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J Miracles of Linearization
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"Okay,...so this baby can’t hold passengers or payloads.....but
boy, does she ever fit our linear math model!”
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U Linearization of the Equations of Motion

= The complete set Nonlinear Equations of motion are used for advanced simulation
purposes. Control Analysis and Synthesis requires simplified models obtained from
knowledge of operating conditions and linearization.

1. The first step is the extraction of the gravity contribution from the other forces and moments

m[u —ur + wq] = X —mgsin© T, OV —cPsU + sPsOcVU  sPsV 4 cPsOcV | |u
m[v —wp + ’U//’] =Y +mg cosOsin ® Z)[ —1cOsV  cPcV + sPsOsV  —sPcV + cPsOsV|-|v
m[w —uq + vp] = Z + mgcos© cosP Z; —50 s®cO c®cO w

2. The second step is the elimination of terms due to xz plane symmetry of the vehicle (Iyz = Iyx = 0)

I:L’xp—l_(lzz _]yy)qr_(/f’—l_pq)‘[xz =1L P 1 sin®tan® cos®tan©O| |p

Iyy(j + ([m - Izz)rp + (p2 - TQ)[zx =M O|=|0 cos® —sin® 1q

Ir+, —1 )pg+(rg—p)I, =N 0 , Sn® cos r
| cos© cos©®

= Note: Control forces and moments are the combined effect of 4 primary contributions:
= Aerodynamic: Elevator (pitch, d;), Ailerons (roll, 8,), Rudder (yaw, o)
= Propulsion: engine (primary longitudinal, d;)
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M, v+C (viv=r"1 & z= flz(t),ul)w,/())

3. The third step is the separation between longitudinal and latero-directional states, controls, and
disturbances.

t\1'~<:>§‘§<5.‘

-@m@‘w-::"a

First six elements of
the state are
longitudinal variables

Second six elements of
the state are lateral-
directional variables
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= The fourth step is the linearization about some equilibrium condition (or trim condition) within
the operational envelope of the vehicle.

*  The standard procedure is to identify all the variables of motion, to expand the equations in a
Taylor series, retaining the first order derivatives only, and to subtract the equilibrium condition.

= Rewrite the equations of motion, neglecting the kinematic translation for now

.1 _
u:i[X—kw—wq—mgsin@] v:—[Yerp—urergcos@SlnCI)]
m m
: 1 : 1 :
<w:—[Z—|—uq—vp—|—mgcos@cos<I>] <p=—[L—(I —1I )qr—l—(r—l—pq)[]
m [1::10 - " "
.1 s . 1 .
q= ]—Jy[M -, =1 )mp—(p —r )Im-} = I_[N —(, —1_ )pg—(rq— p)]zz}
L 2z
© =qcos® — rsin® d = p+qsin®tan®© + rcos P tan ©
W — sin _l_TCOS(I)
qcos@ cos ©

= The equilibrium condition about which to linearize is not unique. |z, = flz(t),u(t)] =0
*  Longitudinal steady flight (constant speed, climb, cruise, descend))
*  Longitudinal steady pull — up maneuver (constant centripetal acceleration)
*  Coordinated Turn (steady turn at zero sideslip)

r ﬁ] . Helical turn
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= Longitudinal Steady Flight Condition: Linearization about steady, longitudinal flight (climbing,
cruising, descending at constant speed), and small perturbations from equilibrium:

Af

Au

| . Af

z + Az = flz,u ]+ Ax+— Au+...

€T

0 0

Vio=0 R =0 *WO = 0 if Wind axes are used
P =0 & =0

0

|
|
| QOZO \IJOZO
|
Note: in the perturbed ' u=U+Au |p=Ap |2=Ap
motion Aa—tanAUw Uw *z,. v=Av 19 =A¢;10 =0, +Af
— w =W +Aw |r=Ar |U=A¢

= Taylor Series expansion of all applied forces and moments, with respect to the implicit and
explicit variables of motion, yields a number of STABILITY DERIVATIVES that describe their
perturbation from equilibrium (Bryan Hypothesis)

A=A + AAlu,v,w,p,qr,0,,0,,6,,0,,10,10,p,q,7,...)

yYE

AA~=Au+Av+..+ App + Aqq + .. A6E6E + ..
0A

1. A==
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m[d—errwq] =X —mgsin®
m[i;—wp%—ur] =Y 4+ mgcosOsin®
m[w—uq—l—vp] =7 + mgcos© cos ®

I p+(I, — Iw)qr —(r+ pq)[zz =1
I!/!/q + (Iu B Izz )T’p + (pz - T2 )I,u = M
Li+(I, 1 )pq+(rq—p)I, =N

= Linearize the inertia part of the equations: as an example consider the component in the

Xbody direction
X — mgsin @ = mla + gw — ro)
X, + AX — mg sin(8, + AO)

= m [% (o + Au) + (g5 + Ag)wo + Aw) — (ry + Ar){vp + &u}}

Wﬂzﬂn:pg:gg:ruijﬂ:lpu:ﬂ
Xy + AX — mg sin(f, + AG) = m Au
sin(f, + A6) = sin 6, cos A8 - cos 6, sin A® = sin §, + AP cos 8,

Xy + AX — mg(sin 6, + Afcos 6,) = m An

X[;. - mg sin Eﬂ =10

AX — mg A cos 6, = m Au

L]

At = i[AX — mgA0f cos@o]
m
U

Aw——LAg = i[AZ — mgAHsin@U]
m m

Ag = LAM
I

. vy
AO = Agq

Av+UAr = 1 AY + mgA¢cos@0]
m
I Ap—1 Ar=AL

1L AF—1 Ap=AN

Ap = p+rtan©,

A = rsecO,
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= Linearize the Forces and Moments part of the equations, using Bryan Hypotesis:

ax X Aa = tan Aw  Aw
5] ax ax = ~
AY =22 et Lty U U
X = S Bk 50w+ 2o 08, + o2 AB, N
=  For all six equations: '
AX=8—XM+3—X*LU+3—X5E+6—X5T _ 19X
au T w88, Bor = e
87z 8z 87 . 8% 0Z. 0Z
AZ = Zut w2y 5. 5 1Y
au o T 20" T g ! T 35,0 T 5T Yo = s,
oM oM oM . oM OM oM 1 a7
AM = 5. 5 _10z
R T e I P A TR T b1 = o Bor
oy 8y oy &y 101
AY = Zov+ 5P T 5"t 550 Ls. = 755,
oL 8L oL OL. oL 1 oM
S——— —_— —_— — &, + —0d, M, = — Mz, = ———;
AL =500t 5P T o T 350t 55,0 : Mer = 1 67
6N ON AN ON. ON 1 ON
AN = 5 5 _ LN
FE e P TR L T No. =7 s,

= Not all the stability derivatives are equally important in the linearized motion

L]
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= Linearized (perturbed) equations of motion (not including range and altitude) become:

Longitudinal Dynamics Longitudinal Rotational
4 Kinematics
{a — Xu] u + gocos ©pf — X ,w = X5 0, + X, 07 _
0=gq
d .
—Zyu+ [{1 — Zw) i Zw} w — [ug + Zg|q + gosin ©of = 75 8. + Zs. 01
d d
—Myu— |My— + My|w+ | — — M| g =M;_06. + Ms, o7
dt dt
[ X X, 0 ~go cos O x(t) = Ax(t) + Bu(t)
A= by Mz ap, g MaZe pp g GFZMy  —Mamsinos
\ 0 0 1 0 U
{ Xs. Xor w 0
o= oft) = " ult) = |
=+ ﬁiffzsc M;, + ﬂﬂj’w?T ; T
\ 0 0

