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Absfracf-In this  paper  it  is  shown  that  variational  techniques 
can  be  applied  to  solve  differential  games.  Conditions  for  capture  and 
for  optimality are derived for a  class of optimal  pursuit-evasion 
problems.  Results  are  used  to  demonstrate  that  the  well-known 
proportional  navigation  law is actually an optimal  intercept  strategy. 

I.  IXTRODUCTION 

T H E  STUDY OF differential  games  was  initiated 
by  Isaacs in 1954 [l] .  His  approach  was  basically 
formal  and  did  not  make  extensive use of classical 

variational  techniques;  instead,  his  approach closely 
resembled the  dynamic  programming  approach  to 
optimization  problems.  In 1957 Berkowitz  and  Fleming 
[2]  applied  calculus of variations  techniques  to  a  sim- 
ple  differential  game. In a later,  definitive,  paper [3], 
Berkowitz  gave  a  rigorous  treatment of a  wider  class of 
differential  games,  again  based  on  the  calculus of varia- 
tions. The  paper,  however,  did  not  treat  any specific 
examples.  Recently,  advances in the  computational 
solution of variational  problems  has led to  a renewed 
interest in the  subject of differential  games.’ 

A differential  game  problem  may  be  stated  briefly, 
and  crudely,  (a more  detailed  and precise formulation 
can  be  found  in  Berkowitz [SI), as follows: 

Determine  a  saddle  point for 

J = +(x(T) ,  T )  + L(x, ZL, L’, t)dt JOT (1) 

subject  to  the  constraints 

1 = f (X,  Zd, v, t ) ;  s(t0) = -20 (2) 

and 

u E L.T(t), u E V(t)  ( 3 )  

where, in the  parlance of game  theory, J is the payoff, 
x is  the  (vector)  position  or  “state” of the  game, u and v 
are piecewise continuous  vector  functions,  called  strate- 
gies, and  are  restricted  to  certain  sets of admissible 
strategies xvhich depend,  in  general, on the specific prob- 
lem to  be  solved,  and  a  saddle  point is defined as  the 
pair ( u 0 ,  vo) satisfying  the  relation 

J(u0, c) I J(u0, 8 0 )  I J(u,  UO) (4) 
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for arbitrary u E  U ,  o E  I’. If (4) can  be  realized, ? t o  and 
YO are called  optimal  pure  strategies  and J(uo,  v0) 
= W ( x o ,  t J )  is called the  value of the  game. 

The  similarity of the differential game problem to 
the  problem of optimal  control  is  immediately  apparent; 
i t  is only necessary to  identify  strategies .rvith feed- 
back  control  laws [;.e., to  qualify as strategies,  the 
controls  must  be  given  by ~ ( t )  = k ( x ( t ) ,  t )  E L’(t) and 
~ ( t )  = R(x(t) ,  t )  E Y ( t ) ]  and  note  that  the  value satisfies 

T . v ( ~ ~ ,  to)  = Min Max { J J  .* 
U E G  El’ 

Indeed,  stated  simply, differential  games  are  a  class of 
two-sided  optimal  control  problems.  (>lore  precisely, 
optimal  control  problems  are  a  special  class of differen- 
tial  games.)  Nevertheless, i t  is important  to  note  certain 
differences  between the  optimal  control  problem  and 
the differential  game.  First,  although  feedback  control 
is desirable in the one-sided  problem i t  becomes  almost 
mandatory in the  game.  (It is  perhaps  useful to consider 
open-loop  control as  a  “move,”  corresponding  to a single 
position of the  game.) A second  difference,  obscured by 
the  previous  formulation of a fixed duration  game, is 
that ,  in  more  general  games, i t  is not at all certain  that 
the  game will terminate.  In  fact,  special  precautions 
are  often  required  to  assure  termination of the  game. 
In  spite of these  differences the  analogy  between  op- 
timal  control  problems  and  differential  games  suggests 
that  the  techniques of variational  calculus,  especially 
as  applied  to  optimal  control  theory,  should  prove use- 
ful  in  solving  differential  games. The  purpose of this 
paper  is  to  illustrate  that  this is  indeed so by solving  a 
class of pursuit-evasion  problems.  Conditions  for  cap- 
ture  and  optimality will be  derived.  These  conditions 
will further  illustrate  the  analogy  between  optimal  con- 
trol  theory  and  differential  games. -4s an  interesting  by- 
product,  it will be shown that,  under  the  usual simplify- 
ing  approximations  to  the  equations of motion of the 
missile and  the  target,  the  proportional  navigation  law 
used  in many missile guidance  systems  actually  con- 
stitutes  an  optimal  pursuit  strategy.  The  approach in 
this  paper will be  mostly  formal.  However,  a  rigorous 
foundation  for  most of the  paper  may  be  found in  Berk- 
owitz [3]. 

