
Orbital Mechanics

Ç Newtonian Mechanics: 
Á Main assumptions/definitions
Á Reference Systems, Rigid Body Motion

Ç Atmospheric Flight Dynamics:
Á Reference systems
Á A/C Nonlinear Equations of Motion
Á Applied forces and moments
Á Geometry, Flight Envelope, Equilibrium Conditions
Á Linearization, Natural Modes, Stability Derivatives

Ç A/C Control Sensors, Actuators, Primary Control Loops
Á Stability Augmentation, Autopilots
Á Quadcopter D/C

Ç Orbital Mechanics:
Á Law of Gravitation, 2-Body Problem
Á Keplerian Orbits, Kepler Equation
Á Lambert Theorem, Orbit Transfer

Ç S/C Control
Á Stability, Open Loop/Closed Loop
Á Attitude Control
Á Sensors, Actuators, Power Limitations

Ç Proximity Operations:
Á Euler-Hill Equations
Á Rendez Vous and Docking
Á Formation Flight

Ç Basic Human Operator in - the - Loop
Á Operator in the Control Loop, Classical Models
Á MMI, Haptics



Orbital Mechanics
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ÅKinematics of particles: Geometry of motion with negligible mass in 
different coordinate systems

ÅKinetics: Branch of Dynamics that describes the motion of particles 
and bodies

ÅDynamics: Branch of Mechanics that studies the forces, which 
produce motion

ÅEuclidean Geometry: relative to 2D flat space
ÅTrigonometry
ÅNewtonian Mechanics ( Law of gravity)

http://howfarawayisit.com/
https://www.youtube.com/watch?v=V7IrDWYb-mM&list=PLbMVogVj5nJSiVuBHAyAKBtC7-E0hsApp


hǊōƛǘŀƭ aŜŎƘŀƴƛŎǎ

Ç Definitions:
Á Celestial Mechanics: motion of bodies in space, including relativity
Á Space Dynamics = Orbital Mechanics + Attitude Dynamics

Á Orbital Mechanics: motion of space vehicles under Newtonian Forces
Á Attitude Dynamics: orientation and control of space vehicles

Á Astrodynamics: motion of celestial objects under law of gravity (Newton)
Á Astronomy: is the study of celestial objects and processes, the physics, chemistry, and evolution of such 

objects and processes. Astronomy is the oldest of the natural sciences
Á Physical Cosmology: is concerned with studying the Universe as a whole.

 1. Eratosthenes
2. Ptolemy (accurate predictions)
3. Copernicus, Tyho Brahe, Galileo, Kepler
4. Newton, Halley
5. Einstein
6. Hubble
7. Von Braun

https://www.youtube.com/watch?v=Mw30CgaXiQw
https://www.youtube.com/watch?v=zqZEgoJasPQ


Keplerian Mechanics

Ç YŜƭǇŜǊΩǎ hōǎŜǊǾŀǘƛƻƴǎ όŦƻǊ ŎŜƭŜǎǘƛŀƭ ōƻŘƛŜǎύΥ

2 3( ) ( )ayears astr.units

1 AU ~ 1.5x106 Km mean distance Earth - Sun

Ç Basic Comment: unless otherwise stated, we will study the 
motion of celestial bodies and artificial satellites under 
mutual gravitational attraction limited to TWO bodies, 
according to Newtonian Mechanics  

FEYNMAN LOST LECTURE

https://www.youtube.com/watch?v=xdIjYBtnvZU


bŜǿǘƻƴƛŀƴ aŜŎƘŀƴƛŎǎ

Ç bŜǿǘƻƴΩǎ [ŀǿ ƻŦ ǳƴƛǾŜǊǎŀƭ DǊŀǾƛǘŀǘƛƻƴ

ΨΩ.ƛƎ DΩΩ

Cavendish Experiment 1797

Ç Statement: a particle attracts every other particle in the universe using a force that is 
directly proportional to the product of their masses and inversely proportional to the 
square of the distance between them.

Ç Gravitational two-body problem: is the motion of two mass point particles that interact 
only with each other, due to gravity. This means that influences from any third body are 
neglected. 

