency no larger than one.
At each frequency then G,(s) generates a disc-shaped region with radius
| w,(jo)| centered at G(s).

*  w,(Jjm) can be thought as a weight introduced to normalize the
perturbation to be less than one at each frequency. A typical selection is to
be stable and minimum phase.

I O Question: What happens in
the case of a MIMO
=l ?
e system?
/ (fj/h‘ — 1. Mathematically nothing
/ A o except for
\ m wa(iw)] .
(2 N
4 ey E\____«_; |
o N i 2. Graphically we have no
equivalent

Input /T ‘JA\ Output
I
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* Disc shape representation of a complex multiplicative uncertainty

Gp(s) = G(s)(1 +wr(s)Ar(s)); iﬁf(jwﬂ <1 v{-,i

|Ar][ee <1

* Note that for SISO systems both uncertainties are equivalent as long as:

wa(jw)|/1G(Gw)|

wy(jw)| =

* However, multiplicative (relative) weights are often preferred because their
numerical value is more informative. At frequencies where | w(jw)| > 1 the

uncertainty exceeds 100% and the Nyquist curve may pass through the
origin.

G(l4+wiAr) =(1+wolAo)G with Ar(s) = Ao(s) and wr(s) = wo(s)

AUBURN
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O How do we generate the weights w(s) so that we have a single lumped
complex perturbation A, or A;?

* The objective is then to find a suitable set of frequency dependent weighting functions
wp(j®) and w,(jw).

1. Select a nominal model ().

. |Additive uncertainty.| At each frequency find the smallest radius ! 4(w) which
includes all the possible plants I1:

S

la(w) = may |Gp(jw) = G(jw)|

If we want a rational transfer function weight, w 4 (s) (which may not be the case
if we only want to do analysis), then it must be chosen to cover the set, so

lwa(w)| > la(w) Vw |w,0w)]>506,.(5)-Gs) =6, - Gs)

[se)

Usually w4 (s) 1s of low order to simplify the controller design. Furthermore, an

objective of frequency-domain uncertainty is usually to represent uncertainty in a
simple straightforward manner.

Input_/}“\ JA\ output "\:
A= H |
n AUBURN
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3. [Multiplicative (relative) uncertainty.| This 1s often the preferred uncertainty form.
and we have
G,(jw) — G(jw
l1(w) = max 2\ f] _ J)
el Gjw)
and with a rational weight
lwi(jw)| = lj(w),Vw
(@) = max o (GG = G)jw) s ()| 2 1y(w) Ve
Tp {,_
lo(w) = max o ((_G'p -GG (;,1,)) . wo(jw) 2 lo(w) Yw
Ty C__
= Notes:
* Lumping uncertainty either at the output or the input does not work well. This is because
one cannot in general shift a perturbation from one location in the to another location
without introducing candidate plants which were not present in the original set.
* Changing the position of the uncertainty, changes the bounds especially if the condition
number of the system is high.
G(1+wrAr) = (14+wolAo)G with Az(s) = Ao(s) and wr(s) = wo(s)
Is not valid !!!
Input TN JA\ Output :\.
DA q ]
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= Assume: w,(jw) = w,(jw);

A @), =20, <1

« Attheinput: G, =G+ E;) E, =w,(jw)A,(s)

L(w) = maxo (G (Gy — G)) = maxa (Ey)

s At the output: GP = (I + EI)G EFE =F

1 0

lo(w) =maxa((G), — G)G ') =maxo(GE,G )

f*( ["J’
HCE.G) < 5(CEHG) = 5(GE ) —— < @B ) 2 T 2o s
6(GEG7)<0o(GE,)o(G™) = 0(GE,) 2@ <o(G)o(E,) 20 @) o(E,)=yG)o(E,)
o(G
* For alarge condition number of the system: W(G) = ( )
o(G)
I (w) > 1 (w)
||||| T oo Output
L
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(J SISO Robust Stability

* We have seen that uncertainties may occur in different parts of the feedback loop,
depending on the type of perturbation