Max J = h x  Min J. This is not  necessarily true and in such cases 
For W to  be  the  value of the  game  it  must  also  be  true  that  Min 

pure  strategy  solutions  do not  exist.  In this  paper  the  existence of 
pure  strategy  solutions will be assumed. 
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11. CLASS O F  OPTIMAL PURSUIT-EVASION GAMES 

hlodern  control  theorists  have  investigated  the  prob- 
lem of controlling a dynamic  system, in some  optimal 
fashion, so as  to  hit  a moving  target.  IYith  rare  excep- 
tions,  Kelendzheridze  [4]  for  example,  these  investiga- 
tions  allowed  only  the  pursuer  to  control  his  motion:  the 
motion of the  target  was  completely  predetermined. A 
straightforlvard  generalization of such  problems  is  to 
provide  the  target m-ith a capability  for  controlling its 
motion.  il’hen  this is done,  one is led,  quite  naturally, 
to  the  consideration of a pursuit-evasion  differential 
game.  Such  a  problem  is  probably  the  most  easily  visual- 
ized of all  differential  games.  In  fact,  Isaacs  largely 
motivated  his  study of differential  games  through  dis- 
cussion of pursuit-evasion  problems.  In  this  section a 
special  class of pursuit-evasion  games  is  investigated. 

Consider  the following game: 
Determine  a  saddle  point ( ~ ( t ;  xo, to),  o(t;  x o ,  t o ) )  for 

with,  the  evader  at  some fixed time T while the  latter 
attempts  to do the  opposite;  both  have  limited  energy 
sources.  An  open-loop  version of the  game  problem  is 
considered  here  since uo and v o  are  sought  as  functions 
of time  only.  However,  for  this  problem,  this  approach 
eventually  leads  to  the  optimal  strategies,  as will be 
sho\m  later.  Finally,  a  considerable,  and  meaningful, 
simplification  is  possible by  reformulating  the  problem 
in terms of the k-dimensional  vector 

z ( t )  = A[@#-, t)S,(t) - %(I-, t ) X , ( t ) ]  (9) 

\\-here aP( T ,  i) and a,( T ,  t )  are  the  impulse  response  ma- 
trices  for  the “p” and “e” linear  systems,  respectively. In  
terms of z ( t ) ,  a completely  equivalent  problem  may  be 
stated  as: 

Determine  a  saddle  point of 

subject  to  the  constraints  where5 

i, = F,(f)s, + G,(r)zc; - T p ( f O )  = xpo (6) G, = A+,,(T, t)cp(t) (1 2) 

9, = F,(t)X, + ??&)a; x&) = X e p  (7)  and a similar  equation  defines G,. This is the  problem 

and which will be  solved  here. If desired,  the  results  are 
easily  translated  into  results  for  the  problem  originally 

4 0 ,  40 E R”, (8) stated. 

n-here x p  is  an  n-vector  describing  the  “state” of the 
pursuer, ~ ( t )  is  an  m-vector  representing  the  control of 
the  pursuer, F J t )  and ??,(t) are n x n  and n x.m matri- 
ces,  respectively,  continuous  in f and  identical  state- 
ments  apply  to  the  evader  and x,, v ( t ) ,  F,( t ) ,  and G,(t) ;4  

Rm is the  m-dimensional,  open  Euclidean  space: R,(t) 
and R,(t) are mX.m positive  definite  matrices of class 
cj in t .  The  matrix A is of dimension k Xn,  15 k < n ,  
given by A = [ I k :  01, where I& is  the k-dimensional 
identity  matrix.  The  positive  quantity ax is  introduced 
to allow for  weighting  terminal  miss  against  energy. 
The  game  is  one of finite  duration, T being  a fixed ter- 
minal  time. I t  is a game of perfect information; both 
pursuer  and  evader know the  dynamics of both  systems, 
(6) and (7), and at any  time t they know the  state of 
each  system x p ( t )  and x,( t ) .  

