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L Some critical Issues in LQR Control Implementation:

1. Complete State x(%) availability is necessary for full state feedback. This
requires a number of independent sensors equal to the system’s dimensions
(complexity). If the number of sensors is lower, then the remaining states must
be reconstructed (estimated) by an additional dynamic system, requiring
observability and/or detectability.

2. The loop may have signals/inputs that are not deterministic but stochastic
representing a uncertainty in the process or inherent noise due to sensor
dynamics.

* Question: Can we design a dynamic compensator, which is optimal (in a quadratic
sense)?

 Answer 1: From a controller standpoint the answer is YES, since we could design a
LQR (constant feedback gain matrix, guaranteed stability, good stability margins,...)

* Answer 2: From the state estimation standpoint the answer is NO, since we only
have a Luenberger observer, which is guaranteed to be stable but not optimal

ul
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O The answer to the second question is the development of an optimal state
estimator (under some conditions) called Kalman Filter, and the use of the
separation principle to connect it with an optimal LQR controller leading to the so-
called Linear Quadratic Gaussian (LQG) compensator.

http://www.stengel.mycpanel.princeton.edu/MAE546Seminars.html

* Although derived for a specific estimation problem, the Kalman Filter and its derivatives, is
probably the most commonly used estimator in industry

* The Kalman filter, the linear-quadratic regulator, and the linear—quadratic-Gaussian
controller are solutions to what arguably are among the most fundamental problems in
control theory.
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Kalman Filter and Linear Quadratic Gaussian Optimal Controller — LQG

Kalman and Bucy (1977)

Observers for Multivariable 5}.'slems

I . LUENBERGER, ¥TwsER, IECE

Abstraci—Often in control design it is necessary to construct
estimates of state variables which are not avallable by direct mea-
surement. If a system Is Unear, its stabe vector can be approximately
reconstricted by building an obzerver which is iteelf a linear system
driven by the available outpuis and inputs of the original system.
‘The state vector of an nth order system with m independent outputs
can be reconstructed with an observer of order n—m.

In this paper it s shown that the design of an observer for a sys-
tem with M outputs can be reduced to the design of m separate ob-
servers lor single-output subsystems. This result is a conseguence
of a special canonical form developed in the paper for multiple-
output systems.

In the special case of reconstruction of a single linear fusnctional
of the unknown stafe vector, it is shown that a great reduction in
ohserver complexity is often possible.

Finally, the application of observers to control design is investi-
gated. It is shown that an observer’s éstimate of the system state
wector can be used in place of the actual state vector in linear or

| monlinear feedback designs without loss of stability.

®FLORIDA

R. E. KALMAN

Research Institute for Advanced Study,?
Baltimore, Md.

A New Approach to Linear Filtering
and Prediction Problems'

The classical filtering and prediction problem is re-examined using the Bode-
Shamnon representation of random processes and the “state transition” method of
analysis of dynaniic systems. New results are:

(1) The formulation and methods of solution of the problem apply without medifica-
tion to stationary and nonstationary statistics and to growing-memory and infinite-
memonry filters

(2) A nonlinear difference (or differential) equation is derived for the covarimice
matrix of the optimal estimation error. From the solution of this equation the co-
efficients of the difference (or differential) equation of the optimal linear filter are ob-
tained without finther caleulations

(3) The filrering problem is shown to be the dual of the noise-free regulator problem.

The new method developed here is applied to nvo well-known problems, confirming
and extending earlier results.

The discussion is largely self-contained and proceeds from first principles; basic
concepts of the theory of random processes are reviewed in the Appendix.

Transactions of the ASME-Journal of Basic Engineering, 82 (Series D): 35-45. Copyright © 1960 by ASME ]
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O Optimal State Estimation in a Quadratic - Note: Properties of E []

Sense.
b= Az + Butw |w0)=[0W] B{a" Q)] = tr[QM)C, (t.5)] > 0
y=Cz+v u(t) = [O,V} Markov Process x(t)= stochastic process
z,(t) = [1,.Q,) Qt)> 0

C (t,t) = E{a’ (Ha(t)}

=  w(t), v(t) are wide sense stationary, white

noise, uncorrelated, ergodic processes E{wTQw} _ tT[QR (0)]
W=>0V>0 o
* are symmetric constant matrices, called the E{chA:c}:tfr’ Af E$(w)df
intensity matrices of the two white noise o

processes (indicating the variance). The initial
state is assumed to be a random vector.

=  We wish to find:

mmm) Find: K, ,x

. . T ~
mmJ:mmE{e Ze} e=r—x
K.z Kz,
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White Noise: a random process x(t) with the same intensity at different frequency and a
constant power spectral density

Wide Sense Stationary: a random process with mean independent of time E[x(t)] = n and
autocorrelation function of time difference only E[z(t;) =7(t,)] = E[z(t) =T(t)],t = t, — t;
Ergodic: a random process is ergodic if its statistics are completely determined by a sufficiently
long data sample