Ç Central-force problem: to determine the motion of a particle under the influence of a 
single central force. A central force is a force that points from the particle directly towards 
(or directly away from) a fixed point in space, the center, and whose magnitude only 
depends on the distance of the object to the center. In many important cases, the problem 
can be solved analytically, i.e., in terms of well-studied functions such as trigonometric 
functions. Examples include gravity and electromagnetism as described by Newton's law of 
universal gravitation and Coulomb's law, respectively. 

N-Body problem

ƘǘǘǇǎΥκκǿǿǿΦȅƻǳǘǳōŜΦŎƻƳκǿŀǘŎƘΚǾҐŜǘт·Ǿ.Ŝƴ9ƻу b.h5¸

https://www.youtube.com/watch?v=0pSkz4zmcpY
https://www.youtube.com/watch?v=_3uQqrrBcrQ
https://www.youtube.com/watch?v=et7XvBenEo8


NςBody Problem

Ç Problem Statement: Derive the equations necessary to describe the motion of N mass 
particles under only mutual gravitational attraction with respect to some inertial frame
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F gj = Gravitational force on mass i  due to mass j

r ji  = Distance vector from mass j  to mass i

r i = Inertial position of mass i  

NOTE:The acceleration of the center of mass of an isolated system is equal to zero, 
thus it is at rest or moves in a rectilinear motion and can be used as origin of an 
inertial coordinate system 
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The dynamics of each single particle depends on the gravitational forces from all other bodies: 



N ςBody Problem

Ç tǊƻōƭŜƳ {ǘŀǘŜƳŜƴǘΥ 5ŜǊƛǾŜ ǘƘŜ Ŝǉǳŀǘƛƻƴǎ ƴŜŎŜǎǎŀǊȅ ǘƻ ŘŜǎŎǊƛōŜ ǘƘŜ Ƴƻǘƛƻƴ ƻŦ b Ƴŀǎǎ 
ǇŀǊǘƛŎƭŜǎ ǳƴŘŜǊ ƻƴƭȅ Ƴǳǘǳŀƭ ƎǊŀǾƛǘŀǘƛƻƴŀƭ ŀǘǘǊŀŎǘƛƻƴ ǿƛǘƘ ǊŜǎǇŜŎǘ ǘƻ ǎƻƳŜ ƛƴŜǊǘƛŀƭ ŦǊŀƳŜ
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LŦ ǘƘŜ ŀǘǘǊŀŎǘƛƻƴ ōŜǘǿŜŜƴ ǘǿƻ ōƻŘƛŜǎ ƛǎ ƳǳŎƘ ƭŀǊƎŜǊ ǘƘŀƴ 
ǘƘƻǎŜ ǿƛǘƘ ŀƭƭ ǘƘŜ ƻǘƘŜǊǎ όŜΦƎΦ ŀ ǎŀǘŜƭƭƛǘŜ ƻǊōƛǘƛƴƎ ŜŀǊǘƘύ ς ŜΦƎΦ 
ŀǎǎǳƳŜ ōƻŘƛŜǎ м ŀƴŘ н ŀǊŜ ŎƭƻǎŜǊΥ
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2ςBody Problem

Ç Problem Statement: Derive the equations necessary to describe the motion of 2 mass 
particles under only mutual gravitational attraction with respect to some inertial frame
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Assuming contribution from other bodies negligible:
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If one body mass (primary body)                     is much larger 
than the other (secondary body)                   :
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The solution of this equation represents 
ǘƘŜ ǘǊŀƧŜŎǘƻǊȅ ƻŦ Ƴŀǎǎ Ƴ άŀǊƻǳƴŘέ Ƴŀǎǎ a 



Two ςBody Problem

Ç ΧΦ !ƴƻǘƘŜǊ ŘŜǊƛǾŀǘƛƻƴ

Á Consider the relative motion between the two  constant 
masses (easier to compute than absolute motion of each 
single mass) ς add previous 2 equations together: 
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r 1

F g2
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Cd.