Several  points  concerning  this  formulation of the 
game  are  worth  noting.  The  interpretation of the  game 
is that  the  pursuer  attempts  to  intercept,  or  rendezvous 

2 a’/21/Xp(T) - X e ( T )  IIATA* is only a seminorm  for ATA 20.  Super- 
script T denotes  transpose. 

of the  same dimension  for  convenience  only. The formulation  and 
The  state vectors of the  pursuer  and  evader  are assumed to  be 

results are readily modified if this  is  not  the case.  Similar  statements 
apply for the  control vectors. 

Ken-, the  standard  variational  procedures as applied 
to  one-sided  optimization  problems  [5],  are  formally 
applied  to  this  problem. A vector  Lagrange  AIultiplier 
function A ( t )  is introduced  to  adjoin  (11)  to  (10).  Varia- 
tions 6 u ( t )  and 6 v ( f )  about  a  particular  pair of open- 
loop  controls u ( t )  and v ( t )  are  considered.  Retaining 
terms  up  to  the second  order in 62, 611, and 6v, the  change 
in J is  given  by 

6-7 = [&(T) - X(T)]TGz(T) + - IISz(T)/[~ ax 

2 

+ JOT { [ X T  + H,]6z + H& + H&} dt 

n-here H is  the  Hamiltonian,  defined  by 

H(X,  z, zc, v, t )  2 $(I~Z~.!~IZ: - lizlI[ R , ~ )  + hT(G,u - G e t ) .  (14) 

The necessary  conditions  for  a  saddle  point,  obtained by 
requiring  the  first-order  terms in (13) to  vanish,  are 

of some  functions will be  omitted. 
5 For convenience, and when no confusion  results, the  arguments 
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XT =-Hz = 0:  X(T) = a%(T) (15) 

H u = O  * u = - Rp-’GpTX(t) (16) 

H , = O  * Z’ = - Re-’GeTX(t). (li) 

Substituing (16) and  (1 7)  into  (1  l),  one  obtains  the 
following,  particularly  simple,  linear two point  bound- 
ary  value  problem 

z’ = G,u - Gp; z(t0) = zo 

ir = 0;  X(T) = d r ( T ) .  (18) 

Integrating (18) and  substituting  the  result  into (16) 
and (15) yields6 

where 

and 

~ , ( t ,  io) 2 ~ ~ ~ G ~ ( T ~ ~ / ) R ~ - ~ ( I / ~ G , ‘ ( T ~ “ .  (23) 

The  matrix X e  is given by  an expression  identical to  
(23) except  that  the  subscripts “p” are  replaced  by “e.” 

Since z( to )  is  the  predicted  terminal  miss, if neither 
pursuer  or  evader  apply  any  control,  the  optimal  pur- 
suit-evasive  controls  are  simply  linear  combinations of 
the  predicted miss-a very  reasonable  result.  The  time- 
varying  “gains”  reflect  the  control  capabilities of both 
pursuer  and evader-also very  reasonable. Now, t o  is 
completely  arbitrary  and, if z(to) is  measurable,  the 
open-loop  controls  could  be  applied  continuously,  and 
instantaneously,  to yield  optimal  strategies  (feedback 
control  laws). But  the  assumption of perfect  information 
guarantees  that z( t )  may  be  measured  for  any t .  Hence 
(19) and (20) are,  in  fact,  optimal strategies for  this 
problem ( t o  may  be  replaced  by t).’ I t  is now  easy to  
see why  the  z-formulation  is, a t  once,  both  simpler  and 
more  meaningful  than  the  original  formulation.  The z- 
formulation  is  simpler  because  the  problem  has  been 
reduced,  essentially,  from  one of dimension 2n to  one of 
dimension k s n ;  i t  is  more  meaningful  because,  under 
the  assumption of perfect  information, z ( t )  more  truly 
represents  the  state  or  position of the  game  than  the 
vector ( x p ,  x,) [or  even  the  vector A ( x , - x , ) ] .  