=  Markov Process

Linear system driven by white noise Consider the stable linear system x (1) = Ax(¢) + v(7). driven
by white noise with intensity 7. that is. Eo(r)oT(s) = Vé(t — s). The state of the system

t
x(7) :/ eAt=5)y(5) ds, t R, (4.196)
—00
is a stationary stochastic process with covariance matrix
t t
T
Yy = Ex(r}.\‘T(r):] / EAU_SI)(EU(.S‘]_)UT(SQ))eA (t=52) g1 ds,
=00 =00
LA AT e o
= ] R “‘”d.s-:/ edtved 7 de. (4.197)
—00 0
It follows that
W, O A5l p A A T
AY +VAY = (Ae THe T L e4%e "A)a’r
0
20 d T T |00
= ] b (eA’VeA f) dr = eftped t|T = _p. (4.199)
0 drt 0

Hence, the covariance matrix ¥ is the unique solution of the Lyapunov equation

AY +YAT + v =0. (4.199)

@ = NOTE: The above result requires that A be Hurwitz. [A < 0]
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Insert the Error Dynamics to modify the .

) MOC Minimization of 1’ Zn
Performance Index to be minimized. ¢ ¢

min(neTZne) =n(t)=0
C& =€ 7;’6:<A_KFC)T’€

n,()=0=7,(,)=0

E{zfzo — mo} =0
Q(t) = E{[e—n ] [e —ne]T}
l = Minimization of trp[@Z]
E{eeT} = Q(t) 4 neneT Q(t) > Q(t)
Q=A4Q+QA" +W -QC'V'CQ
~ Q(to) =@
= B¢} = nlzm, +ur[QWY7]
I ! AN = Q) < K =qC'v

Minimize each term separately

L]
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= Lemma 3.1. ‘Linear Optimal Control’, Kwakernaak& Sivan, p. 218.
Given the matrix differential equation:

)=-R + K'RK + (A~ BK) + (A— BK)' 0
Qt)=Q >0R >0:R, >0

Given an arbitrary continuous matrix K(t). Then for t, <t < t,,

~

Q(t) = Q(t)
With (Q)(t) solution of the matrix differential equation:

Q=AQ+ QA" +W —QC"V'CQ
Q(to) - Qo

The equality holds if : K = QC"V ™!

* For a controllable system, and infinite horizon optimization
Q(t) = @ > 0(const)
AQ+ QA" +W —QC'V'CQ =0 + KFRiccati equation (ARE)

L]
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+ Proofof Q(t) <Q(t) Q(t)=Q(t) &K, =QC"V"'

- 7E Ly
Theorem 3.4. The optimal inpui Jfor the deterministic optimal linear regulator Jith the terminal condition
is generated by the linear control law ! Bit)y=rp, .
— 2 . 34
) W(t) = —F()2°(0), 3-128 here Ry(1): Rg.g'); ;((‘t))m;i i(t) are given time-varying marices of appropriate
where ) = REOBTWP) - Jimensionss Wld = 1 fgarme-clf%ﬁmre and Ry(f) positive-definite for
= R; . ¢t <t and Py nonnegative-definite. L et F(1) be

Here the symmetric nonnegative-definite matrix P(t) satisfies the matrix
Riceati equation

—B() = R(f) — P()B(OR;()BT(1)P(1) + P(DA(H) + AT(OP(1), 3-130
with the terminal condition

P@t) =P, 3-131
and where
Ry(t) = DT (£)Rs(1)D(1).

For the optimal solution we have
J; h[xw(f)ﬂa(f)f" (7) + u*T(T)R(rIu’(7)] dr + 2" T(1)P,2°(ty)

= 2"T()P(1)2°(1), t<t,. 3132

We see that the matrix P(f) not only gives us the optimal feedback law but
also allows us to evaluate the value of the criterion for any given initial state
and initial time.

From the derivation of this section, we extract the following result
(_Wonha.m, 1968a), which will be useful when we consider the stochastic
linear optimal regulator problem and the optimal observer problem.

Lemma 3.1. Consider the matrix differential equation
~F(t) = Ry(1) + FT()R(OF (1) + BO)[A() — BI)F(D)]

s : an arbitrar
,:;a!rfx function for to S t < ty. Then for t, < ¢ <t P S

P > P,
where P(1) is the solution of the matrix Riccati equation

~P(f) = Ry(t) — POBORF(DBT()P(t) + P(DA(r) + AT(1)P(1), 3136

3-135

P(tl) = P]‘ 3137
The inequality 3-135 converts into an equality if
F(r) = R3'()BT(1)P(r) fort<+<t,. 3-138

The lemma asserts that P(¢) is “minimized” in the sense stated in 3-135 by
choosing F as indicated in 3-138. The proof is simple. The quantity

2T (1) P(1)a() 3139

is the value of the criterion 3-121 if the system is controlled with the arbitrary

linear control law
u(r) = —F()x(r), t<L7<h 3-140

e linear and is therefore also

. : ns to b
The optimal control law, which happe ) for the criterion {Theorem

the best linear control law, yields " ()P(1)z(t

3.4), so that
=T () P(t)=(t) = LT(1)P(f)x(r)  forall (f). 3-141

This proves 3-135.