Á From the definition of center of mass:

Á The center of mass of the system does not accelerate => it is steady or moves at 
constant velocity (depending on initial conditions) :
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Two ςBody Problem

Ç ΧΦ !ƴƻǘƘŜǊ ŘŜǊƛǾŀǘƛƻƴ

Á Defining the relative position as:
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Á It is easy to obtain (m1-equation*m2 ς m2-equation*m1 yields ) :

Á The motion of the system can be decoupled in the motion of its center of mass and 
the relative motion
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Two ςBody Problem

Á tǊƻǇŜǊǘƛŜǎ ƻŦ ǘƘŜ ǎƻƭǳǘƛƻƴΥ

(*)

Á Consider (*), post multiply by velocity (inner product) and rewrite terms:

Á The total specific mechanical energy of the mass m is an invariant of motion (Note that 
m/ r  is the Gravitational Potential)
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¢ǿƻ ς.ƻŘȅ tǊƻōƭŜƳ

Á If total energy per unit of mass is constant:

Á Knowing the energy allows to compute the velocity along the trajectory:

2

2SPEC

v
E

r

Å If the distance is constant (circular orbit) => speed is constant
Å If the distance changes => speed changes 
Å Far from the main body (slower velocity)
Å Close to the main body (larger velocity)



Two ςBody Problem

Á Everything can be rewritten in Polar Coordinates:

Á And also:

Á With:

Constant



Á The total specific angular momentum is an invariant of motion 

Á The trajectory of motion is a planar path => ORBITAL PLANE

Á When r changes, also v must change (both in direction and amplitude)

Two ςBody Problem

DƛǾŜƴ ǘƘŜ ŀƴƎǳƭŀǊ ƳƻƳŜƴǘǳƳ ǇŜǊ ǳƴƛǘ ƻŦ Ƴŀǎǎ όǎǇŜŎƛŦƛŎ ƳƻƳŜƴǘǳƳύ ƛǎ ŎƻƴǎǘŀƴǘΥ

Á ¢ŀƪŜ ǘƘŜ ŎǊƻǎǎ ǇǊƻŘǳŎǘ ƻŦ όϝύ ǿƛǘƘ ǘƘŜ Ǉƻǎƛǘƛƻƴ ǾŜŎǘƻǊΥ

Á LŦ ŀƴƎǳƭŀǊ ƳƻƳŜƴǘǳƳ ƛǎ ŎƻƴǎǘŀƴǘΣ ǎƛƴŎŜ Ƙ ƛǎ ǇŜǊǇŜƴŘƛŎǳƭŀǊ ǘƻ ǘƘŜ ǇƭŀƴŜ 
ŎƻƴǘŀƛƴƛƴƎ Ǌ ŀƴŘ ǾΣ ǘƘŜƴ ǘƘŜ ǇƭŀƴŜ ŘƻŜǎ ƴƻǘ ŎƘŀƴƎŜΗ 

3
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SPEC SPEC
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Two ςBody Problem

Á The 2 ς .ƻŘȅ ǇǊƻōƭŜƳ ǎƻƭǳǘƛƻƴ Ŏŀƴ ōŜ ǳǎŜŘ ǘƻ ǇǊƻǾŜ ŀƴŀƭȅǘƛŎŀƭƭȅ YŜǇƭŜǊΩǎ ƭŀǿǎ όf.i. Wie, 
{ŜŎǘΦ оΦмΣ aŜƴƎŀƭƛΣ {ŜŎǘΦ мΦпΦΣ /ǳǊǘƛǎΣΧ)

Ç YŜǇƭŜǊΩǎ ŦƛǊǎǘ [ŀǿ όhǊōƛǘ ŜǉǳŀǘƛƻƴύΥ

Á Right cross (*) with the specific angular momentum vector h:

3
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r
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Á Rewrite as:

r
e r h r

Á Integrate and define the constant eccentricity vector e, and f as the angle between r  and 
e:

Á The vector me can be written as:

[ ]
r

r e r r h r

Á ¢ŀƪŜ ǘƘŜ Řƻǘ ǇǊƻŘǳŎǘ ǿƛǘƘ Ǌ ȅƛŜƭŘǎΥ

Á But:



Two ςBody Problem

3
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r h r h



Two ςBody Problem

Á Obtain:
2

2 /
cos

1 cos

h
h r re f r

e f

Å p is a geometric constant known as semilatus rectum (dimensions of length)
Å e is the eccentricity magnitude of the trajectory (orbit). The orbit is bounded if e < 1, 

otherwise is unbounded
Å f is called true anomaly, and it is the current angle between the position vector and the 

eccentricity direction (also indicated with q or n in several texts) 

Å Possible shapes are:
Å Ellipse (Circle)
Å Parabola
Å Hyperbola

Á Which is the equation of a conic section in polar coordinates (r and f) with origin at 
one focus: 