Examination of the  second-order  terms in (13) shows 
that  an analogous strengthened Legendre-Clebsch  con- 

significance of this  assumption will be  discussed  later. 
The existence of the inverse  is  assumed for the  moment.  The 

’ At  this  point  optimality  has  not  yet  been  proven.  However,  it 

sufficient  condition  for the  strategies (19) and (20) to be  optimal. 
will be  shown,  subsequently, that  the assumption that K-1 exists  is a 

dition  for  the  saddle  point is satisfied,  viz., 

H,, = R, > 0 ;  Hz, = - R, < 0. (24)s 

(Kote  that  the  strengthened  condition is not a necessary 
condition  for a saddle  point;  instead,  it  is  one of a set of 
sufficient  conditions.) 

I t  will now be  shown  that  the  assumption  that K-l 
exists is equivalent  to  the  statement  that  there  are no 
conjugate  points  on  the  interval [to, T) .  Conjugate 
point  conditions  for  the  one-sided  control  problem  are 
derived in Breakwell  and Ho [6] and exact117 the  same 
arguments,  suitably  generalized,  can  be  applied  to  the 
game.  Thus,  e.g.,  conjugate  point  conditions  for  the 
game  can  be  derived  by  investigating  an  accessory 
minimax p r ~ b l e m . ~  One  finds that  the follou-ing is an 
alternative d e f i d i o n  of a conjugate  point: if the  matrix 
solution Z( t )  of the  differential  equations 

O * - (G,RP-’GpT - G,Re-’G,T) [3 1 [ .o  
. . . . . . . . . . . . 

0 

becomes  singular a t   any  point  on  the  interval [to, T ) ,  
then  such a point is called a conjugate  point.  (It  turns 
out  that  the  singularity of Z ( t )  is  also  necessary  for  the 
existence of a conjugate  point.)  Equations (25) are 
readily  integrated  to  yield 

Z ( f )  = a2K(T,  t ) .  

Hence,  the  nonsingularity of Z( t )  (i.e.,  the  nonexistence 
of a conjugate  point)  is  equivalent  to  the  condition 
that K-’(T, t )  exists  for  all f in the  interval [ to,  T ) .  

In [a i t  is proven,  for  the  one-sided  problem, that  
the  nonexistence of a conjugate  point is a sufficient 
condition  for an extrema1  arc  to  be  optimal.  That proof 
is readily  generalized to the  game.  However, a separate 
sufficiency proof is  instructive.  The proof rests  on  what 
Isaacs [l] calls  the  “Verification  Theorem.”  This  theo- 
rem,  simply  stated,  in  terms of the  problem posed in 
Section I ,  is as follows: If W ( x ,  t )  is  a  function of class 
C‘ in x and t and satisfies the  Hamilton-Jacobi  Equation 
and  boundary  condition 

T B t  4- H0(x ,  Wz, t )  = 0 ;  TP’[[z(T), T ]  = +[:r(T), T ]  (26) 

where 

HO(x, TT’,, t )  

definite  matrix. 
The  notation R> (<) 0 means that R is a positive  (negative) 

The accessory  minimax  problem is a generalization of the  ac- 

generalization of the one-sided  optimization  problem. 
cessory  minimization  problem,  in  the  same  fashion as the  game is a 
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then W(z, t )  is the  value of the  game  and  the  optimal 
strategies  are  the  functions ZLE U(w, t )  and ZE l.-(s, f )  
which  minimize and maximize,  respectivel?-, (HTf+L) 
a H ( r ,  IVz, 2 1 ,  E‘, t).l0  Thus, if one  has  a  candidate for a 
solution  to  the  game,  he need only sholv that  it satisfies 
(26) and (25) t o  prove  that it is the solution. 