Note: The use wor Ol = w/ U, as
state variable is equivalent

== 5 =
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Lateral — Directional Dynamics

d - - , . -
[E — }‘,v.] v—Yp+ [ug — Y] r — gpcosOgp =Y 4,
d I.- d
Lo+ | L p- ==l Ll rer, 641, 5,
[dt "}p [I,_ a l o ba
I.- d d
Npo— |[ZE LN pt = = N, | r = Ny, 6, + Ny, 4,
[ I. at "] P [dr l s ba
Y, Y, ggcos©y Y, —ug
Lv+izNu LP+"E'ENP 0 LT_]_'I.'ENT
A = 1—iriz 1—ipiz 1—ipi,
0 1 0 0
Nu‘]"izLU Np—]-'isz U Nr_}‘iz-[-'r
1—igi; 1l—igiz 1—igi;
Y, 0
Lgr-i-?-.le;r L;G-I-‘i-le;ﬂ
_ 1—izi; 1—igiy
B= 0 0
Ns,.+i;Lgs, Ns,+i:Ls,
1—izi; 1—izi;

Lateral — Directional Rotational

Kinematics
b= p+rcos 0,
o
cos 90

o
alt) = ult) = |
r

Note: The use vor B = v/U, as
state variable is equivalent

______ N L

Linearized (perturbed) equations of motion (not including range and altitude) become:

BEEREES
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= Relationship between stability derivatives and applied forces and moments.
1. Stability derivatives contain the contribution from all forces and moments due to perturbation
from trim condition of all motion variables.
2. They are evaluated at each selected equilibrium point (because Taylor series expansion)

1 ax 1 pSU i 1 oy T pSU
Ay Ty . o (=0 = Cp 1 Yo mU 8 see Im g
. 1 2y 1 pSb
1 83X 1 ST v L ar 1 et
X = o ©2— O "o o
. 1 a¥ 1 2%,
18X ft pSUt ¥r wl o rad am O
Xs TS rad-sect 2 {=Cly) . 1 av 1 P58
1 82 1 pSU Yo ml dp rad 4m "
—_—— —_ L, — O € ¥
% m fu se0 el C’f‘ Ceul v 1 8r 1 pSL
2z | U 2 mU 3 rad-sec T ¥
I ' L) d -
Ze m B seo me (=Ca = C) ¥ Lo 1 psU
o - 8 I, 9 sao? 21, "p
Jof L i‘f ! .P'Ef (—Cye) . 1 2N 1 pSUb3
¥ m o 1 dm ' T2 ¥ Iy ot a1, O
z 1 82 it pSUe p . 1 85 1 pSUb
* m oy rad-seo dm (—C,) o I, @ zeC 4,
T Y SITH2
1 82 ft pSU® N 1 Ll S
Zs m 86 rad-sect 2m s ’ 1 op see sl
1 N 1 STth
1 oM ! pte j Ns I, rad-sec? P‘ZI Oy
M, I, fu ft-sec 1 (Car + Car,) ’ :
Y v 18k 1 pSUB
A 1 8af 1 pSUe L I.ap see? 21, '8
e - }: T ft-zec 2f, A L 1 3L 1 pSUDbE
1 E‘,H 1 PS¢2 J‘} I; a.IB ELolH 4I= I.I'i
i e r— - . Ve
) Iy duw ft 4, T L %2—‘5 wee Pifb C.,
a]"_j’ l SU . = r EEr =
1 4 P Lol s
M, 7.3 o0 T z 1L L e,
r ﬁ] v 94 aee W i 11 'ap set 413‘ g
M . 1 dAf 1 pSU“CC 1 3L 1 PSU:E’U
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" Example#1l: |/ = — (CLa - CDO)QS
! mU

0

= Example # 2:

AM _ 1 Cm,oSV?E =Mu+M w+ M w +qu +M 6,
[yy 2[yy B
V ~ Uo + ujw @
U
_1oMm| "1 oMl 1 9C, pSUE
vy 0 yy 0 0 gy~ 0 .
B pSUOE 8Cm B ’OSUOEC
vy 0 Yy
B pSU§E
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= Example of linearized longitudinal equations using ‘non dimensional’ aerodynamic
coefficients derivatives

i = |Conar+ Gy + (Co, +2Cu) g

cq e 1 @S
Yo oTT Fa ~TT - 9
+ cq2U1+Ca2U1] g

1, g &)@
—|— Cq2U1 |Cz;12U1] 1M
§ = ¢
g = {C a+0m5 5E+[Cmu+90m1)U
1

cq q15¢
CTR Om
T Cmagy, T Eme QUJ L,

it=Xu+X w+X; 0 +X,06, —g, cos008
(1-2,)i = Zu+ 2w+ (U, +2)a+2, 8, + 2,5,
0=q

¢g=Mu+M w+ M +M§E5E +M5T5T
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= Large Commercial Aircraft data

Table B7.1 Geometric Data for the Boeing B747-200 Aircraft

Wing Surface (ft%) s 5,500
Mean Aerodynamic Chord (MAC) (ft) c 273
Wing Span (ft) b 196

Table B7.2 Flizht Conditions Data for the Boeing B747—200 Aircraft

Approach Cruise (low) Cruise (high)
Altitude (ft) i 0 20,000 40,000
Mach Number M 0.198 0.65 0.90
True Airspeed (ft/sec) Vi, 21 673 871
Dynamic Pressure (Ibs/f%) q 58 287.2 2228
Location of CG - % MAC xce 0.25 0.25 0.25
Steady state angle of attack (deg) a 8.5 25 2.4

Table B7.3  Mass and Inertial Data for the Boeing B747-200 Aircraft

Approach Cruise (low) Cruise (high)
Mass (Ibs) m 564,000 636,636 636,636
Moment of Inertia x-axis (slug %) Txxy 13,700,000 18,200,000 18,200,000
Moment of Inertia y-axis (slug ft%) Tyyy 30,500,000 33,100,000 33,100,000
Moment of Inertia z-axis (slug %) Iz, 43,100,000 49,700,000 49,700,000
Product of inertia xz-plane (slug %) Iz, 830,000 970,000 970,000

Eq![: 33100000 slug foot? = 44877574.53865 kilogram meter?
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Table BT5 Longitudinal Dimensional Stability Derivatives for the Boeing B747-200 Aircraft
Cruise (high)
X, = —0.0218, X7, = —0.0604, X, =1.2227, Xz, =0

Z, =—00569, Z,= —339.0, Z; = —7.666, Z, = —7.474, Zs, = —18.341

M, = —0.0001, My, =0.0, M, = —1.616, My, =0,
M, = —0.1425, M, =—04038, My, = —1.2124

Table B7.8 Lateral Directional Dimensional Stability Derivatives for the Boeing B747-200 Aircraft
Cruise (high)
Ys =-55.023, Yp=0.0, Y, =00, Vs, =0, Y5, =7.336

Lg= —2.114, Lp= —0.5054, L, =0.1932, Lg, = 0.1717, Lg, = 0.1057
Ng=0.7725, Ng, =0, Np = —0.0141, N, = —0.1521, N, = 00087, Ng, = —0.4828
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=  Military Basic Trainer

Table B8.1 Geometric Data for the SIAI Marchetti S-211 Aircraft

Wing Surface (ft) S
Mean Aerodynamic Chord (MAC) (ft) (o]
Wing Span (ft) b

136
54
263

Table B8.2 Flight Conditions Data for the SIAT Marchetti S-211 Aircraft

Approach Cruise (low) Cruise (high)
Altitude (ft) h 0 25,000 35,000
Mach Number M 0.111 0.60 0.60
True Airspeed (f/sec) Ve, 124 610 584
Dynamic Pressure (Ibs/ft?) q 182 198.0 1257
Location of CG - % MAC XcG 0.25 0.25 025
Steady-state angle of attack (deg) e 8 0 0.9
Table B8.3 Mass and Inertial Data for the SIAI Marchetti S-211 Aircraft

Approach Cruise (low) Cruise (high)

Mass (Ibs) m 3,500 4,000 4,000
Moment of Inertia x-axis (slug ft%) Tix, 750 800 800
Moment of Inertia y-axis (slug ft’) Iyy, 4,600 4,800 4,800
Moment of Inertia z-axis (slug f) Izz, 5,000 5,200 5,200
Product of inertia xz-plane (slug ff*) Ixzg 200 200 200
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Table B85 Longitudinal Dimensional Stability Derivatives for the SIAI Marchetti S-211 Aircraft