* We know how to combine the uncertainties in a single block set

F 1

(b) (e)
| Ot B0 H 5 g —":1’1
= :L —t )l >
Input_ T ‘JA\ output i i :
> S e S ——
B ] (c) (f)
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e Consider a system with an input multiplicative perturbation from nominal

K

presnhsssnamn.
k 4
=
—
L
h—
+ -_l
+
@

We want to determine the stability of the uncertain feedback system in Figure
when there is multiplicative (relative) uncertainty of magnitude |w j(jw)|. With
uncertainty the loop transfer function becomes

L,=G,K=GK(1+wiA;)=L+wr LAy, |A/(jw)| <1, Vw

As always, we assume (by design) stability of the nominal closed-loop system (1.e.
with A; = 0). For simplicity, we also assume that the loop transfer function L ,, is

stable. [We now use the Nyquist stability condition to test for robust stability of the
closed-loop system.

Input /T ‘JA\ Output
I
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* Graphical Derivation (valid for SISO systems)
| -1—L|=|1+ L] is the

distance from the point —1 to the centre of the disc representing L,

lef
RS &  System stable VL,

< L, should not encircle the pomt —1, VL,

RS &

wrL| < |1+ L], Vw
wrlL
1+ L

W, Tl < 1

' <l Vv & |uT|<1, Vw

4Im

1+ L(jw)|

Note that for SISO systems w; = wo and T = 17 = GK(1 + GK)™', so
the condition could equivalently be written in terms of w ;77 or wp1'. Thus, the
requirement of robust stability for the case with multiplicative uncertainty gives an

upper bound on the complementary sensitivity:

RS & |7 < 1/]wy],

v

(D,

Input_f}“\ _{} output

i
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* Algebraic Derivation
* Since Lpand L are both stable (as an example), then
RS & |[1+L,|#0, VL, Vw

= ‘1 -+ Lp| >0, VL, Vw
& [1+L+wLA]>0, VA <1Vw

At each frequency the last condition 1s most easily violated (the worst case) when the

complex number A ;(jw) is selected with |A;(jw)| = 1 and with phase such tha
the terms (1 + L) and w; LA, have opposite signs (point in the opposite direction).
Thus

RSe |1+L|—|w/L]| >0, Vw <&|w/T]<1, Vw

= NOTES: , _
*  We must reduce T(jw) for frequencies where w; > 1
* The condition is CNS for all plants for which perturbations are such that
A () <1
* Theresult holds even if L and LP are unstable as long as the
w7 [ o uncertainty does not add unstable poles

AUBURN
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Example (Skogestad pp. 272 — 273)

3(—2s+1)
(0s 4+ 1)(10s + 1)

G(s) =

12.7s + 1
12.7s

K(s) = K.

* Relative error from frequency response:

0.33,w < 0.1
i = 1lLw~0.1

G
5.25,w > 0.1

* Relative error from frequency response:

10s + 0.33
(10/5.25)s + 1

wi(s) =

Input /T _]A\ Output
I

e Assume the real plant:

G (s) = 4(—2s +1)

(45+)°

Magnitude (dB)

Phase (deg)

Bode Diagram

\

Frequency (rad/s)
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Compute complementary sensitivity and verify robust stability with different controller gains

RS & |7 < 1/|w

. V| T=G,K/(1+G,K)

-1 = 1.13 Using ZN tuning

K., = 0.31 Bytrial and error

T’ (not RS)

o
=]
I

Magnitude

10

10 107 107"
Frequency

Input _~™
|

SRS

Output
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Iir.g'_'l — J_ 13

K., = 031

Impulse Response

20 30 40 50
Time (seconds)

60 70

GainMargin:
PhaseMargin:
DiskMargin:
LowerBound:
UpperBound:
Frequency:

«10"2 Impulse Response
5 T T 0.25
ik 027
0.15| {.‘ \
3r o1fb |\
2 5 ) 0.05 | .‘I
2 3 [
3 g o
£ 4l £ ‘
<! < 005
o 01 H
0.5
AF |
02
|
-2 -0.25
0 20 40 60 80 100 120 140 0 10
Time (seconds)
Disk-Based Stability Margins
40 : :
g 30
<
GainMargin: [0.7526 1.3288] S0t
£
PhaseMargin: [-16.0714 16.0714] £ 0L
. i 0}
DiskMargin: 0.2824
0 | |
LowerBound: 0.2824 a1m T '
S gl
UpperBound: 0.2824 s
Frequency: 0.2654 g
[0}
(2]
©
£
o
0 | I
102 107" 10° 10°
Frequency (rad/s)
Input _~T™ Output