CLaln onlntinn

+ [A(1) — B()F(8)]TA(1), 3133
L_%
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O Summary

Given the system:

= Ax + Bu +w
y=Czr+v

w=1[0,W] uncorrelated, wide sense stationary White Noise
v=[0,V]  uncorrelated, wide sense stationary White Noise
z(t,) =[n(t,), Q)]  uncorrelated, wide sense stationary

for Q>0 the following holds:

{Q = AQ+QAT +W-QCV'CQ
Q(to) = Qo

@ alet: Q=0 ,for t—>—
the above solution tends to a constant matrix
Q>0

If and only if there are no poles that are simultaneously
unstable, unobservable, and controllable;

@ b.If the system is stabilizable and detectable,
the solution tends to:

Q for t—— VQ 20

L]

@ cif 6 exists, itis = 0 and solution of

AQ+QAT +W-QC'V'CQ=0
( unique solution in case b.)

(] d. If and only if the system is controllable. Then:

6>O

@ e If Q exists, the optimal estimator is:

# = A% + Bu + K (y — Ci)
ATy -1
K, =QC"V
If the system is stabilizable and detectable,
the estimator is asymptotically stable.

(] f. The asymptotic estimator minimizes:

lim E{eTZe} = tr {@Z}

t——00

The Point f. Is true iff E{:ﬁo} = E{:co}
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Observer error covariance matrix. We consider the system x(7) = Ax(r) + Bu(t) + v(r). v(r) =
Cx(r) + w(t). where v 1s white noise with intensity 7 and w white noise with intensity 7. The estimation
error e(r) = x(f) — x(r) of the observer

$(7) = A%(1) + Bu(r) + K[v(r) — CF(1)]
satisfies the differential equation
e(r)y=(4—KQ)e(t) — Go(r) + Kw(r).

The noise process —Guo(r) + Kw(r) 1s white noise with intensity GTrG + KTWK. Hence, if the error
system 1s stable then the error covariance matrix ¥ = E e(r)eT(I) 1s the unique solution of the Lyapunov
equation

(A—KO)Y +YA-KO'+6" VG + KWK =o. (4.202)
The Kalman filter. We discuss how to choose the observer gain K to minimize the error covariance
matrix ¥. To this end we complete the square (in K) and rewrite the Lyapunov equation (4.202) as

K-vclwmhwxk -vc'w Yl +av+rv4T +6ret —yvcTwlcy =o. (4.203)

Suppose that there exists a gain X that stabilizes the error system and minimizes the error variance matrix ¥
Then changing the gain to K 4+ ¢ K. with £ a small scalar and K an arbitrary matrix of the same dimensions
as K. should only affect ¥ quadratically in £. Inspection of (4.203) shows that this implies

K=vcTw 1

With this gain the observer reduces to the Kalman filter. The minimal error variance matrix Y satisfies the
Riccati equation

@g AV + 74T v g —yvcTw—1lcy =o.
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O Summa ry Assumptions:

e The system

i(f) = Ax () + Go(t),
y(t) = Cx (D),

is stabilizable and detectable.

t eR, (4.68)

e The noise intensity matrices ¥ and W are positive-definite.
The following facts follow from Summary 4.2.1 (p. 137) by duality:
1. The algebraic Riccati equation
AY + YA+ GvGl —yct'wlcr =0 (4.69)

has a unique nonnegative-definite symmetfric solution ¥. If the system (4.68) is control-
lable rather than just stabilizable then ¥ is positive-definite.

[Re]

. The minimal value of the steady-state weighted mean square state reconstruction error
limy_, oo EeT () W,e(t) is tr YW,.

3. The minimal value of the mean square reconstruction error is achieved by the observer
gain matrix K = ¥ cTw1,

4. The error system
e(t)y = (4 — KQ)el(l), teR, (4.70)

is stable, that is, all the eigenvalues of the matrix 4 — K C have strictly negative real parts.
As a consequence also the observer

£(t) = AZ(t) + Bu(t) + K[y(t) — CZ(1)], teR, (4.71)

is stable.
O

The reasons for the assumptions may be explained as follows. If the system (4.68) is not

detectable then no observer with a stable error system exists. If the system is not stabilizable

(with v as input) then there exist observers that are not stable but are immune to the state noise

v. Hence, stability of the error system is not guaranteed. W needs to be positive-definite to

prevent the Kalman filter from having infinite gain. If ¥ is not positive-definite then there may

r —1 be unstable modes that are not excited by the state noise and. hence, are not stabilized in the error
system.
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L Kalman Filter Implementation: the discrete case

1o = E[xq]
Xp = Ap1Xp_1+Bp_1up_1 + Wiy

zr = Hpx;+ vy Po = E[(x0 — 10) (%0 — #-O)T]

Elwg| =0 Elwirwi] = Qg E[Wkwj}n] =0 for k#j Elwixt] =0 for all k

E[vi] =0 E[vivE] = Ry, E[V;Cvg}n] =0 for k+#j E[vixf] =0 for all k
Initial Previous New Predicted
State State State
T P _
T, | G 7= Az, + Bu +w,
P T
i Fia Pl = AP A"+,
A
Update with new
Output of Current State Meas. And Kalman Gain
Updated State Becomes Previous
P I - KH|P" K P’“PH
X = — =
oL : = LA HP"H" + R “— 4
T P P
k k v =z, +K[Z —Hz |
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O LQG Control Synthesis *  Find the optimal controller u(%) that minimizes:

* Given the LTI stochastic system
J = B{a’ (1)S(t )a(t,) +

&= Az + Bu+ Dw |w(t)=[0.W]
y = Cx+v w(t) = |0,V + f (2" (M)Q(r)a(r) + u” (T)R(T)U(T))df}
z,(t) = |1,,Q, | Q> 0R>0S() =5 >0 DWD"
 Main Result
Theorem:

The optimal control law 1s:

u=—K X where:

S=A7S+84+0—-SBR'B'S
S(t,)=5,

c

e X -—RBTS wittholutionof{

e X given by:

%= AR+ Bu+ Ko(y- Cx) where

Q(ID) = QD

ri TI Ky=0Cv™ with Q solution of? {Q = AQ+ QA" +W - QCV T CQ
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Outline of Proof: / From KF
E{:BTQCB} = E{(:c —x+ :i:)T Q(az —x+ :ﬁ)} = E{(az — :f:)T Q(:c - :i)} + 2E{(az — :f:)T Q:f:} + E{:&TQ:f:}

Since noises are uncorrelated: F {eTsz‘;} =0

We know that:

B{(a-3) Q- a)} = B{eqe} = tr[ox]

We obtain: E{azTQ:c} = tr[QX] + E{:&TQ:%}

Similarly: { ;FSfZBf} tT[SfE] + E{ fTSfa:f}

fQZdHszf

b
J = E{f(a: Qz + u" Ru)dt —l—:cfoa:f}—i—tr
t[]

b
=F f 2'Qz +u" Ru dt—|—m;5fa:fJ u=-Kz K. = R'B'S
ty
= Ad+ Bu+ K1 S= ATS+SA+Q-SBR'B'S
n=y-Ce Sty) =S

L]
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= The performance of the closed loop system is computed in a stochastic sense, since the state
vector and the output are now stochastic processes

€ € L, — M,
T=|. | z,=|.|= * The closed loop dynamics are now a
T L, n, Linear System driven by white noise
. A—KFC’! 0 D!—KF w T=Azx+ B¢
T=|——c-—-—~ b————— —|T + |-+
KFC i A— BK 0 i KF v * The statistics are given by the closed loop

covariance matrix
Note: x is the augmented state vector of dimension 2n IQJ o ‘
N 11 1

70 =p{e-sa| [o-m}=| > 2

x T z AT W
|@"=4.0"+Q 4l +B,

0o Vv
Q) =Q

0
T
b,

( oY T T * t =

O =[A-K,ClQ" +Q (A—K,C)" + DWD" + K,VK" Qut)=Q
1 Qfg = QflCTKZ; + @, (A — BKC)T +(A-K,C)Q), — KFVKPT Qp (L) = Qy, (1) =0
O, =Q)C"K +@Q,(A-BK,)" + K,CQ, + (A— BK_)Q;, + K,VK!

@\ 22 12
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* Analysis of the Covariance Matrix differential equation solution:
K. =QC™V™ |:> QXCTK! —K_ VK =0
* ()’ (t)can be solved independently:
Q =[A-KCQ +Q (A-K,C) +DWD" + K VK]
[@M =q,

* Error and state estimate are uncorrelated since:

Q(t,) = 0= Q) =0 E{[e ~ E(e)||& - E(:%)}T} =0

[Q”” = Q,(A—BK,)" +(A-BK,)Q,, + K, VK,

22

Qs (t,) =0

Filter Riccati Solution 0

@, 0
0 @,

0 Lyapunov Equation Solution

= Once Q‘T (t) is computed all the statistics are known since:

r=e—+x
@ NOTE: In the case of infinite horizon the equations are algebraic and not differential
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= LQG Statistics (see Kwakernaak and Sivan, ‘Linear Optimal Control’ , page 95, Theorem 1.50)

» State Vector Mean Square Value

= tr|Q(m" +Q;, + Q)|

E{wTQw} = tr[QE {:ch}
n==~F {.’fc}
*  Output Vector Mean Square Value
E{y"y} =tr|CTCOm" + @ + Q5|
* Input Mean Square Value
E{u'Ru} = B{3"K[RK &} =
K RK,(m" + Q)

= {r

* State Vector Expected Value

0
m, = E{wo}

E{x(t)} = e E{a(t,)}
Bla(t)} = E{{e(@

~

E

0

L]

* Relationship between Mean Square
Value and Spectral Density

Given a vector stochastic process v(t) and a positive
Semidefinite symmetric Matrix W( t), then:

E{v" )W)} = tr{W(t)C (1,1)]
C,(t,1,) = E{0(t, 0" (t,)}

If v(t) is wide-sense stationary with zero Mean,
and Covariance R (t, —t,)

And W(t)= W = constant, then:
E{o" (W)} = tr{WR (0)}

If u(t) has zero Mean, and PSD ) (w)
E{UT(t)Wv(t)} = tr[ f WZU(w)df},
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T o R e oo e &
i Compensator -
Kls)

................................