Approach

X, = —0.078, X7, =—00055, Xo=6.26, X5 =0
Z,=—0534, Z, = —119, Zy=—1492, Z, = —4.48, Zs, = —891

M, =0.0, Mz, = 0.0, M, =—1.75, Mz, =0.0,
Mg = —0.445, M, =—10, My, = —2.625

Table B8.8 Lateral Directional Dimensional Stability Derivatives for the Marchetti S-211 Aircraft

Approach

Ys=—2147, Yp=—0.0242, Y, =143, Y5, =0, Y5, =5.94
La =177 L =312 L, =5, Lq; =935, -Lss =252
Ns=2.1, Ny, =0, Np= —0.042, N, = —0432, Ny, = —0.394, N, = —1445

Mach Loop Typhoon Mach Loop F 15 Death Valley FLY BY Fly Over

il
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0 Longitudinal Dynamics Response &) =| | = 4,@(t) + B, u,(t):t,4(t) =

U
w B

0

T

q
0

Longitudinal linearized motion is characterized, traditionally, by a 4° order system, with the
system matrix A providing the 4 eigenvalues.

Numerical values of stability derivatives depend on the particular equilibrium condition
(flight condition) selected for linearization.

Propulsive and Aerodynamic control are usually decoupled, in that propulsion acts
primarily on the longitudinal translation axis alone, and a set point input, while
aerodynamic control affect all three longitudinal axes, and it is used for transient response
and trim .

Although the time response can have different dynamic characteristics, depending on the
four eigenvalues, traditional stable dynamic behavior shows the presence of 2 damped
oscillations, whose desirable properties are generally specified by certification for a given
aircraft, given flight condition.

Note: Two additional eigenvalues are present if the linearized range and altitude kinematic
equations are included

T, =u+0 (v+tw)==u

DR

ﬁ:Uﬁ—w
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= Alternate state vectors for longitudinal motion dynamics

*  Standard state vector in Body Axes *  Replace Pitch Angle by Angle of Attack, and
x express translation in Velocity Axes
% =——gsinf = f o v=0—-«
m u _
. Z : 1 : o
w=—+ gcosgpcost = f w Vz—[Tcosoz—D—mgsmw]:ji vV
m Tr = m
. M q . 1 . '
q=—=/ 7:—[Tsmoz—|—L—mgCOS'y]:f2 ;1;:7
I 0 m q
vy - M .
. vy
*  Replace Pitch Angle by Angle of Attack, and f4 ¢
express translation in Velocity Axes - w
: 1 . 0
V:—[Tcosoz—D—mgsm’y]:f1 .
m 14
1 ) . i
g = —[T sina 4+ L — mg cos 7] = f2 ~ Slow Dynamics
mV r— |
. M q
=———= f3 *  Fast Dynamics
1 «
vy
R 1 :
rj oz:«9—fy:q——[TsmozJrL—mgcosv]:j‘:l
Qﬂ | mV |
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From linear systems theory, there are 2 natural modes, whose frequency properties are
defined by the eigenvalues, and whose amplitude properties are defined by the associate
eigenvectors (typical parameters include time to half or time to double the amplitude):

U
W 2
z(t) = . = ZAieRewt sin(lm t+B) Z've o,
1=1
0

L The first mode represents a high-frequency, highly-damped oscillation called the short-period

mode, and the second mode represents a low-frequency, lightly-damped oscillation called the
phugoid mode.

T = ; . ; . ; . T =
— Angle of 3ttack] 1k ——— Angle of
15 P i m Pitch rate
—— Pizhange sl [ Ia) —— Fichangle
' [ A
) 1 [ [ [ A
L E LEI - [ [ {4 A
— naf | |
. ] \ | \ \
\\\ s oz} | | f \
i S ] - f . . -
o T T —— 20 \ | | I |
e !
E ﬁ 0.2 I| _I| I| | I| |
-as | \ | |
04 ( i v/
| | i (I
as| | Vo
II | II { W
08k v i A b
1 ."JII A
b
= . . L . L . A . L . .
1] 1 2 3 4 L [ 7 a8 ] 10 a i ] 40 (-] -] 100 120 140 160 180 20
Time, s2¢ Time, sec
y 3 . .
(a) Short period (b) Phugoid
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= Example: Commercial airliner flying at low cruising altitude (23,000 ft), and Mach = 0.86

XU = -0.00795 (l/sec) k=
XW = 0.02195 (l/sec) u w q teta
XQ = -0.61551 (ft/rad*sec) u -0.007931 0.p0222 -0.8519 -32.15
XWP = -0.00027 ({(1/1) w -0.07284 -0.9215 863.6 0
ZU = =0.07325 (l/sec) q -2.579e-006 -0.003994 =1.178 0
ZW = -0.92669 (l/sec) teta 0 0 1 0
ZQ = -12.58496 (ft/rad*sec) b -
fﬁp i ggg;gg H;’ ;,3;, ] delta_e delta_t
M - 0. 00434 {va::z] w 0.008103  0.0002062
MQ = -0.85000 (l/sec) v _zuégg 'E'Ezge'ggj
MWP = -0.00038 (l/ft) 1 we- . & 0
Malfa = -3.82681 (l/sec*2) teta
MalfaP = -0.33438 (l/sec) Agp = —1.0499 +1.8528 5 Apy = —0.0037 £+ 0.04515
X: 0.00249 0.00021 & = 0.4930,w,, = 2.1296 §py = 0.0824;w,,, = 0.0452
Z: -20.62474 -0.00002 9
27 T .
M: -2.34000 0.00000 P, =-—=295sec P, =——=139sec;
Wep Wpy
0.693
) 12 _ 0693 0.66 sec T\ = ——— ~ 187.3sec
= Consider the free unforced response P 10499 ‘ 0.0037
-1.0500 + 1.8528i 0.0000 + 0.0000i| [0.0000 + 0.0000i 0.0000 + 0.0000i
0.0000 + 0.0000i -1.0500 - 1.8528i| [0D.0000 + 0.0000i 0.0000 + 0.0000i
0.0000 + 0.0000i 0.0000 + 0.0000i| [0D.0037 + 0.0453i 0.0000 + 0.0000i
0.0000 + 0.0000i 0.0000 + 0.0000i| [0.0000 + 0.0000i -0.0037 - 0.0453i
0.0066 + 0.0000i 0.0066 - 0.0000i | $0.9998 + 0.0000i -0.9998 + 0.0000i
1.0000 + 0.0000i 1.0000 + 0.0000i | [0.0189 + 0.0003i 0.0189 - 0.0003i
~0.0001 + 0.0021i -0.0001 - 0.0021i | $0.0001 + 0.0000i -0.0001 - 0.0000i
u-.ij 0.0009 - 0.0004i 0.0009 + 0.0004i | [0.0001 + 0.0014i 0.0001 - 0.0014i
L



EXXDE Atmospheric Flight Dynamics m ﬁ—kﬁ_/rL

= State vector evolution is function of eigenvectors (amplitude), and eigenvalues (time)

u(t) 0.0066 + 0.00007 0.0066 — 0.00007
w(t) x 1.0000 + O-OOOOj e(-1.0500 + 1A8528j)t n 1.0000 — O-OOOOj 6(»10500 - 1.8528;)t
q(t) -0.0001 + 0.0021y -0.0001 — 0.0021y
0(t) 0.0009 — 0.0004 j 0.0009 + 0.0004 j
-0.9998 + 0.00007 -0.9998 — 0.00007
4 0.0189 +- 0.0003 6(»00037 + 0.0453j)t n 0.0189 — 0.00037 e(-0.0037 - 0.0453)t
-0.0001 + 0.00007 -0.0001 — 0.00007
0.0001 + 0.0014 7 0.0001 — 0.0014y

&, =0.4930,w,, =2.1296 wi, =1.853, T, ~ 0.66sec

SP ) sp

£, = 0.0824;w, =0.0452 w! =0.045T"7 ~187.3sec

'Y ’ " PH

0.0036 = u / U, 0-80521; u /U0
0.57 = « =  Normalized Short Period ' @ = Normalized Phugoid Eigenvector
1.0=g¢q Eigenvector
047 =0 1.0=46
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Short-Period Motion
2 . = The short period,

motion involves
rapid changes to
the angle of attack
and pitch attitude
at approximately
constant airspeed.