1 cos

p
r

e f



Two ςBody Problem

Á DǊŀǇƘƛŎŀƭ ǊŜǇǊŜǎŜƴǘŀǘƛƻƴǎ όŦǊƻƳ ²ƛŜΣ ǿƛǘƘ ǇŜǊƳƛǎǎƛƻƴύ



Two ςBody Problem

Á Graphical representations (from Wie, with permission)



Two ςBody Problem

Á From algebra the following relationship holds:

Á We can rewrite (**) in Cartesian coordinates with the origin at one focus and the x axis 
along the eccentricity vector direction: 

2(1 )p a e

cos

1 cos

x r fp
r p r

y p exe f
e r

Á CƻǊ Ŝ ґ мΣ Ŝǉǳŀǘƛƻƴ  όϝϝύ ōŜŎƻƳŜǎΥ Á For e = 1, equation  (**) becomes: 

ό/ƛǊŎƭŜΣ 9ƭƭƛǇǎŜΣ IȅǇŜǊōƻƭŀύ(Parabola)

Å a is the ellipse semi major axis 
Å c is distance of focus from the center of the ellipse
Å e =c/a  is the eccentricity
Å rp is the periapsis (closest distance to the focus)
Å ra is the apoapsis (largest distance to the focus)

(1 )

(1 )
p

a

r a e

r a e

ellipse,parabola,hyperbola

ellipse



Two ςBody Problem

Ç YŜǇƭŜǊΩǎ ǎŜŎƻƴŘ [ŀǿ ό!ǊŜŀǎ [ŀǿύ

Á Consider an infinitesimal area DA swept by the radius vector r , as it moves of a Df in a 
time Dt: 1

( )
2

A r r f

2 2

0 0

1 1 1
lim lim

2 2 2

( )

t t

dA A f
r r f h const

dt t t

h r rfh r r h

Á The period  P  of an elliptical orbit can be 

found from the above (square of period 
proportional to cube of semi-major axis):

Ç YŜǇƭŜǊΩǎ ǘƘƛǊŘ [ŀǿ όwŜƭŀǘƛƻƴǎƘƛǇ ōŜǘǿŜŜƴ ǇŜǊƛƻŘ ŀƴŘ ŀǊŜŀ ƻŦ ǘƘŜ ƻǊōƛǘύ



¢ǿƻ ς.ƻŘȅ tǊƻōƭŜƳ

Á Vis-Viva equation
Á At apoaxis and periaxis r and v are orthogonal:

Á Energy at apoaxis and periaxis:

Á Thus (for both apoaxis and periaxis):

Á Thus we obtain the Vis-Viva equation:  

Total specific energy:
Å Depends only on semi-major axis
Å Is independent of eccentricity



Two ςBody Problem

Á Vis-Viva equation (for a generic orbit)

Á For a circular orbit (e=0) r=a:

Á For a parabolic orbit (a= ):

Á For an hyperbola (let r go to infinity) :  

Ex: Escape velocity from earth

¢ƘŜ ƳƛƴƛƳǳƳ άƛƴƛǘƛŀƭέ ǾŜƭƻŎƛǘȅ ƴŜŜŘŜŘ 
(without propulsion) to be on a trajectory 
that will never return to the attracting body
(eventually setting at 0 speed at distance)

Hyperbolic excess velocity
(the constant velocity reached
When the distance from the 
attracting body has vanished)



Newton Mechanics

Ç 9ȄŀƳǇƭŜΥ /ƻƳǇǳǘŜ ŜǎŎŀǇŜ ǾŜƭƻŎƛǘȅ  όǾŜƭƻŎƛǘŁ Řƛ ŦǳƎŀύ ŦǊƻƳ ǘƘŜ ǎǳǊŦŀŎŜ ƻŦ JΦ ¢ƘŜ ŜǎŎŀǇŜ 
ǾŜƭƻŎƛǘȅ sBP@ ƛǎ ǘƘŜ ƳƛƴƛƳǳƳ ǾŜƭƻŎƛǘȅ ƴŜŎŜǎǎŀǊȅ ǘƻ ŜǎŎŀǇŜ ǘƘŜ ƎǊŀǾƛǘȅ ƻŦ ŀ ƳŀǎǎΣ ƛƴ 
ƎŜƴŜǊŀƭ ƛǘ ǊŜŦŜǊǎ ǘƻ ǇƭŀƴŜǘǎ ŀƴŘ ǎǘŀǊǎΦ
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Á Apply conservation of mechanical energy (between plane surface and infinity distance):
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¤

1. Escape velocity from Earth: vESC = 11.29 Km/sec = 40,000 Km/h

2. Escape velocity from the Sun:  vESC = 42 Km/sec = 1.68·106 Km/h

At infinity both speed and 
potential energy are 0.