. | A-K.C! 0 D!-K,| |w e e |z, —mn,
P =|—-———————p—————— —|x+|-—+—=—— r = | . :130: =
K.C iA—BK Oi K, | |v T T, n,




8. LQG Control Examples
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Linear-Guadratic-Gaussian (LGG) design expand all in page
Syntax

reg = lgg{sys,QZU, QW)

reg = laqg{sys,QEU, OWV, QT)

reg lagg{ays, Q¥U0, WV, QI, "1def")
regq = lgg{sys, Q¥U, OWV,QI, "2dol")

Description

req = lgg{ays, QEU, QWV) computes an optimal linear-guadratic-Gaussian (LQG) requlator req given a state-space model aya of the
plant and weighting matrices ¢XU and QWV. The dynamic regulator aya uses the measurements yto generate a control signal uthat
regulates y around the zero value. Use positive feedback to connect this regulator to the plant output y.

wL v

sys ¥

The LQG regulatar minimizes the cost function
. lerr e o x
J = B4 lim = [x u ]Qm dt
Ty T A0 if

subject to the plant equations

di/dt = Ax + Bu + W
¥ =Cx +Du + v

where the process noise wand measurement noise v are Gaussian white noises with covariance:

E{fwrv] * [w',v']}) = QWV
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reg = lgg(ava, QEU, QWV, Q1) uses the setpoint command rand measurements yto generate the control signal w. reg has integral
action to ensure that ytracks the command r.

w L v
sys ¥

yr—= reg - —

The LQG senvo-controller minimizes the cost function

7=l jou f] 7o Jo)

where ¥;is the integral of the tracking error r- y. For MIMO systems, r, ¥, and x; must have the same length.

reg

lgg{avya, U, WV, QI, "1def ") computes a one-degree-of-freedom senvo controller thattakes e =r- yratherthan [r; ¥ as input.

reg = lgg{ava, QEU, QWV,QI, "2def™) is equivalent to LQE {ays, QXU, QWV, QI) and produces the two-degree-offreedom servo-
controller shown previously.
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 Example No. 1: Single Channel Rigid Antenna with noisy controller
y=
0 1 0 0.1
- T
"=l —1]" Toa/" G- s(s +1) -
Yy = {1 O]x

wl n 'U)2
u(t):—[Qo 10]{m(t)+w(t)} % u i - _:M

= |
.0025rad” / Hz 0
0 0.05rad” / sec’/ Hz

JF

|

w(t) =10, |= S

w w

Compute the solution to the associated Lyapunov equation, to get the state vector statistics
AQ + QA" + DWD" =0
0 1

0 0
A=

2 1

3 _=

0025 0
0 .05

9 2 -

W =

P x=lyap ([0 1:;-2 -21,[0 0:0 0.&])

=

0.075000000000000 0.000000000000000
0.000000000000000 0.150000000000000
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* The solution is found to be: Q_ = diag {.0075 .015}

The Standard Deviation of the output is 0.087 rad =5 degrees. This means that the controller is
keeping the antenna position within 5 degrees from desired position for 67 % of the time.

d Example No. 2: Consider now the same controller, but we add a disturbance torque 1, (white
noise with intensity V). The output is the angular position with measurement noise v,

0
k

0

Kalman Filter finite time Riccati equation:

0 1 0 0 0 1] 1 qn(t) 9y (t) — Viqfl( )
Q) = } Q1) + Q1) o o Q| 1 0] |
0 —« I —a| |0 77V, oV [ } ial) = () — ag, (8 o (a0
)= —2a w1
+ Asymptotic Solution: ()(t) = 0 = lim Q(t) = Q_ 0 (t) = =20 (1) + 7V, = -, (1)

L m
t—o00

0 v _a+m a2+5—am Vi
“ T et poafat 125 o'~ 208+ (ot 4 et r28) P TN
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[ 2
* Kalman Filter Gain Matrix: K = atya +25

" o’ + B — oo’ +283

* Kalman Filter Poles: det(s[ — A+ EC’) =5 + s(\/cf + Qﬁ) +8 %(—\/042 +206 £ \/042 —25)

*  Numerical Example:

( 2
* Disturbance torque RMS value of k= 0.787 rad / (Vs) 10.36
31.6 Nm with constant spectral a=4.6 s K, = . _992.48 + j22.24
density between + 50 Hz - 1 9 814.3
. 17 =0.1 Kg-m
* Measurement noise RMS value of )
0.01 rad. With constant spectral V, =10 N"m’s
density between * 500 Hz Vo= 107 rad’s

* From the square root of the diagonal terms of () we can determine the statistics of the reconstruction
error, which are 0.002 rad and 0.06 rad/sec in position and velocity respectively.

= Use Matlab to simulate and plot position and rate
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NASA JPL DSN

MAIN REFLECTOR BACK STRUCTURE
/ ELEVATION GEAR
SUBREFLECTOR ]
ELEVATION AXIS =]
y d %
: I ] P 2
[ =
i puibhy i
: T RECEIVER CABIN 0 ; ,
: Lt yaji (k)
P LA o -200| .
FLF S °
N % 400} _
o ’ ALIDADE b
A ! IS o
—600 | N
Verhi r FOUNDATION | I
vk 4. - 10-1 100 101
AZIMUTH WHEELS ¢ |/ ] FREQUENCY, Hz
U /




éiﬁa Motivation / Considerations m ﬂ—ﬂj}_/rl

= The performance of a controller improves with the gain increase. However, high gains excite structural vibrations.
For a Pl controller, structural vibrations cannot easily be controlled since the structural deformations are not
directly measured by encoders.