SR
l/
R

[0.3202 3.1229]

[-54.4881 54.4881]

1.0298
1.0298
1.0298
0.1503

2
i
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K. =113 K., = 031

Exclusion region in Nyquist plane

Exclusion region in Nyquist plane sl ' ' ‘ ‘ I ' ' ]
' ' ' w T ' [ DGM =1[0,1.33], DPM = 41.4
[0 DGM = [0.563,1.23], DPM = 19.4 [ DGM =[0.32,3.12], DPM = 54.5
r [ DGM = [0.753,1.33], DPM = 16.1 | | oL [ DGM =[0.772,3.61], DPM = 30.2 | |
[ DGM = [0.85,1.37], DPM = 12.9
05F |
L !
x
-:(%’ <
0r 2
5 2
£ (o))
% (]
£-05F 1 E 4L ]
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* Home Problem: for the example on the previous page (Skogestad 2005, Example 7.6):
e Verify, the results,
* Plot the step input responses of the nominal system for both cases
* Plot the step responses of the perturbed system for both cases

d M — A structure derivation of RS-condition. This derivation is a preview of a
general analysis presented later.

Ar(jw)|] £ 1,Vw RS < |T| < 1/|":‘L‘;|.{ Vw

17 Win(w) e A |s
Y N - N r
N e G'nom (S) «— K ("-") ¢ )

5
|
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M =w;K(1+GK) G =w;T is the transfer function from the output of A to the input of A,
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We assume that A and

M = w;T are stable; the former implies that (- and ', must have the same unstable
poles, the latter 1s equivalent to|assuming nominal stability jof the closed-loop system.
The Nyquist stability condition then determines RS if and only if the “loop transfer
function” M A does not encircle —1 for all A. Thus,

* Apply Nyquist Criterion to the loop transfer function MA instead of L.

RS <

11+ MA| >0,

Vw, VA <1 * Consider the worst case:

RS &  1—|M(jw)| >0
& MG <1, VY

Vw

* The M - A structure provides a very general way of handling robust stability and is
essentially a clever application of the small gain theorem.

Input_/T _]A\
e

Output

0 Small Gain Theorem (Zhou, p. 212): Let a nominal system M( s) be internally stable.
Moreover, let ¥y > 0 (also in the presence of stable weights); then :

The perturbed system is well-posed and Internally stable for all stable
perturbations for which:

() 18]l < 1/7 if and only if |M(s).. <7;
(5) 1Al < 1/v if and only if ||M(s)]l., < 7.

______ N L
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e Consider a system with an inverse input multiplicative perturbation from nominal

K

q
w
)

* We can derive a corresponding RS-condition for a feedback system with inverse

G, =Gl +wr(s)A;; )_l

AN

multiplicative uncertainty using the sensitivity function
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* Assume for simplicity that the loop transfer function L, is stable, and assume stability of the

nominal closed-loop system. Robust stability is then guaranteed if encirclements by Lp(joa)

of the point -1 are avoided, and since L, is in a norm-bounded set we have

RS & |1+L,)>0, VL, Vw
= |1 + L(l + wig ﬁ.ujl_l| > (), V‘_\;j‘ < 1,Vw
= |1 + "H,‘“i'\.” +L| > U V|A“" E l‘v’w'

* Consider the worst case with A =1 and in opposition phase:

Input_f}“\ 'J|> output

RS & |1+ L|—|wy|l >0 VYw RS < |S| < 1/|lwyl|. V.

(=

1

& JwiS| <1, Vw

We see that we need tight control and have to make S small at frequencies where
the uncertainty is large and |w ;| exceeds 1 in magnitude. This may be somewhat
surprising since we intuitively expect to have to detune the system (and make S ~ 1)
when we have uncertainty, while this condition tells us to do the opposite. The reason
is that this uncertainty represents pole uncertainty, and at frequencies where |w ;|
exceeds 1 we allow for poles crossing from the left to the right-half plane (G,
becoming unstable), and we then know that we need feedback (|.S| < 1) in order
to stabilize the system.