Ç Summary of important relationships 2
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Ç Example



Ç Example



Ç Example

vǳŜǎǘƛƻƴΥ /ƻƳǇǳǘŜ ǘƘŜ ŜǎŎŀǇŜ ǾŜƭƻŎƛǘȅ ŦǊƻƳ ǘƘŜ ǎǳǊŦŀŎŜ ƻŦ ǘƘŜ 9ŀǊǘƘ 
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Ç The problem is to determine the relationship between the position of a body in orbit 
όŜƭƭƛǇǘƛŎŀƭύ ŀƴŘ ǘƛƳŜ όYŜǇƭŜǊΩǎ 9ǉǳŀǘƛƻƴύΦ

YŜǇƭŜǊΩǎ 9ǉǳŀǘƛƻƴ

Á The vectors h and e together determine the size, shape, and orientation of the orbit 

with respect to the frame of reference. Their components provide six scalar 
constants of integration of the two-body equation of motion, but these constants 
are not independent since they are perpendicular.

Á An additional integration constant will be required to complete the solution. What is 
missing, of course, is the location of the body in orbit at some particular instant of 
time.

Á wŜŎŀƭƭ YŜǇƭŜǊΩǎ ǎŜŎƻƴŘ ƭŀǿ ŀƴŘ ǘƘŜ ǘǿƻ ς body problem solution

2

( )

/

1 cos

h r rf

p h
r

e f

h
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p e f

Á If we take as initial point the periapsis (f0 = t0 = 0 ), integration of above gives 
the time of periapsis passage tp for a given true anomaly value.
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YŜǇƭŜǊΩǎ 9ǉǳŀǘƛƻƴ

Á YŜǇƭŜǊΩǎ ŘŜǊƛǾŀǘƛƻƴ ǳǎƛƴƎ ǘƘŜ eccentric anomaly E (not a physical angle)

Á 5Ǌŀǿ ǘƘŜ ŀǳȄƛƭƛŀǊȅ ŎƛǊŎƭŜΣ ŦǊƻƳ ǿƘƛŎƘ ǿŜ 
ƻōǘŀƛƴ ǘƘŜ ŜƭƭƛǇǎŜ ǎŎŀƭƛƴƎ ƭŀǿΥ

Á Choose the periapsis as initial time = 0, then the time 
at some point P can be found from the Law of Areas:

FAP FAP

ellipse

t

P ab

1
( cos ) ( sin )

2FAP PRA PRF PRA

b
ae a E a E

a

Á Use the ellipse scaling law to get:

PRA QRA

b

a QRA QCA QCR



YŜǇƭŜǊΩǎ 9ǉǳŀǘƛƻƴ

21 1
( cos sin ) ( cos )sin

2 2
1 1 1

( cos sin ) ( cos )sin ( sin )
2 2 2

FAP

b
a E a Ea E ab e E E

a

ab E E E ab e E E ab E e E

Á Note that E is in radians. Combining:

2 3
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Á Definition #1: The mean motion n  is defined as 3

2

P a
n

Á Definition #2: The mean Anomaly M (t ) is defined as: ( )t ntM

( ) ( ) sin ( )M t E t e E t

The time required to travel between any two points in an elliptical orbit can be computed simply by first determining the 
eccentric anomaly E  corresponding to a given true anomaly fΣ ŀƴŘ ǘƘŜƴ ǳǎƛƴƎ YŜǇƭŜǊΩǎ ǘƛƳŜ ŜǉǳŀǘƛƻƴΦ IƻǿŜǾŜǊΣ YŜǇƭŜǊΩǎ ǘƛƳŜ 

Ŝǉǳŀǘƛƻƴ ŘƻŜǎ ƴƻǘ ǇǊƻǾƛŘŜ ǘƛƳŜ ǾŀƭǳŜǎ όǘ ҍ ǘǇύ ƎǊŜŀǘŜǊ ǘƘŀƴ ƻƴŜ-half of the orbit period, but it gives the elapsed time since 
periapsis passage in the shortest direction. For f  > p, ǘƘŜ ǊŜǎǳƭǘ ƻōǘŀƛƴŜŘ ŦǊƻƳ YŜǇƭŜǊΩǎ Ŝǉǳŀǘƛƻƴ Ƴǳǎǘ ōŜ ǎǳōǘǊŀŎǘŜŘ ŦǊƻƳ ǘƘŜ 
orbit period to obtain the correct time since periapsis passage. 