= An LQG controller uses a Kalman filter to estimate telescope vibrations, overcoming the difficulty of direct
measurement. The Kalman filter consists of a telescope analytical model that needs to be accurate to produce an
accurate estimate of the telescope structural dynamics.

= LQG controllers guarantee wide bandwidth and good wind-disturbance rejection properties; thus, they can
be used for antennas with stringent pointing requirements in the presence of wind disturbances (modeled
as random processes).

= For antennas and radio telescopes, the LQG control systems can be implemented in two different ways: at
the telescope rate loop or at the position loop (as any other controller).

» The analysis is augmented with the performance of the proportional-and-integral (Pl) controller. The latter
analysis is necessary not only for comparison purposes (the Pl controller is a standard antenna industry
feature), but also because the implementation of the LQG controller requires preliminary installation of Pl
controllers in both rate and position loops.

= Remainder: The implementation of the LQG algorithm needs an accurate telescope model, and it can be
obtained from the field test of the telescope.
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General Controller Structure

RATE
COMMAND COMMAND POSITION
POSITION-LOOP [———®|  RATE-LOOP TORAUE | TELESCOPE AND
> CONTROLLER (PC) CONTROLLER (RC) DRIVES
RATE
POSITION
LMT control Rate-loop Position-loop The PP control systgm is a typical telescope
system controller controller control system configuration.
The PL case is the configuration of the NASA
PP P P Deep Space Network (DSN) antenna control
Pl Pl LQG system, and it was implemented at the
Lp LQG PID 34-meter antennas in Goldstone, California.
) o o The LQG controller has been considered
LL LQG LQG

by MAN Technologies. The LP and LL

control systems were implemented in 2010, and
2012

= A Command Preprocessor (CPP) deals with the rate and acceleration limits imposed at the drives. During tracking, the telescope

motion is within the rate and acceleration limits. However, during slewing, the large position-offset commands exceed the
acceleration limit or both the acceleration and rate limits. When limits are exceeded, the telescope dynamics are no longer linear, and
the telescope becomes unstable, which is observed in the form of limit cycling. The CPP maodifies the telescope commands such that
they remain unaltered if they do not exceed the rate and acceleration limits, and it processes the command to the maximum
acceleration and rate limits if the limits are exceeded by the command. The CPP algorithm represents an integrator, rate and
acceleration limits, a variable-gain controller, and a feed-forward gain.
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O The PP control system consists of a Pl controller in the position loop and a Pl controller in the rate loop.

The rate-loop model consists of the finite-element ® A2 el Tredbeck

model (FEM) of the telescope structure, which includes LzRate

the drives and the azimuth (AZ) and elevation (EL) rate-

loop controllers. It is a discrete-time control system with AZ Rate Input

a 0.001-s sampling time. The proportional-and-integral
gains of the azimuth controller are 300; for the elevation . e A2 Encoder
controller, the proportional gain is also 300, and the EL Rate Input FEM

integral gain is 400. The bandwidth of the rate-loop
transfer function is 1.0 Hz, both in azimuth and in L Eneoder
elevation. E&nd

EL Rate Feedback

= A Command Preprocessor (CPP) deals with the rate and acceleration limits imposed at the drives. During tracking, the telescope
motion is within the rate and acceleration limits. However, during slewing, the large position-offset commands exceed the
acceleration limit or both the acceleration and rate limits. When limits are exceeded, the telescope dynamics are no longer linear, and
the telescope becomes unstable, which is observed in the form of limit cycling. The CPP modifies the telescope commands such that
they remain unaltered if they do not exceed the rate and acceleration limits, and it processes the command to the maximum
acceleration and rate limits if the limits are exceeded by the command. The CPP algorithm represents an integrator, rate and
acceleration limits, a variable-gain controller, and a feed-forward gain.
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AL PP Controller %

The variable gain k depends on the CPP tracking error e:

r > d r
a k() = ko + koe Bl
FEED- o+ Ky
FORWARD
R If
7~£ - ! > o 12 : ,
—r—>©—e> k() g S e
RATE ACCELERATION  RIGID 2 °r .
VARIABLE LIMIT LIMIT TELESCOPE g 6r . 1
GAIN g . y
& 2
] 1 I I 1
0 5 10 15 20 25 30

A feed-forward loop is added to improve tracking accuracy,
especially at high rates. The feed-forward loop differentiates
the command and forwards it to the rate-loop input. The 103 F
derivative is the inversion of the rate-loop transfer function. 102
In this way, we obtain the open-loop transfer function from the X
command to the encoder, approximately equal to 1. Indeed, the
magnitude of the rate-loop transfer function Gr is shown in Fig.