Corto Periodo

0.5F

0sF

-1 : s L ;
~0.5 0 0.5 1 1.5

Phugoid (Long-Period) Motion
s

————

0.5

0.5

= Phugoid mode involves a
trade between kinetic and
potential energy. In this
mode, the aircraft, at
nearly constant angle of
attack, climbs and slows
down, then dives, losing
altitude while picking up

Lungo Periodo sp eed.

ul,

= Common practice in the study of aircraft forced response is the use of frequency
response between inputs (elevator, throttle in this case), and state variables
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= Frequency Response Analysis: Transfer functions can be extracted from state space

representation
G (s)=C(sI —A)'B= Cadj(sI — A)B det(s] — A) = as* +bs’ +cs* +ds+e
LoN det(sl — A)
G 1 1
b = —[(Uy—Za)My+ Zy+ Ma(Uy + Z;) — Xo(Uy — Zg) Nf(s) = A952 +B;s+C, = A(s+ T—)(s + T—)
¢ = ZaMy— My(Uy + Zy) + Xu[(Uy — Za)My + Za, o ® , X
—+ ﬂ’fa(Ul + Zq)] — XorZu S Aw(S + T—) (8 + T—) (8 + T—)
d = —Xu[ZMy— Mo(Uy + Zp)] + Xo[Zu M, N, “(s)=As +Bs +Cs+D = 5 w2 w3
— My (Ui + Zg)] + glZuMea + Mu(Ur — Za)] A (s+ T_) (s* + 2w, s+ WZ)
e = g[ZuMy— MyZ,] v
@ 50
3 g o —"\__ Flight Path Angle
= B oy L AT S S e s s
g E CAngle of Atiack - - =
s B S100 [itRERRAS en DREIER g 2 SRR
< S wso [ D IIEEEL DUIUEE G PichiAngle™d i)
2 g s : s A g 3
8 8 =2 102 1;1—‘ 1(I:I° 15‘ 10%
Input Frequency, rad/s
360 T - T -
g ::' 96 |[omtazd 2ty et bl R L2 1
Z < LR ]
g 1 —
& 0 . ; i X = -360 ] S sl SEetE S SRR
1072 107" 10° 10 102 10? 10 107 10 10° 10° 10
Input Frequency, rad’s 94 Input Frequency, rad/s
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* Due to the frequency separation, in many cases we can use second order approximate
dynamics' Short period

Ax
g — t

=3 constant speed and altitude

O Short Period Approximation: The short period mode typically occurs so quickly that it

proceeds at essentially constant vehicle speed. A useful approximation for the mode can thus
be developed by setting v = 0

G(s) = 9s)
. 5
(1 - Zw)w o wa + <UO —|— Zq )q —|— Z‘Sé Fram: defta (Ti)teta
M+ G =M+ Mg+ Ms o T
w = an o

s0f---

Magnitude (dB)

=  The transfer functions denominator is

S0

-100

A2 (Zop + My + uoM) A+ ZowMy — uoMy o

Z Z M i
A2 (ﬁzfq FMa+ —a) A— My + 2od [

Up Up sl

| 10 10 10 Frequencln(mmec) 10l 10 10
W — \/—_""-fa —|— % w
o o Ni(s)=Zs+ UM, —2ZM )
M+ M+ e
(=- 2 Ni(s)=M,+2Z M )s+(ZM — MZ )

E% SHORT PERIOD TEST
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O Phugoid Approximation: During the Phugoid motion, the angle of attack is approximately
constant. Hence, an approximate result can be obtained by setting o = 0 and ignoring the
moment equation. Phugoid motion involves fairly large oscillatory changes in forward speed,
pitch attitude, and altitude, with approximately constant angle of attack;

alphais onstant

uw=Xu—gt |_\ . S
_qu = Zuu + qu + Z56 . TR — N Cls) = @
=0 et T s, 5(s)

From deltae To: tela
40

= The transfer functions denominator is

0 -3

Noxa-Lz —0

20f---

Magnitude (dB)

Up D
T [
60|
ol
270
go 4o
Wn = —— Ly Wh = ‘\,-'6— 225 L
(1) g 5 180
Q . _4Xu < . 1 CDD %135
2\.4.;‘1-! VE CLD E 50
45 -
D _;_
w — 107
N{(s) = gZ,
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= Root Locus Analysis: Recall that longitudinal static stability is affected by the static margin (>0
for stability). We can draw a variation of poles location as static margin changes (location of
center of mass closer to NP).

0.8 T T T T
cC =C (XCG _ XAC) Short-period ——
ma Lo\ & z i Short-period
06 ! Eﬂugoig moge + 7
SU ¢ ugoid mode |+
_ 2% . 04} f .
w 2[ 1 mao § ).(
Y e 02F '. .
© ' E
det(s] — A) =as' +bs’ +cs* +ds+e 8 . | MR o
P \ %)
@ E
a = U]_ — Za" &> 0.2 _
b = —[(Uy— Za)My+ Zo+ Ma(Uy + Zg) — Xou(Us — Zs, £
¢ = ZoM, —@Ul + Zg) + Xu[(Ur — Za) My + Za 0.4 1
+ ﬂf[a(Ul + Zq)] - Xchu 06 | |
d = —X,[Z.M, —U1 + Z) + Xl ZuM,
—  My(Us + Zg)) + g[ZuMe + My (Uy — Z4))] -0.8 ' : ' '
-0.8 -0.8 -0.4 -0.2 0
= ygl|Z M,z
¢ 9l "@_ wlal Real part of root

Locus of roots of longitudinal plant matrix for Boeing 747 in level flight at M = 0.25 as
standard seal level conditions as functions of c.g. location for values of static margin ranging from
0.22 to -.05. As the static margin is reduced, the roots of both oscillatory modes coalesce on the
real axis; one of the phugoid roots moves to the right and becomes unstable, while the other moves
to the left and joins with one of the short period roots to form a third oscillatory mode.

L]
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L Cosa succede nel caso in cui si vuole tracciare 'andamento dei poli in anello
chiuso al variare di un parametro che non e il guadagno di anello?

= Esempio: )
s +s+1

G(s) =
) s +4s° + ks +1

« Come variano i poli del sistema G(s) al variare di k ?

(33 +45° + 1) ks

S +4s°+ks+1=0 (53+452+1)+k5:0 +
<53 + 4s° —|—1) (53 + 4s° —|—1)

=0

ks
1+ 3 5 =0 = Tracciare il luogo delle radici per il nuovo sistema
(s + 4s —|—1)
) Root Locus
4_
Eq _ 3
1+ kG, (s) = o
S B 1
Gﬁq (8) . 5 S . P
(s + 4s +1)
g 2 L
T osl |
4 -
S5 4 35 3 25 2 A5 4 s (IJ 05
r T Real Axis (seconds’1)
==
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= Problem: Study the Longitudinal dynamic properties of Navion general aviation aircraft at sea
level (h =0 ft, M =0.158, V, = 176 ft/sec).