YŜǇƭŜǊΩǎ 9ǉǳŀǘƛƻƴ

( ) ( ) sin ( )M t E t e E t

Á If we know the eccentric anomaly, we can find the true anomaly and then the position (and 
viceversa)
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Á From the ellipse scaling law:
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YŜǇƭŜǊΩǎ 9ǉǳŀǘƛƻƴ

Ç Comments:

Á Computation of true anomaly f knowing eccentric anomaly E is straightforward

Á Computation of mean anomaly M (thus time) from eccentric anomaly E is 
straightforward 

Á Computation of eccentric anomaly E (thus true anomaly) from mean anomaly M 
(thus from time) is difficult and requires numerical solution!

YŜǇƭŜǊΩǎ equation can be derived for parabolic and hyperbolic orbits as well
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YŜǇƭŜǊΩǎ 9ǉǳŀǘƛƻƴ ŦƻǊ ǇŀǊŀōƻƭƛŎ ƻǊōƛǘǎYŜǇƭŜǊΩǎ 9ǉǳŀǘƛƻƴ ŦƻǊ ƘȅǇŜǊōƻƭƛŎ ƻǊōƛǘǎ

( ) ( ) sin ( )nt M t E t e E t

IȅǇŜǊōƻƭƛŎ ŜŎŎŜƴǘǊƛŎ ŀƴƻƳŀƭȅ
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YŜǇƭŜǊΩǎ 9ǉǳŀǘƛƻƴ

Á {ƻƭǾƛƴƎ YŜǇƭŜǊΩǎ Ŝǉǳŀǘƛƻƴ to eccentric anomaly E (thus true anomaly, then position) 
given mean anomaly M (thus from time):

( ) ( ) sin ( )nt M t E t e E t



YŜǇƭŜǊΩǎ 9ǉǳŀǘƛƻƴ

Á Problem:  A geocentric elliptical orbit has a perigee radius of 9600 km and an apogee radius of 
21,000 km, as shown in Figure. Calculate the time to fly from perigee P to a true anomaly of 
120 degrees.

1. Before anything else, let us find the primary 
orbital parameters e and h. The eccentricity is 

readily obtained from the perigee and apogee 
radii:

нΦ¢ƘŜ ƻǊōƛǘŀƭ ǇŜǊƛƻŘ Q ƛǎ ƎƛǾŜƴ ōȅΥ

3. Compute the eccentric anomaly E :
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YŜǇƭŜǊΩǎ 9ǉǳŀǘƛƻƴ

4. ¦ǎŜ YŜǇƭŜǊΩǎ Ŝǉǳŀǘƛƻƴ ǘƻ ŦƛƴŘ ǘƘŜ ƳŜŀƴ ŀƴƻƳŀƭȅ M : 

5. From which we find the time of perigee passage: 

Á Find the true anomaly at three hours after perigee passage (10,800 sec.)

1. Since the time (10,800 s) is greater than one-half the period, the true 
anomaly must be greater than 180 deg. Compute the mean anomaly M :

2. YŜǇƭŜǊΩǎ Ŝǉǳŀǘƛƻƴ ƛǎ ǘƘŜƴ ŜƳǇƭƻȅŜŘ ǘƻ ŦƛƴŘ ǘƘŜ ŜŎŎŜƴǘǊƛŎ ŀƴƻƳŀƭȅΦ ¢Ƙƛǎ 
transcendental equation will be solved using the previous Algorithm with an error 
tolerance of 10-6. Since M  > p, a good starting value for the iteration is 
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6. From the value of eccentric anomaly E , find the true anomaly q : 



Orbital Elements
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Á Recall the main results of 2 ς Body problem:

Á Complete solution requires 6 constants or integrals of motion (for instance initial position and 
initial velocity. In Orbital Mechanics we use a set of standard integrals of motion called ORBITAL 
ELEMENTS, the knowledge of which allows precise determination of the location of the body in 
the inertial space.