It can be approximated (up to 1 Hz) with an integrator

(Grapprox = 1/s), which is shown in the figure (short-dashed line).
The feed forward transfer function is a derivative (Gff(s) = s) shown :
as (long-dashed line), so that the overall open-loop transfer 1072

MAGNITUDE
<

102 &

ool A vl oo ol ool vl s

function is a series connection of the feed-forward and the rate 1074 L Grapprox -
loop Go(s) = Gr(s)Gff(s), which is approximately equal to 1 up to N
a frequency of 1 Hz. In this way, the transfer function of the 1072 107! 10° 10° 10°
system is equal to 1 (up to 1 Hz) without applying the position FREQUENCY, Hz

feedback. The position feedback is added to compensate disturbances

ystem imperfections.
=
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The position-loop model consists of the rate-loop model, Pl and feed-forward controllers in azimuth and elevation,
command preprocessors in azimuth and elevation, and rate and acceleration limiters in azimuth and elevation.
The telescope rate limit is 1.0 deg/s, and the acceleration limit is 0.5 deg/s2, both in azimuth and elevation. The PI
controller gains were selected to minimize settling time and servo error in wind gusts. They also guarantee zero
steady-state error for constant rate tracking.

AZ Position _Feedback

(a) o
Yaz AZ Rate _ -
AZ Command 1—| :_/I/_ > /IV » AZ Rate Input
J — ) AZ Encoder >
Eiﬁﬁ Accﬁlifnrﬁtlon »| EL Rate Input AZ Encoder
-—b + _[/_ _|/ = EL Encoder
ﬂ = :/| EL Encoder > 1ol — T T T (‘)'E
EL Command rgl ] . | EL Wind E 1.0 i E a) o
Rate Loop ; g T '&':'
; g 1 07 AZ BANDWIDTH — > || 1}
EL Position Feedback = 17F e
-az ' - EL BANDWIDTH
1072 L el Ll
1072 10-1 100
ey . . . FREQUENCY, Hz
Note that the position-loop bandwidth is higher than the rate-loop 100 : " |
bandwidth, both in azimuth and elevation. Note also that the " \ e
elevation-axis bandwidth is higher than the azimuth-axis bandwidth, 2 N'\m
—-100 - )
mainly because the elevation transfer function has only a few g "
. . —200 |-
resonances and the resonances are well damped. Azimuth bandwidth
is lower since the controller gains will be low in order to prevent o
excitation of multiple resonances. FREQUENCY, Hz
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O The PL control system consists of the LQG controller in the position loop and the PI Controller in the rate
loop.

In this case, the rate-loop model of the telescope is as shown before in the PP control.

The position loop is similar to the previous one, but the Pl controllers are replaced with the LQG controllers. The
LQG controller structure is shown below. The controller includes the estimator, which is an analytical model of the
telescope.

The estimator is driven by the same input (uc) as the
>§> 2 ug telescope, but also by the estimation error € (the difference
_ + _I_’

; o
=
+

1
1
|
|
!
I
: o« N between the actual rate y and the estimated rate yest). The
P I . epe . . .
: ! error is amplified with the estimator gain ke to correct for
: iy ! transient dynamics. The estimator outputs are the estimated
: ' ! telescope states that consist of the telescope rate and the
: Ug - telescope flexible deformations xf. The latter are the missing
| - | . . . .
| Xest | ESTIMATOR ! vibration measurements, which allow for suppression of the
: _ \ ! telescope vibrations
|
4 : —bé—eb Ke :
| N !
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o !
NS '
: LP 200 0 02
o 1 = - =0. |
g Hﬂ-\-- . o, .
& o} -/ 0O The results obtained on the LQG position controller
9 ; \ produce a settling time of 1.6 s, bandwidth of 1.3 Hz, and
% - , '1 wind servo error of 0.76 mdeg or 2 times smaller than that
o 2 | N ‘ . of the PP control system.
| |
AR Il
-3 - IL r‘" L] —]
-4 |
-5 | l | I | |

-5 -4 -3 -2 -1 0] 1 2 3 4 5
AZ SERVO ERROR, mdeg

Q The wind-gust simulations show 0.15-mdeg rms servo error in azimuth and 0.74-mdeg rms servo error
in elevation. These numbers are compared with the PP control system (0.35 mdeg in azimuth and 1.4
mdeg in elevation). This means that the LQG controller improves the servo error in wind over the Pl
controller by a factor of 2.3 in azimuth and a factor of 1.9 in elevation.
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= The LP control system consists of the PID (proportional-integral-derivative) controller in the position loop
and the LQG controller in the rate loop.
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(b) -135 N
(b) e
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n
T
|

U The position-loop transfer functions for azimuth and elevation show a wide bandwidth of 200 Hz in azimuth and 20
Hz in elevation. The steady-state error due to rate offsets is zero. The wind-gust simulations for a 12-m/s wind
show 0.012-mdeg rms servo error in azimuth and 0.150-mdeg rms servo error in elevation. These small numbers
show that, as compared with the PP control system, the LQG controller in the rate loop improves the servo error
in wind by a factor of 30 in azimuth and a factor of 10 in elevation.

L]




L@Dﬂj LL Controller (implemented in 2010) ﬁ H—/\jW_/J_L

= Finally, consider the complete telescope control system with a LQG controller in the rate and
position loops. This is also a novel configuration in the antenna industry.

* The rate loop is the same as for the LP control system. For the given rate loop, the position-loop
controller was designed to minimize the servo error in the wind gusts.