Center of gravity and
mass characteristics

W =2,750 Ibs

CG at 29.5% MAC
I, = 1048 slug-ft?
ly = 3000 slug-ft?
I, = 35830 slug-ft
le=0

Referance geometry

S = 184 fi?
b=-33.4ft
cabTHh
f-i-‘u -@ J
] =i I
General aviation airplane: NAVION
LDngiludinal Cj_ C D CL = Cpo Cm. CL.- C,.. é C;_ o Cn' CLM Cp ™ C, A C‘_‘f C, ma,
M = 0.158
Sca level 0.41 0.05 4.44 033 -—-0.683 0.0 —4.36 3.8 -9.,96 0.0 0.0 0.0 0.355 -0.923

il



AL

Automation and Robotics
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= _(C.'.l., F EC‘IIJ"}QS

_ "'{Cun — G, MO

‘H-u - Xw
ity Hllig
z, = —(C,, + 20, )08
filty,
—(Cy, + Cp )OS c
T = L = 20/Q Z.=C, —1% (25 b gri)
£ = 2, Zo =,
Z, = Cyy=— OS/m Zs = Cz, OS/m
Elh}
u, - ¢, @9
[ H‘}IJ
M, = C,, (g5e) M.=C,. £ g5
gl * iy wgl,
J‘f’?‘n iy ]w“ _""irl'. 5= H{;M\i.
M“. = E:.lll,i. i (QSE:I-"FIL- M&. = {r;lﬁ,[gsa.l"{y
i
U —0.0446  0.0357 0 —32.2|u
w —0.361 —1.978 168.8 0 ||lw N
g| | 0.0018 —0.0389 —2.885 0 q
0 0 0 1 0 |6

At X, X 0 —g || A
ﬂw e Z"Jr Zw HD ﬂ ﬂ“"l AO[ — &
Ag M, + M.Z, M,+ M2, M,+ My, 0 ||Ag Vi
Af 0 0 1 0 |LA#
X, X
N Z Zs, [ A8 }
Ms + MZs Ms + M.Z; || A6,
0 0
=  Units are: ft, sec, rad, Ibs
X, =-0446 Z =-0.361 M, =0 KXo =
X =00357 Z =-1.978 M, =—0.0488 Zypy = —0.855
X, =0 Z, =0 M, = —0.0049 M,, = —0.066
X, =0 Z, =0 M, = —2.006 0
0 = Consider the input - free response
—0.855
6
—0.066| * :
= oeiglh)
0
ans =
-2.4373 + 2.5209i
-2.4373 - 2.52091
-0.0165 + 0.21413
-0.0165 - 0.21413
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Phugoid

(long period) Short period

he = 0.69/|n| = 088 he = 0.69/|m| = 285
I]J"Z — 4“.3 8 .tll,rg = {]’-.28' 5

Period = 2wfw = 27/0.213 Period = 27w = 27/2.59
Period = 295 s Period = 2.42 5

Number of cycles to half amplitade

Number of cycles to half amplitude

£, = 0.6951

¢, = 0.0807

Wy, = 3.5965 w, = 0.2045

fip w w

Ny === 0110— MNp=0110—

1/2 P iﬂ' 12 Iﬂ'
_ (0.110)(0.213) _ (0.110)(2.59)

|-0.0171] | -2.5|

Ny = 137 cycles M = 0.11 cycles

v =
-0.0320 - 0.00121i -0.0320 + 0.00121 |—0.9932 + 0.00001i -0.93982 + D.DDDDﬂ
-0.59594 + 0.0000i1i -0.9554 + D.DDDDi| 0.0802 + 0.00121 0.0602 - 0.00121
0.0027 - 0.014%1 0.0027 + 0.014%i -0.0014 + 0.00011i -0.0014 - 0.00011
-0.0036 + 0.00241i -0.0036 - 0.00241 0.0009 + 0.006861 0.0009 - 0.00661
d =
-2.4373 + 2.52091 0.0000 + 0.00001 0.0000 + 0.00001 0.0000 + 0.00001
0.0000 + 0.00001 -2.4373 - 2.52091 0.0000 + 0.00001 0.0000 + 0.00001
0.0000 + 0.00001 0.0000 + 0.00001i |-0.0165 + 0.21411 0.0000 + 0.00001
U-E Tl 0.0000 + 0.00001 0.0000 + 0.00001 0.0000 + 0.00001i -0.0165 - 0.21411
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*" Frequency Response Analysis

btot =
Q Q -0.0305 1.6394 3.1327
] -0.8550 -13.6456 -0.6068 -0.81le8
0 —-0.0&660 -0.1002 —-0.0052 0
4] 4] -0.0&660 -0.1002 —-0.0052
atot =
1.0000 4.9076 12.5026 0.6317 0.5668
ELEVATOR TO ANGLE OF ATTACK
-20 . . : .
0
=
o 60
T e0p
= o0k
120
180
B 135
= 90
45L - - -
107 107 10° 10 10° 10°
Frequency (rad/s)

i
=

ELEVATOR TO FORWARD SPEED

= ir
s e o

Magnitude (dB)

[
=

-200

360

270

180

Phase (deg)

90

10 10’ 10
Frequency (rad/s)

Magnitude (dB)

Phase (deg)

ra
=

b
=

&
=

co
=

=
=]

ELEVATOR TO PITCH RATE

-120

10" 10° 10° 10°
Frequency (rad/s)
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= Time Response (Impulse)

80 100

Time (seconds)

120 140 160 180

Impulse Response
:04 I I I I I I I I I =
3 02f . o
° o
F o | | | | L | | F o
0 2
o o
3 5 0
5 o
= 2 F 2
— 01 T T T T T T T _ 01
D o
O Dfrerrerrrrrr s e ————— - 5 0
o o
= | | I | | Y
- T T T T T . 002
o T
5 0.01f - B
s 5
™ 0.0 | | | | | | | | | =
0 0.1 02 03 04 05 0.6 0.7 0.8 09 1 )
Time (seconds)
U
w=176-«
q
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= Time Response (Unit Step)

Step Response

Step Response

14
@

=
i

To: Out{1)
(=]
f=]
o
T
\
\

o

-0.05 :

o

T 05 l—
ol

To: Cut{2)
To: Out(2)
(
3
|
§
£
(:
\:‘
l;
f
|
i
|

|'
|

3 8
3 g L | L) | | | R | I k| 2 | I I I I . i
EL 0 < T T T T T ; % 0.01 - .
< . < - _
- — T —

& -0.005 - \\ il @ 0 feoee e VSOOI SOUR, \..\ / T e T -

g N g — —

o ~— 3 _

& oo | T~ R £ 001 J

| I p———
0015 I I I I I I -0.02 L 1 L L L I
0

F -0.005 T

= g

a &

& &

2 00 =

TS I I I I I | I | ‘ 006 ‘ ‘ ! L L . . L
o 01 02 0 . i 5% .- - - 5 0 20 40 60 80 100 120 140 160 180

- - - - ' ' ' Time (seconds)

Time (sécon ds)
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Initially, pitch angle and angle
of attack are the same in
magnitude, thus flight path is
zero

v=0—-«

Amplitude

To: Out(1)
£

-0.002 -

-0.004 |-

To: Out(2)

-0.008 |-

0.01 -

-0.012

-0.005 |-

To: Out(3)

0.015 -

-0.02

-0.006 [

0.01 -

103 Step Response
T T T T
|
T
--HKKHH
—
~_
—
~—
H““\-—_.
E\
| | I |

0.1 0.2 03 0.4 05 06 07 08 09 1

Time (seconds)

o 2 o 9

= Astime increases, the angle of attack
goes to zero, and the flight path angle
rotates with pitch angle
Step Response
1] T T
-0.002 |-
= —D.DD4}‘
3 -0 DDB]’
= 00080\ ... £ N e PPN o U I
om | «/ i - -
0012 . L L L L L L .
0.02 — T T T T T T T
ol - ~ s
g \ ‘ | / \ A S N e
2 300 - - .
Ee |\
<
004
-0.06
0.02

To: Cut{3)

-0.06

| I I I I I I |
0 20 40 60 80 100 120 140 160 180
Time (seconds)

a— 0

v —0
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Short Period Approximation

L 7 Ve 7 _— 7 X =—0446 Z =-0361 M, =0 v o
=2 =2,w+U,+2)q+Z X =00357 Z =-1978 M, =—0.0488 s s
—Mw+q¢=Mw+Mqg+ Mb X, =0 Z =0 M, = —0.0049 MéE B 0.066