For  the special  problem  studied  here  the  appropriate 
equation  (and  boundary  condition)  corresponding  to 
(26) is 

- 

T Y ~  - 1/21, T V , ~ ,  : G p R p - l G p ~ -  G e R e - l G e ~ )  = 0 ;  

Substituting (19)-(21) into (10) yields  (upon  letting 
t o  = t )  

I t  is  readily verified by  direct  substitution  that (29) 
satisfies  (28). Thus,  it   has been  independently  demon- 
strated  that  the existence of K-’ (the nonexistence of a 
conjugate  point)  is  a sufficient condition  for (19)-(21) 
to  be  optimal.” 

A t  this  point,  it is clear that  the  solution  to  this  prob- 
lem  could have been  obtained  by  starting  from  the 
appropriate  form of (28) and  assuming  a  solution of the 
form W ( z ,  t )  = l / 2 1 ! z ( t ) l l P ( T . I ) .  Such  an  approach  leads 
to  a  matrix  Riccati  equation u-hich P( T ,  t )  must  satisf>-. 
This  equation is easily  integrated  to 1-ield P ( T ,  f )  

Until  now,  the  existence of K has been  assumed  and 
the significance of this  assumption  has  been  investi- 
gated. I t  is  essential  to  determine  conditions  under 
which the inverse  does,  indeed,  exist. Of course,  one  can 
immediately  write  down  the  condition 

z 

= K-I( T ,  t). 

det ( K )  = det Pg K + ( M ,  - M e )  # 0. (30) ) 
This  condition,  hou-ever,  provides  little  insight  into  the 
problem.  hIuch  more useful  is the  obvious  fact  that, if 

M, = (144, - Me)  > 0 (3  1) 

the existence of K-’ is assured.  In  terms of the  usual 
definition of controllability [8], both 3 1 p  and X e  are 
positive  definite if the  systems, (6) and (5), are  com- 
pletely  controllable.  Thus,  condition (31) simply  means 
that ,  for the  “states of interest,” (XI, . . . , Q), the 
pursuer  must  be  “more  controllable”  (more  positive 
definite) than  the  evader.  This conclusion  becomes even 

more  reasonable  when the  limiting  case a?+ = is  exam- 
ined.  This  case  is of considerable  interest  for i t  corre- 
sponds  to  the  situation of the  pursuer  attempting  to 
“capture”  the  e\-ader, using minimal energy.13 Then 
one  readily  obtains, M,>O is a sufficient condition  for 
capture  and  the  optimalit>- of (19)-(21) [in this  case 

The  matrix . U T  \vi11 be  called  the  “relative  control- 
lability  matrix”  for  transparent  reasons.  Its  role in the 
differential  game  studied  here (n-hich might well be 
called the  “Linear  Pursuit-Evasion  Game) is com- 
pletely  analogous to  the  part  plaJ-ed by  the  controllabil- 
ity  matrix in the  Linear  Optimal  Control  problem.  It 
is, therefore,  quite  reasonable  to  expect  that  relative 
controllability will be  an  important  concept in other 
pursuit-evasion  games. 

Finally,  as a direct  consequence of the  utility  inter- 
pretation of Lagrange  multipliers [9], the following  is 
true. 

-11, = K ] .  

Proposition: Let Rp and Re in (10) be  scalars  and,  for  the 
limiting  case a = cf , let  the  optimal  pursuit  and  evasion 
energy  be 

respectively.  Then a necessary and sufficient condition 
for the  capture of a n  evader  xith  energy resources ca by 
a pursuer  u-ith  energ>-  resources cp  is that  the  relative 
controllability  matrix  be  positive  definite (-Ifr> 0). 

111. GLXDASCE LAK FOR TARGET ISTERCEPTIOX 
X special  case of the class of problems  treated in Sec- 

tion  I1  can  be  formulated  as follon-s: The  equations of 
motion  (kinematic) for an  interceptor  and  target in 
space  are“ 

r, = vp; v, = f, + a, 
re = v,; ve = f, + a, (3 2) 

where r and v are  the position and  velocity  vectors,  re- 
spectively, of a body in three  dimensional  space, f is the 
external,  force  per  unit  mass  exerted  on  the  body, a is 
the  control  acceleration of the  body,  and  the  subscripts 
“ p ”  and “e” have  the  same  meaning as in  Section 11. 
I t  is assumed  that  the  altitude difference between  the 
pursuer  and  evader is small  and  consequently,  since 
only  the difference rp(t )  - re( t )  is of interest  in  the  inter- 
cept  problem,  the effect of external  forces  may  be ig- 
nored.  Consider  the payoff 

tremals can be  constructed for the  game. (See Berkowitz [3].J 
lo Satisfying  this  theorem implies,  effectively, that a field cf ex- 13 H ~ ~ ~ ,  a?+ ;c is used in  the sense 