Á Coordinate Systems: Cartesian references used in Space Dynamics

Á Description and computation of the 6 orbital elements
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Orbital Elements

Ç Coordinate Systems:

Á CǊƻƳ ǘƘŜ н ς .ƻŘȅ ŀǎǎǳƳǇǘƛƻƴ ǿŜ ƻōǘŀƛƴ ǘƘŜ ǘȅǇŜ ƻŦ ƻǊōƛǘΣ ŀƴŘ ǘƘŜ ŦŀŎǘ ǘƘŀǘ ǘƘŜ ǘǊŀƧŜŎǘƻǊȅ ƻŦ 
ǘƘŜ ƻǊōƛǘƛƴƎ ōƻŘȅ ƛǎ ǇƭŀƴŀǊΦ

Á Ecliptic plane: used for reference of near ς Earth orbits, it 
is the plane of apparent motion of the Sun from East to 
West (and the majority of planets) with respect to the 
9ŀǊǘƘΩǎ ŜǉǳŀǘƻǊƛŀƭ ǇƭŀƴŜ

Á Inclination: The ecliptic has an inclination of about 23.4 
degrees with respect to the celestial equator

Á Lines of Nodes: The ecliptic plane and the celestial 
equator plane intersect in two points corresponding to 
the vernal ( direction of Aries) and autumnal equinoxes 
(direction of Libra today)

Á Celestial Sphere: The celestial sphere is an imaginary sphere of gigantic radius with the Earth 
located at its center. The poles of the celestial sphere are aligned with the poles of the Earth. 
The celestial equator lies along the celestial sphere in the same plane that includes the Earth's 
equator.

Ecliptic Plane

https://en.wikipedia.org/wiki/Ecliptic


Orbital Elements

Ç Coordinate Systems:

Á Ecliptic plane: used for reference of near ς 
Earth orbits, it is the plane of apparent motion 
of the Sun from East to West (and the majority 
of ǇƭŀƴŜǘǎύ ǿƛǘƘ ǊŜǎǇŜŎǘ ǘƻ ǘƘŜ 9ŀǊǘƘΩǎ 
equatorial plane

Á Inclination: The ecliptic has an inclination of 
about 23.4 degrees with respect to the 
celestial equator

Á Lines of Nodes: The ecliptic plane and the 
celestial equator plane intersect in two points 
corresponding to the vernal ( direction of 
Aries) and autumnal equinoxes (direction of 
Libra today)

Ecliptic Plane

https://en.wikipedia.org/wiki/Ecliptic
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Á Heliocentric System: In the case of orbits around the Sun 
the heliocentric-ecliptic coordinate system is convenient. 
As the name implies, the heliocentric-ecliptic system has 
its origin at the center of the Sun. The X-Y or fundamental 
plane coincides with the ecliptic, which is the plane of 
Earth's revolution around the Sun. The line-of-intersection 
of the ecliptic plane and Earth's equatorial plane defines 
the direction of the X-axis. On the first day of spring a line 
joining the center of Earth and the center of the Sun 
points in the direction of the positive X-axis. This is called 
the vernal equinox direction. The Y-axis forms a right-
handed set of coordinate axes with the X-axis. The Z-axis is 
perpendicular to the fundamental plane and is positive in 
the north direction.

Á Precession and Nutation: It is known that Earth wobbles slightly and its axis of rotation shifts 
in direction slowly over the centuries. This effect is known as precession and causes the line-
of-intersection of Earth's equator and the ecliptic to shift slowly. As a result the heliocentric-
ecliptic system is not really an inertial reference frame. Where extreme precision is required, 
it is necessary to specify that the XYZ coordinates of an object are based on the vernal 
equinox direction of a particular year or epoch.



Orbital Elements

Á Topocentric System: Used for referring to the local 
horizon. It can be NED or SED depending on the 
direction of the X axis.

Á Coordinates:  Az (Azimut) is the angle from the X 
direction on the XY plane, El (Elevation) is the 
angle of rotation of the XZ plane, and distance r .