_ _ _ 6B O
w = an Xq =0 Zq =0 Mq = —2.006 0
>> eig (ASE)
L= + 5 wﬂ:\/—ﬂf@—i—g ans =
q —6.60 —2.8331||q —0.0618 o
Mg+ Mg+ %O“ -2.4055 + 2.5332i
- 2w, -2.4055 - 2.53321
Short period
{] 69 ANGLE OF ATTCAK, SHORT PERIOD PITCH RATE. SHORT PERIOD
i = 0.69f|m| = —5s o . 5 & AT
; 40k 40k
bya = 0.28 3 E’ 60 |--- é’ G0
Period = 2u/w = 2w/2.59 ':%, 80(- %, 801~
=

Period = 2.42 s A00 - = 00

Number of cycles to half amplitude 18 30

Nip= ﬂ.llﬂ—ﬁ-{- ER g o0

[l B
o £ 180
_ (0.110)(2.59)
|_25| 4?[]-_-2--‘.... = - m-z- »103 9?01 ______ 10_2__;_”_ 10__..;_.',.:. :::J.D..;..L.L111'.110._...... 102
Nl.-‘z — ﬂll C}"C!.BS Frequency (rad/s) Frequency (rad/s)

-

E-
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u PhUgOld Approximation »> eig (APH) . PITCH ANGLE, PHUGOID
/l:[/ — qu - ge ans = g EQ--
U =2Zu+ qu + Z,6 -0.2230 + 0.13381 Eg’-mo—--
. 9 —0.2230 - 0.13381
1= r
y F 0
—U. — . 0 D =
il _[-0aa6 —22fful T o0 |\, [op 56
0 0.0021 0 0 0.0051| % to . i:g .
C: ;Xu C: T CDD 718?0'3-;"' 0t 0 Im’ I 10" 10°
wﬂ 2 LU Frequency (rad/s)
Phugoid - FORWARD SPEED, PHUGOD
{long period) oF
_ _ 069 S
hyz = {],69;’|1?| —0.0171 :
f]lln'z = 4&3 g = -150 "
Peried = 2/w = 24/0.213 g
Period = 29.5 5 - -
Number of cycles to half amplitade : ,
e w 5
N1.-"I = Ti = Ell IDH '1830}"1
Frequency (rad/s)
_(0.110)(0.213) o
| "‘D.'UIITII
N],n"l = 1.37 C}"CIE-S




Atmospheric Flight Dynamics

Influence of stability derivatives on the long- and

short-period motions

] S g e,

Stability derivative Mode affected How affected

M, + M, Damping of short- Increasing M, + M,
period mode of motion increases damping

M, Frequency of short- Increasing M, or static
period mode of motion stability increases the

frequency

X. Damping of the phugoid Increasing X, increases
or long-period mode of damping
motion

£, Frequency of phugoid Increasing 2, increases

mode of motion

the frequency
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Labaratory

O Linearized Lateral — Directional Equations of motion: Coupling between inputs and state
variables is more significant compared to longitudinal motion

4 _vlv-y Y, Q0 = V3.6 - -
5~ Yo v~ Yo+ [uo = Yi]r — gocos ©9p = Y5, 5, = Equations of motion can be
d I. d written in terms of non -
—Lyv+ [E - LP} P [IE + L’] r=Ls. 0y + L5, 0 dimensional stability derivatives
I,. d d as well
—Nyjv— |——+N,|p+ |— —N,.|r= Ny 6, + N; o,
't [L d ”]p [dt ]’ s b
1 oL  QSb
Ls. =135, = T, Cte=
Variable Y L N x J0q P
L= 1oL _Qsh.
s T B o
v Y,=22Cyy | Lo=12Cis | No=122C,5 .95, I
, Sb Sp? " SH2 v, - LON — QSb
r }}J = .QCI::I_U[]Cyp Lp = %mclp .'.\'p = %mcnp N by = E3ﬁa = I: Cna'a
s _ QSb 0SB r_ 0Ssy?
r=T.95, I "
v
. p 0, —
z(t) = Az(t) + Bu(t) z(t) =" |;u(t) = 5 Note: It is equivalent to use v or
¢ R U,B as state variable
"
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= Expanding the dimensional system matrices yields:

= For many vehicles, the product of inertias

Y, Y, gocos©, Y, —ug
Lu‘i‘i'mNu LP—I_E-'ENP U Lr‘]‘imNr
1—iriz 1—irziz 1—iziz

0 1 0
Ntl_]_ith? NP_!_I-Z'LP 0 Nr‘]‘?:zLF
1—irziz 1—igiz l—igiz
s, 0
Ls. +iaNs. L, +izNg,
1—igziz 1—iziz
0 0
NJT +“£.-sz51.. Néa_ +1.'2L5G
1—iziz 1—iziz

I.1

ITZ2

thus an approximated form becomes (see primed derivatives next):

Y

v

Y
P

L +IN L +IN,

0 0
Nv + Izsz Np + Izsz

g, cost,
0
1
0

Yr o Uo
LT + szNr
0

N +1IL

Y,
L&r + Ixm N&r
0

N(Sr + Izz L(Sr

is negligible compared to unity,

0
L&a + [:m:Néa
0
N(S(L —I— IzzL(Sa,
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Atmospheric Flight Dynamics

= Primed Derivatives (A ’): The cross — product of inertia terms in the lateral — directional
equations can be eliminated by a simple mathematical procedure:

A
IB - [xz / Izz

5 =Ly 1N,

Lp = Lp + IBNP

) 'Er — Lr —|_ [BNT
L5A - LéA +[BN6A
\LéR - LaR + IBN(SR

N =N, +11I,

z(t) = Az(t) + Bu(t)

0
o(t) = [ u(t) = |
.¢.

v="Yuv+ Uor—(gCOS'yO)gb —l—stRéR

1p=Lv+ Lpp + Lr+ L6A6A + L6R(5R

f: va—i—Npp—l—Nrr—i—NéA(SA +N§R5R

Np = Np + IALP

Nf:Nr+[ALT gszp—i—rtan@o

NéA :N6A+[AL6A ¢2r8e090

N{SR — N(SR +IALéR
Y 0 U, —gcosf, 0 ¥
L L L 0 L L

A — U' P' 7"' B — oy 6R

N N N 0 N, N,
_O 1 tan6, 0 _ 0 0

______ N L
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= Augmented state vector including kinematic equations

v="U,0 v=Yv+Ur— (9 Cos 90>¢ + Y6R6R  Side velocity
Yor Yoo RV « Crossrange
p=1Luv+ Epp +Lr+ EaA‘SA 4+ L'6R6R * Body axis roll rate

1. A . | | | e Body axis yaw rate
r=Ny+Np+Nr+ N5A6A + N%(SR e Body axis roll angle

p

.

) Cb = p+rtan6,  Inertial axis yaw angle
v=x—0 \Lb:TSGCQO
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= Traditional lateral — directional dynamics are characterized by 3 natural modes associated to
the 4 eigenvalues and relative eigenvectors. Consider the free response:

4
z(t)=| |= A Rl sin(Im[)\l2]t 4+ B) LM 1+ DM — Zvi“?woeAit
im1

BN

Roll Mode: A first-order convergent mode of relatively short time constant. The roll
mode consists of almost pure rolling motion and is generally a non-oscillatory motion

showing how rolling motion is damped. The primary stability derivative involved in the
roll mode is L,, and the primary control power is provided by the ailerons with Lg,

initial flight
path

Spiral Mode: the spiral mode is usually very

slow and often of not critical importance for .,;mm.m.'
piloted aircraft. It is almost a pure yaw motion .
combined with induced roll (N,). A 747 has a neioae [
nonoscillatory spiral mode that damps to half A Jg’ﬁﬁi o
amplitude in 95 seconds under typical / o

AW sidestip
k_ disturbance

divergence

conditions, while many airplanes have
unstable spiral modes that require pilot input
from time to time to maintain heading.

roll stability
inadequate

I initial flight
s, Ccondition (trim)|
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Dutch Roll Mode: is a coupled roll and yaw motion that is often not sufficiently damped
for good handling. The response consists of a combined rolling, sideslipping, yawing
motion reminiscent of a (Dutch) speed-skater. Transport aircraft often require active yaw
dampers to suppress this motion. High directional stability (Cﬂﬁ) tends to stabilize the

Dutch-Roll mode while reducing the stability of the spiral mode. Conversely large
effective dihedral (rolling moment due to sideslip, Clé’) stabilizes the spiral mode while

destabilizing the Dutch-Roll motion. Because sweep produces effective dihedral and

because low wing airplanes often have excessive dihedral to improve ground clearance,
Dutch-Roll motions are often poorly damped on swept-wing aircraft.