11 This is in  complete  accord  with  the  concept that a conjugate a2 0 if s (T)  = 0 
point  is a point a t  which the field “breaks down.’ -l:z(T)1[2 2 = { r if z ( T )  # 0. 

l2 Those  familiar  with  the  theory cf the  “Linear  Optimal  Control 
Problem” (See, e.g., [ i ] ,  will not be  surprised bk- this  result.  Note, too, I t  is clear that if caoture is not possible, the  “limiting”  game, as 
that  the result  is in accord  with  still  another definition cf a conlugate  formulated,  has no solution. 
point, viz., a point at which the solution to  the Riccati  equation be- 1’ The  coordinate-he vector notation in three  space is used in 
comes  unbounded,  this  section. 
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(33) 

where c, and ce represent  the  energy  capacity of the 
pursuer  and  evader,  respectively.  Applying  the  results 
of Section 11, it  can  be  directly  verified  that (19) and 
(20) become in this  case 

- ~ p ( r - t ) [ ~ p ( t ) - ~ e ( t ) + ( ~ p ( t ) - ~ e ( t ) ) ( ~ - t ) ]  
a p  = 

1 
a2 

(3  4) 
-+ (c ,+ce ) (T- t )3 /3  

a ,  = - ap. 
Ce 

CP 

One  notes  immediately  that 

1) if c P > c e  (Le.,  pursuer  has  more  energy  than  the 
evader)  then  the  feedback  control  gain is always 
of one  sign, 

2) if c, < c e  (i.e.,  pursuer  has less energy  than  the 
evader)  then  the  feedback  gain will change  sign a t  

l /d  + (cp - c,) (T  - 1)3;,’3 = 0 (3 6) 

for T sufficiently  large. 

But  (36) is  simply  the  conjugate  point  condition (30) 
specialized  for  this  problem.  Hence,  for  case 2 ) ,  (34) and 
(35) are no longer  optimal  for  large T.  This  fact  is, of 
course,  obvious  to  start  with,  particularly in the  limiting 
case a2 = m . In the  limiting  case,  interception  is  not  pos- 
sible  when c,<c, (cf., M r < O ) .  Assuming 1) and  letting 
a = m , the  control  strategy  for  the  pursuer  simplifies  to 

-3[rp(t) - re(O + (v,(t) - v ~ ( ~ ) ) ( T  - t ) ]  
a,  = . (37)  

(1 - ;) (T - r ) 2  

Let  the  pursuer  and  the  target  be on a  nominal collision 
course  with  range R and closing  velocity I,’, = R/( T- t ) .  
Let x,-x,  represent  the  lateral  deviation from the col- 
lision course  as  shown in Fig. 1. Then,  for  small  devia- 
tions,  the  lateral  control  acceleration  to  be  applied  by 
the  pursuer  according  to (37) is 

3 vet+ 

Fig. 1. Geometry of proportional  navigation. 
- 

which  is  simply  proportional  navigation  with  the effec- 
tive  navigation  constant K ,  = 3:(1 -c/‘C,). From ex- 
perience it  has  been  found  that  the  “best”  value  for K 
ranges  between 3 to  5 [lo]. In view of (38) i t  is  seen 
that  the  value of 3 corresponds to   the case  when  the 
target  is  not  maneuverable [ l l]  ( c e = O ) ;  the  value of 5 
corresponds  to c,:/c, = 215. 