Perifocal System: is a frame of reference for an orbit. 
The frame is centered at the focus of the orbit. The X 
axis is directed towards the periapsis of the orbit, 
and the Y axis has a true anomaly f of 90 degrees 
past the periapsis. The Z axis is in the direction of the 
angular momentum vector and is orthogonal to the 
orbital plane

Time and Date (see later): Measure of time depends 
on the problem. Several measures exist, such as: 
Atomic time, Sidereal time, Solar time, Universal 
time (solar time w.r.t. Greenwich).
The Julian Date refers to January 1st 4713 B.C. 
Currently we use  J2000

J2000 = Day for 1 Jan, 2000 at 12:00 noon = JD 2451545.0 
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Ç Orbital elements:are theparametersrequired to uniquely identify a body moving in a 
specificorbit. Incelestial mechanicsthese elements are generally considered inclassicaltwo-
body systems, where aKepler orbitis used. There are many different ways to mathematically 
describe the same orbit, but a set of six parameters  is commonly used.

3
0

r
r r

Á The complete solution 
requires the knowledge 
of r (t) and v(t)

Á Position of the orbit in the inertial space (3)
Á Type of orbit (2)
Á Position of body in the orbit at current time (1)



Orbital Elements

Ç Classical elements

Á i  = Inclination of the orbit

Á W = Right Ascension of ascending node
Á (longitudine del nodo ascendente)
Á w = Argument of periapsis
Á a = Semi major axis (or semilatus rectum)
Á e = Eccentricity of the orbit
Á f  = True anomaly (or time to periapsis)

Á With reference to a Earth orbiting satellite, and a Geocentric non rotating frame (ECI):

Orbital Elements

https://www.youtube.com/watch?v=2gAYqtmNJx8


Orbital Elements

Ç Coordinate Transformation between ECI and Perifocal Frame: we can use a standard Euler 
transformation (3-1-3)

cos cos sin sin cos cos sin sin cos cos sin sin
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Orbital Elements

Ç Orbital Elements from position and velocity i a e fr r v

1. From energy we find the semi major axis:

2
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E

2. From polar equation we can find the eccentricity:
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Á The line of nodes (Intersection between ECI and PQW) unit vector can be found as:
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5. Argument of Periapsis w:
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Á For Equatorial orbits, and circular orbits, w is undefined.

6. True anomaly f:
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4. Right Ascension of ascending node (RAAN) W:

Á For Equatorial orbits, the line of nodes is undefined so is W.
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Å Compute specific angular momentum, line of nodes, and eccentricity vectors:

Å Although not necessary, lets  first convert to canonical units (1ER = 6378.14km, 1TU = 
806.3s).

1
EARTH

Canonical Units

Distance DU = mean radius of reference object

Time Unit TU : such as

Using canonical units  

3

2

DU
GM

TU
1



Orbital Elements

Å The eccentricity is found from the above:

Å From the specific energy, we compute semi major axis and semilatus rectum:



Orbital Elements

Å ¢ƘŜ ƻǊōƛǘ ƛƴŎƭƛƴŀǘƛƻƴ ƛǎ ƎƛǾŜƴ ōȅ όǿƛǘƘ ƴƻ ǉǳŀŘǊŀƴǘ ŀƳōƛƎǳƛǘȅύΥ

Å The Right Ascension has quadrant ambiguity:

The line of nodes is in the third quadrant, therefore:



Orbital Elements

Å The argument of periapsis (perigee):

Å Here there is a quadrant ambiguity as well:

This implies the right quadrant:

Å Computation of true anomaly (angle between position vector and eccentricity vector):

{ƻ ǿŜ ŀǊŜ ƛƴ ǘƘŜ ǊƛƎƘǘ ǉǳŀŘǊŀƴǘ

Á NOTE: ¢ƘŜ ǘƛƳŜ ǇǊƻǇŀƎŀǘƛƻƴ όǊŀǘƘŜǊ ǘƘŀƴ ǘǊǳŜ ŀƴƻƳŀƭȅύ Ŏŀƴ ōŜ ŦƻǳƴŘ ǳǎƛƴƎ YŜǇƭŜǊΩǎ 
equation



Orbital Elements

Ç Position and velocity from Orbital Elements i a e f r r v

Á Important problem.  Suppose we know position and velocity at some time t0. How can 
we find the position and velocity at some time t1?