AUBURN




&Bfﬂ,.:u Chapter 4: Summary ﬁ ﬂ—A‘H—/J_L

(] SISO Robust Performance

* From nominal performance analysis, we know that the sensitivity function S'is a

very good indicator both for SISO and MIMO systems.
* The main advantage of considering S'is that because we ideally want S small, it is

sufficient to consider just its magnitude.

Imaginary

10' ¢ .
: wp(jw)|

mnE N A ..%\:}A'A-hmm‘ ) —1 /;:O\
_ N

1 2 3
10 10 10 -
Freq: rad/sec

10 3

1072}

NP & |wpS|<l Yw & |wp|<|1+L] Vw

Input /T _]A\ Output
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Now |1 + L| represents at each frequency the distance of L(jw) from the point —1
in the Nyquist plot, so L(jw) must be at least a distance of |w p(jw)| from —1. This
is 1llustrated graphically i Figure where we see that for NP, L(jw) must stay
outside a disc of radius |w p[j-k,u)| centred on —1.

+ Im

wpe(jw) \
[wp(jw)]

For robust performance we require that the nominal performance

condition to be satisfied for all possible plants, that is, including the
worst-case uncertainty.
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def _
g d |%PSPI <l VSP,VLU L.p = G.pi{i' = L||:1 + Wy l\f) =L+ wy L_\f
& |wp| < |1+ Ly| VLp,Vw
o [
Ly B | ‘w (jw)S (jw)‘ <15, = L _ !
Tﬁﬂ g S SN gy IS SN B " 14L, 1+GK

w,| <L+ Ly| = |1+ [+ w,(jw)A, JGK

A<t

w,| <|l+L+wA L] =1+ L]~ |w,]

* the worst-case (maximum) is obtained at each frequency by selecting |A,|=1
such that the terms (1 + L) and w,(jo) (which are complex numbers)
point in opposite directions.
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u, |+ |, 2] <1 + 1] RP = max {[w, 8| + |, T]} <1

A m Imaginary

/

- k_/ Real

_ Lijw]
wjw|

For RP we must require that all possible L ,(jw)
stay outside a disc of radius |wp(jw)| centred on —1. Since L, at each frequency
stays within a disc of radius w ;L centred on L, we see from Figure that the
condition for RP is that the two discs, with radii |w p| and |w;L|, do not overlap.
Since their centres are located a distance |1 + L| apart, the RP-condition becomes

Input_f}“\ _{} output
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1. The Robust Performance requirement is similar to vector ¥,
computation:

wpS

RP = max {‘wPS‘ + ‘wlT‘} <1 ¢— T
w wi

= max /|wpS|? + |w;T|? < 1
w

|OO

wpS| + w1 < 2max{|wpS|, w1} <2

P e
\ 1 p=2
{ Contours for the vector p-norm,
rp=1 ay
\ ) ' lall, = 1 for p = 1,2, 00
-1

Input_f}“\ _{} output
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2. The Robust Performance condition can be used to derive bounds on the loop
transfer function shape | L|

1+ |wp _
L > l—i_—||”j|| (at frequencies where |w;| < 1)
— |w
RP = max {"wPS‘ + ‘wIT‘} <1 ¢— I
w 1 — lwr 1 I
L| < & (at frequencies where |wp| < 1)
1+ |wyl

* The first condition is most useful at low frequencies where generally |w,]<1 and
|wp|>1, and | L| needs to be large for tight performance.

* Conversely, the second condition is most useful at high frequencies where
generally |w|>1 (more than 100% uncertainty)and |wp|<1, and | L| needs to be
small.
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3. The Robust Performance condition is related to the structured singular value
(SSV) . For a given matrix Ngp (see later), we can define:

pw(Nrp) = |wpS| + |wiT| oSSV for the present problem
. ‘w S ‘
M = max ‘w ‘ = — o Skewed-SSV for the present problem, worst-case weighted
Sp 1— ‘w T‘ sensitivity

Note that ;2 and p° are closely related since ;¢ < 1 ifand only if p° < 1.