5 -
p n L Roll right
( == =
4t ] 3
'\\

N\, Yaw left
Sideslip

left \
‘\ ; = _l?ril\ right
’L = 1
0 -

Yaw right ’ b . " %p» | left
“'. / oll left
z/ - g
n ‘_\/v Sideslip

_ak . 2 L right

E% DUTCH ROLL

Fadpilot
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= Example: Boeing 747 aircraft in a powered approach at Mach 0.25 and at standard sea-level

conditions.
. 3 Ibg - s?
V =279.1 ft/sec, p=0.002377 slug/ft Lslug =1 —
S = 5,500. ft?, F=97.3 1t

W =564,032. 1b, I, =32.3 x 10° slug-ft>

W = 564,032. 1bf, b= 195.7 ft
I, =14.3 x 10° slug ft?, I, =45.3 x 10° slug ft?, I,, = —2.23 x 10° slug ft>

Cys=-96 C, =00  Cy =00 Y, = —0.0999, Y, = 0.0, Y, = 0.0
Cig=-.221 Cj,=-.45 C;. =0.101 L, = —0.0055, L,=—-1.0994, L, = 0.2468
Cns=0.15 Cp,=—121 C,, = .30 N, =0.0012, N,=-.0033, N,=—.2314
~0.0099  0.0000 32174 —279.10 o 2
A _ | 00057 10032 0.0  0.2850 o Apr = —-08066 £ 2 0.7433
| 00 1.0 0.0 0.0 () = | sec Aroll = —1.2308
0.0015 —.0395 0.0  —.2454 oo Aspiral = —.04641
—0.0999 0.0000 0.1153 —1.0000 6= -[rad
A | 16038 —10032 00 02850 rad
0.0 1.0 0.0 0.0 R
@ 0.4080 —.0305 0.0  —.2454 |t
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The damping ratio of the Dutch Roll mode is thus given by

1 1
LB g \/—2 = 0.1079
() Vi G
DR

In2 In2
by = B B 0.563 sec
and the undamped natural frequency of the mode is el & 1.2308
—épr _ 0.08066 1 In?2 In2
AT = = 0.7477 sec _n _ _
DR (or 0.1079 1/2, i = - = 00464l — 14.93 sec

The period of the Dutch Roll mode is then given by

9 o
Top = A 2 — GiEA

wnoy/1—C2  0.7477v/1— 0.10792

and the number of cycles to damp to half amplitude is

_In2y/1-¢C In2v1-0.1079°
Y2or T o T ¢ T 2x  0.1079

=1.016

Thus, the period of the Dutch Roll mode is seen to be on the same order as that of the longitudinal
short period mode, but is much more lightly damped.
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L Frequency Response Analysis: if we assume availability of all state variables from
measurements, the transfer function matrix has dimensions 4x2. Here are typical responses
to ailerons input.

" ar(jw) T Ap(j) Tapljw) 7 Adljw)
A8A(jw) ASA(jm) AsA(jw)  AsA(jw)
g gl - — 2 -
E JE= Yaw Rale E g ‘.._L-:‘ ngle 'E . nﬂv[r] #", E 3
g LB I S "
== =t - £ 3 v 3 Ayle
&5 | Sideslip Angle 9 m » ~7 2
LN g_;g . ﬁ . St O =1000
g 3 F_m _ 1] y ¥
& R0 L ! 0 w20 w % 10 20 ag
10 1w 10 g 1! e s Time. s
Ingast Frsguancy, racd's ¥ . o i
g P §ou| 210 § 7| a0
§ ﬁ—ﬁs /—\\ gum Yaw Rato An(t) -E 1 S / S
< - = - i 004 B 5 Roll Angla _:,J:'
é E-m ',*' “'1_1 gﬂnzV Roll Rate ] ' 1‘_,.-_*,',:" Ag(t)
o? 10?10 w0 0 _mu:: ot e wd H.‘|;,.1 2 %o 10 0 w€ % w 20 o
! ll'-p-.t Fn:aqm;_ rads ! ot Ffm'v::r A Time, s Tima, &
« Yaw/sideslip sensitivity in the vicinity + Roll rate response is relatively benign
of the Dutch roll natural frequency « Ratio of roll angle to sideslip response
is important to the pilot
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L Frequency Response Analysis: if we assume availability of all state variables from
measurements, the transfer function matrix has dimensions 4x2. Here are typical responses

to rudder input
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a0 50
g F===._ Roll Angle
Fﬁ 20 . L -
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=50
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-180 “-u- <
107 ¥ ' 1wt 1! Ll T+ R [ R [ L -
Irpnst Frequency, radis Ingrst Froquency rad's
a ®)
» Yaw response variability near and below
the Dutch roll natural frequency
+ Significant roll rate response near the
Dutch roll natural frequency

Tiimh, & Timo, &
oo P ¥
o .2
001 f Yaw Rala % 7 Roll Angle
-002 - ] =
Ar(t 02 =
—Om . { } i_ﬁq -\-*""\a-‘?{f:l
004 Roll Rate 47(t)|{ ¢ -08 1w Angle N
pero N Z-08 Ay (t)
-D.0& E i ‘
o 10 20 ag 0 0 - P
Tiersir, & Time, s

- Lightly damped yaw/sideslip response
would be hard to control precisely
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O Lateral — Directional Modes Approximation:

J Roll Mode Approximation: at low angles of attack (no coning motion), we can reduce the
dynamics to pure roll rate variation:

1—-11 )p= Lp+1I Np+ I 5, * Example Boeing 747 power approach, M = 0.25
A = L+ 1N, ~ L A= —1.0994 + (~.1556)(—.0933) sec ! = —1.093 sec™!
R 1—1 1) T 1 — (—.1559)(—.0492)
M 7\«fu” — —1238

J Spiral Mode Approximation: The spiral mode consists of a slow rolling/yawing motion for
which the sideslip is relatively small. The roll rate is quite small compared to the yaw rate, so
a reasonable approximation is to set roll rate equal to zero:

dp _ o _LoticNe Ly +iy Y A Ly

at 14,4, T 144, Lo+ i.N, L

dr Ny +i,L, Ny +i.L, . ; LrNu
a1 U I r_[Nr_ 7

L]
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L.N,
L v

= Spiral Mode eigenvalue approximation A=N, —

= According to this approximation, the spiral mode is stabilized by yaw damping N,. Also, since
stable dihedral effect corresponds to negative L, and weathercock stability NV, and roll due
to yaw rate L, are always positive, the second term is destabilizing; thus increasing
weathercock destabilizes the spiral mode while increasing dihedral effect stabilizes it.