= The position-loop characteristics are plotted below, it follows that the system settling time is 0.5 s, and
there is no overshoot in either azimuth or elevation. The bandwidth is 20 Hz in azimuth and 40 Hz in

elevation.
- 0012 T T T 101 E T T E
2 o010 == - = F @ E
g g -
@ 0.008 g 10° p—
Q E
& 0.006 - z
@ 0.004 _ £ 10
i
& o.002 (& i
w ’ _2
0.000 kefs” | | | 1 | | | 10 L Ll
00 02 04 06 08 10 12 14 16 18 20 1072 1071 100
TIME, s FREQUENCY, Hz
o 4 T 0 T g L T T T T T
3 (b) -
w 3 —— §, -50
5 AZand EL w ;f‘-"\'l Az
a 2 - w —100 .
o < St EL
w I 1,
a & _is0
o 1 — - e e
o (b) Tl
7] -
0 | | | | | —-200 Ll L L1 Ll L L
0 1 2 3 4 5 6 7 8 1072 1071 100 101 102
TIME, s FREQUENCY, Hz




AL LL Controller m ﬂ—ﬂ_ﬁ_/J_L

0.0
4 PP 'l '3 =  Finally, the wind-gust simulations for a 12-m/s wind
5 L LW | 1 are plotted in the zoomed insert. The figure shows
", 0.0012-mdeg rms servo error in azimuth and 0.0057-
2 PL ' i mdeg rms servo error in elevation, which give a total
L LP N ey ; o rms error of 0.0058 mdeg. It is 250 times smaller
T than the error of the PP control system.

| \ * Thus, the LL control system performance is the best
r of all the systems presented, although the system is
: the most complicated and will require careful tuning
YR i \ ‘ of both rate- and position-loop LQG controllers in

EL SERVO ERROR, mdeg
o
[
|

S r.r" v 7 order to obtain the predicted performance.
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AZ SERVO ERROR, mdeg cem Gmmo e Hz sarvo e
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LP 0.6 0 20 0.15
PL 14 20 14 0.76
o 0.5 0 20 0.004




AL LL Controller m

Automation and Robetics
Laboratory

5 N — |
4 LL
PP
S .I
3 l |
2
g 2f PL__ !
E, —0.02
o« n LP 7002 o 02
E i \H-\-\-"‘-\-
c gk e eaa—————— B
;O; 1
L
@ |
o -2 { \ i
IR 1
sl \ \ _
4 | _
-5 | l | | | |
-5 -4 -3 -2 - 0 1 2 3 4 5 :
amnEl  GEihrn  @rmtrah,  Emdoin, :r"";deg"“::
AZ SERVO ERROR, mdeg system time, s percent Hz mdeg D
PP 3.0 20 1.2 148
LP 0.6 0 20 0.15
PL 14 20 14 0.76
LL 0.5 0 20 0.004




AL

Automation and Robetics
Laboratory

References m ﬂ—ﬂj}_/rl

[1] W. Gawronski, “Antenna Control Systems: From PI to H.,,” IEEE Antennas
and Propagation Magazine, vol. 43, no. 1, pp. 52-60, 2001.

[2] W. Gawronski, C. Racho, and J. Mellstrom. “Application of the LQG and Feed-
torward Controllers for the DSN Antennas,” IEEE Transactions on Control Sys-
tems Technology, vol. 3, pp. 417-421, December 1995.

[3] W. Gawronski and K. Souccar, “Control Systems of the Large Millimeter Tele-
scope.” Proceedings of the SPIE Conference on Astronomical Telescopes and In-
strumentation, Glasgow, United Kingdom, in press, 2004.

[4] W. Gawronski, Advanced Structural Dynamics, and Active Control of Structures,
New York: Springer, 2004.

[5] C.D. Johnson, “Optimal Control of the Linear Regulator with Constant Distur-
bances,” IEEE Transactions on Autematic Control, vol. 13, pp. 416-421, 1968.

[6] M. Athans, “On the Design of PID Controllers Using Optimal Linear Regulator
Theory,” Automatica, vol. T, pp. 643647, 1971.

[7] B. Porter, “Optimal Control of Multivariable Linear Systems Incorporating Lin-
ear Feedback,” Electronic Letters, vol. 7, pp. 170-174, 1971,

[8] E. Maneri and W. Gawronski, “LQG Controller Design Using GUI: Application
to Antennas and Radio-Telescopes,” ISA Transactions, vol. 39, pp. 243-264,
2000.

Chapter 1, "Introduc tion" from STOCHASTIC MODELS, ESTIMATION, AND CONTROL,
Volume 1, by Peter S. Maybeck, copyright © 1979 by Academic Press, reproduced by
permission of the publisher. All rights of reproduction in any form reserved.

Transactions of the ASME-Journal of Basic Engineering, 82 (Series D): 35-45. Copyright © 1960 by ASME




AL Extra ﬁ

Measurement
P _ input
X, | | X | X! =AX,_ +BU, +u,
P T
PO . Bo= APk—lA + Qk Y = CX;W +2,
Initial Prev.
State State
A 4
P'H
X X, K,=——kt——=AX_ +BU, +u,
k < < 7 <
P —Pk :[I_KGH]‘PkP‘ HP/CH +R <
b X =X +K.[Y -HX]

Update covariance Update state

X, U, Y=Process state, input, measurement

w, z = predicted process noise and measurement uncertainty

P = predicted process covariance or error in the process estimate
Q = error in the prediction of covariance matrix due to noise
R = sensor noise covariance matrix