(J Relationship between NP, RS, and RP

* Consider a nominally stable (NS) system with multiplicative uncertainty:

NP = lwpS| < 1,Vw
RS o lwT| < 1,Vw
RP e  |wpS|+ |w/T| <1,Vw
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* From this we see that a prerequisite for RP is that we satisfy NP and RS

* Robust performance may be viewed as a special case of robust stability (with
multiple perturbations).

e Consider the problem of RP in the presence of an input multiplicative
uncertainty (w, replaces w;and w, replaces wp).

* Assumed uncertainty w2(jw)A2,A2‘ <1« Assumed performance req. w (jw)A,,

A<t

2 2 d
. + + . Zz
K 1 - —b‘i——h- Wy f—p—

- + =

Y
Y
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* Now consider the RS with combined multiplicative and inverse
multiplicative uncertainty:

wQ(jw)AQ,AQ‘ <1 wl(jw)Al,Al‘ <1
— w2 ] Ao Al |
B K 1+ i o G :1+ = W

* Since we use the #, norm to define both uncertainty and performance
and since the weights are the same in both cases, the test for RP for the
first system is the same as the test for RS for the second system.
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e Recall the RP condition

RP & |JwuiS|+|wT| <1, Vw

with w replaced by wp and with w- replaced by wy.

* Now derive the RS condition for the case where L, is stable (second

diagram). RS is equivalent to avoiding encirclements of the critical point -1
by the Nyquist plot of Ly.

4 Im

RS & |1+L,|>0 VL, Vw

|1+ L(jw)|

|‘{{-‘_rL|
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& |1+ L1+ wsAs)(1 —wi AT >0, VAL, VA, Vw
& |14+ L+ LwyAs —wi Ay >0, VA, VAL, Vw
. Here the worst case is obtained when we choose A and A, with magnitudes 1

such that the terms Lw, A, and w; A are in the opposite direction of the term
1+ L. We get

RS o |1+ L| — |Lws| — Jwy| >0, Vw
& [w S|+ JwT| <1, Vw

O Conclusion: The RP of a system with input multiplicative uncertainty wpAp
can be tested by adding a fictitious uncertainty w;A; and evaluating the RS of
the resulting system

i
AUBURN




mmmmmm

Chapter 4: Summary

O Graphically 1:

Want RP Introduce fictitious unstructured Ag
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O Graphically 2:
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1 Robust Stability

[ Robust Performance

;"\'Tll (‘a) e —

I1

Is the interconnection stable for given A7

A is destabilizing <=

det(I — N11(jw)A(jw)) encircles 0.

What is the smallest destabilising A7

min @ (A) such that det(/ — Ny1(jw))A(jw)) =0

AEA

pa(Nip(jw)) <1 for all w.

¥
(P

A

Input _~™
|

SRS

Output

Robust stability

> A 0
>y 0 A,

— 4-'“\"?11(8) ;-"\"Tlg(S) [
ﬂ"rgl(éi) iNTQQ(S)

A

Ha(N(w)) <1

- [A 0
a- o o)

AeA. AP c Cdim(w)xdim(e)
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O Implementation of 2 block format uses RedHeffer star product

() and M are interconnected such that the last
1., outputs from () are the first n,, inputs of M. and the first ny outputs from A/ are
the last n; mputs of (). The corresponding partitioned matrices are

("): |7(-:,)ll (212“ : j[ — |Vi?l-[ll :1?1?}

Q21 Q2 My, 2
fmemmemmmnee R e :
_._.. 0 _._.. —
E ny Tiu E — ny Ty
M a I
R=8(Q,M) =
Q11+ QuaMy (I — Qa2 M) Qo Q2L — My1Qoe) My
Moy (I — Qa2 Mi1) ' Qun Moy + Moy Qoo (1 — M1 Qas) 1 My
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[ Additional References

ROBUST CONTROL

THEORY AND APPLICATIONS

Kang-Zhi Liu

Professor, Chiba University, Japan

Yu Yao

Professor, Harbin Institute of Technology, China
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