0.2468
—.0055

= Example Boeing 747 power approach, M =0.25 A= —.2314 — (0.0012) = —.178

A, = —04641

J Dutch Roll Mode Approximation: The Dutch Roll mode is particularly difficult to approximate
because it usually involves significant perturbations in all four state variables. The most useful
approximations require neglecting either the roll component or simplifying the sideslip
component by assuming the vehicle c. g. travels in a straight line

4

v
~-—fForr=——
v v U




@Bg Atmospheric Flight Dynamics m ﬂ—/\jW_/J_L

=  With the approximation: 1 — 1 I _~ 1

IT 22

0 o gl v, o |
p|=|L, L, L |p+|L, L 5R
/I[N, N N _|r| [N, N, [*

A3 — (Lp + Np) A2 + (LpNy + ugNy — LeNp) A+ up (LyNp — LyN,) =0

= This is still a cubic equation, for which there is no general closed-form solution. A useful
approach to cubic equations that have a lightly damped oscillatory mode is Bairstow’s
approximation, which proceeds as follows. If a general cubic equation:

MyaX+ad+a=0

has a lightly damped oscillatory mode, its undamped natural frequency can be
approximated as
adp

aoX? +ag~0 or AN =~ —
a2

[12}.2+(G,-1—E)}\+{ID =0

@ e}
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= |n our case, we obtain:

A? =0

LpNy +uoNy — LNy | uo (LulNp = LyNu) | | o (LpNy = LulNy)
Lp+ Ny (L, + N,)* L, + N,

w2 — o (LpNy — Ly Np)

" Ly + N

Since N, is usually negative, both terms in the numerator have the same sign for stable dihedral.
Thus, increasing either weathercock stability IV, or dihedral effect L,, increases the natural frequency
of the motion.

—L,N, —uoN, + L,N,  uo(—L,N,+L,N,)
Ly + Ny (Lp + N,)?

For most aircraft, the ratio N,./L, is small,

Unp Np i
2 ~—-N,.|1+ =N — | L, — —L
qwﬂ ! ( " LJEJ U) " LP ( ' LP‘ 1’)
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Yaw damping is thus seen to contribute to positive { and be stabilizing, and weathercock stability
N, augments this effect. Since both N, and L, usually are negative, however, the dihedral effect L,
is seen to destabilize the Dutch Roll mode.?

5Recall that there are two contributions from the wing to the yaw-due-to-roll derivative Np: profile drag contributes
to positive Np, while induced drag contributes to negative Np. At low values of lift coefficient (i.e., high speeds) the
profile drag contribution can dominate, in which case Ny becomes positive. In this case, increased dihedral effect can
improve damping of the Dutch Roll mode. Consistent with this observation is the fact that Dutch Roll tends to be a
more serious problem at low speeds.

= For our example of the Boeing 747 in powered approach at M = 0.25,

/2
(279.1) [(~1.0094)(0.0012) — (—.0055)(—.0033)]  _,]* »
_ — 0.620
“n —1.0994 — 2314 See 5ee
and
—1.0994)( —.2314)—(.2468)(—.0933)4+(279.1)(0.0012 —.0055)(—.0933)—(—1.0994)(0.0012
C _ ( ){ )—(]..UQQJI)E.?SIJI } { :]( ) + (279'1)( )((—1.0934—(.2314)2 ){ }
= 9(0.620)
—0.138

X, = —0.0856 + j0.6141

D

ApR = —.08066 + ¢ 0.7433
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= |nfluence of stability derivatives on lateral — directional eigenvalues

= Tewo CI8 * The dihedral effect C’lﬂis increased from -.041 to -.561.

Rolling mode ——
Dutch Rall
Dutch Roll  ———
Spiral mode ——

_ 05} |
[=}
e
k)
&
=3 0 |- S -
[y
@
£
&
E
05 F -

-1 I I 1 1 1 I
-1.4 -1.2 -1 -0.8 -08 -0.4 -0.2 0

Real part of root

all other stability derivatives are held fixed at their nominal values. Rolling and spiral modes become
increasingly stable as dihedral effect is increased; spiral mode becomes stable at approximately
Cig = —.051. Dutch Roll mode becomes less stable as dihedral effect is increased and becomes
unstable at approximately C;z = —.532.




@Bg Atmospheric Flight Dynamics m ﬂ—/\jW_/J_L

= |nfluence of stability derivatives on lateral — directional eigenvalues

Sb - . . .
N, = f‘:uocng * Weathercock stability coefficient C’nﬂls increased from -.07 to 0.69.
IIQDIIing mode —+—— I ' I ¥
Dutch Roll ¥ %‘
1+ Dutch Roll  —— -
Spiral mode —— f_'&
o \x
5 osf | -
B ""
=
o
o 0 [ e FE—— T .
by
(1]
£
o %
E 05F AT 1
Al f( _
1 | 1 | 1 |
-12 -1 0.8 06 04 -02 I]
Real part of roat

all other stability derivatives are held fixed at their nominal values. Rolling and spiral
modes become less stable as weathercock stability is increased; spiral mode becomes unstable at
approximately Cyg = 0.6567. Dutch roll mode becomes increasingly stable as weathercock stability
is increased, but is unstable for less than about C,z = —.032.

L]
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U External Disturbances: primary influence due to gusts and turbulence. Using linearized models,
the influence of disturbances is added to the equations of motion.

= Example of introduction of vertical gust w, in the longitudinal equations of motion

k t
Wg(t) =‘?(1—‘C0527‘E"7—_“)

u+ Woq + gcos O = Xy (u — uy) + Xy(w — wy) + X (w0 — w,)

+ Xo(q — gqq) + >, X5, (3.1)
w — Upg + gsin©gl = Z,(u — ug) + Zy(w — wy) + Zy(w — 1iry)
+ Zg(q — q9) + D_;Z5,0 (3.2)
4= M,(u—uy) + My,(w — w,y) + My(w — w,)
+ :Uq(q — qy) + Z,;\fa,(S, (3.3)

= Turbulence models use velocity characteristics represented by white noise processes with
specified power spectra (i.e. Dryden Spectra), according to turbulence severity, aircraft
type, flight condition, etc.
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Glossary

Altitude

Quota

Flight Envelope

Inviluppo di volo

Lift, Drag

Portanza, Resistenza

Wind, Velocity, Stability Axes

Assi vento, velocita, stabilita

Steady Pull up

Cabrata

Steay condition

Condizione non accelerata

Maneuver

Manovra

Still Atmosphere

Atmosfera a riposo

Dynamic Pressure

Pressione dinamica

Camber

Curvatura

Airfoil

Profilo (alare)

Straight level flight

Volo livellato

Climd, Descent

Salita, discesa

Boundary Layer

Strato limite

Flight Path

Traiettoria di volo
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Inviscid, Irrotational Flow

Fluido non viscoso, irrotazionale

Steady Coordinated Turn

Virata coordinata

Leading, Trailing Edges

Bordo di attacco, di uscita

Angle of attack, Sideslip

Angoli di attacco e di derapata

Downwash

Downwash

True, Ground, Indicated, Calibrated Airspeed

Velocita vera, al suolo, indicata, calibrata

Heading

Direzione

Bank

Inclinazione

Aspect Ratio

Allungamento alare

Longitudinal, Lateral-Directional Stability

Stabilita longitudinale, latero-direzionale

Wing Sweep, Dihedral Angle

Freccia alare, Angolo diedro

Trim, Static Margin

Equilibrio, Margine statico

Stability Derivative

Derivate di stabilita (derivate aerodinamiche)

Elevator, Horizontal Stabilizer

Equilibratore, piano di coda orizzontale
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Ailerons, Rudder, Fin, Tail

Alettoni, timone, deriva, coda

Lift Curve Slope, Aerodynamic Center

Pendenza curva di portanza, Centro
aerodinamico

Weathercock Effect

Effetto banderuola

Short Period, Phugoid

Corto Periodo, Fugoide

Roll, Spiral, Dutch-Roll

Rollio, spirale, Dutch-Roll

Gust, Turbulence

Raffica, turbolenza

Wake

Scia

Neutral Point

Punto neutro

Vorticity

Vorticita

Horseshoe Vortices

Vortici a ferro di cavallo

Slats, Flaps

Slats, flaps

Winglet, Spoliler

Aletta, Spoiler

Load Factor, Turn Rate

Fattore di carico, Velocita di curvatura (long.)

Handling Qualities

Qualita di volo

Pitch, Roll, Yaw

Beccheggio, Rollio, Imbardata
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The brief history of 737 max problems:
Viewer advisory

https://www.youtube.com/watch?v=H2tuKii

znsY