IV. COXLUSION 
An interesting  class of pursuit-evasion  differential 

games  has  been  solved by  variational  techniques.  Con- 
ditions  for  optimality  and  capture,  for  this  class of prob- 
lems,  have  been  derived and have  been  shown  to  depend 
on the  “relative  controllability  matrix”  defined  herein. 
The  results  are closely related  to  those  obtained  for  the 
“Linear  Optimal  Control  Problem”  and  are  suggestive of 
various  extensions  based on analogy  with  optimal  con- 
trol  problems.  These  extensions will be  investigated  in 
future  papers.  Finally, i t  would  appear  that in many 
differential  games,  particularly  pursuit-evasion  games, 
a  reduction  in  dimensionality is possible. (In a true 
intercept  problem  the  vector z(f) is, a t  most,  a  three- 
dimensional  vector.) In this  respect,  many  differential 
games  may  be  easier  to  solve  than  their  counterparts 
in optimal  control  theory.  Honrever,  one  may  expect 
the  frequent  occurrence of conjugate  points  and  other 
difficulties  (what  Isaacs  calls  singular  surfaces  or diffi- 
culties  “in  the  large”).  Thus, vis-;-vis optimal  control 
problems,  the  solution of differential  games  may  be 
easier  in  one  respect but more  difficult in another. 
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Abstract: A 3 degrees of freedom (surge, sway, and yaw) nonlinear controller for path
following of marine craft using only two controls is derived using nonlinear control
theory. Path following is achieved by a geometric assignment based on a line-of-sight
projection algorithm for minimization of the cross-track error to the path. The desired
speed along the path can be specified independently. The control laws in surge and yaw
are derived using backstepping. This results in a dynamic feedback controller where the
dynamics of the uncontrolled sway mode enters the yaw control law. UGAS is proven for
the tracking error dynamics in surge and yaw while the controller dynamics is bounded.
A case study involving an experiment with a model ship is included to demonstrate the
performance of the controller and guidance systems. Copyright c°2003 IFAC.
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1. INTRODUCTION

In many applications offshore it is of primary impor-
tance to steer a ship, a submersible or a rig along a
desired path with a prescribed speed (Fossen 1994,
2002). The path is usually defined in terms of way-
points using the Cartesian coordinates (xk, yk) ∈ R2.
In addition, each way-point can include turning in-
formation usually specified by a circle arc connecting
the way-point before and after the way-point of inter-
est. Desired vessel speed ud ∈ R is also associated
with each way-point implying that the speed must be
changed along the path between the way-points. The
path following problem can be formulated as two con-
trol objectives (Skjetne et al. 2002). The first objective
is to reach and follow a desired path (xd, yd). This is
referred to as the geometric assignment. In this paper
a line-of-sight (LOS) projection algorithm is used for

1 Supported by the Norwegian Research Council through the Cen-
tre of Ships and Ocean Structures, Centre of Excellence at NTNU.

this purpose. The desired geometric path consists of
straight line segments connected by way-points. The
second control objective, speed assignment, is defined
in terms of a prescribed speed ud along the body-
fixed x-axis of the ship. This speed will be identical
to the path speed once the ship has converged to the
path. Hence, the desired speed profile can be assigned
dynamically.

1.1 Control of Underactuated Ships

For floating rigs and supply vessels, trajectory track-
ing in surge, sway, and yaw (3 DOF) is easily achieved
since independent control forces and moments are si-
multaneously available in all degrees of freedom. For
slow speed, this is referred to as dynamic positioning
(DP) where the ship is controlled by means of tunnel
thrusters, azimuths, and main propellers; see Fossen
(2002). Conventional ships, on the other hand, are
usually equipped with one or two main propellers for
forward speed control and rudders for turning control.



The minimum configuration for way-point tracking
control is one main propeller and a single rudder. This
means that only two controls are available, thus ren-
dering the ship underactuated for the task of 3 DOF
tracking control.

Recently, underactuated tracking control in 3 DOF
has been addressed by Pettersen and Nijmeijer (1999,
2001), Jiang and Nijmeijer (1999), Sira-Ramirez (1999),
Jiang (2002), Do et al. (2002), and Lefeber et al.
(2003). These designs deals with simultaneous track-
ing control in all three modes (x, y, ψ) using only two
controls. One of the main problems with this approach
is that integral action, needed for compensation of
slowly-varying disturbances due to wind, waves, and
currents, can only be assigned to two modes (surge
and yaw); see Pettersen and Fossen (2000). Conse-
quently, robustness to environmental disturbances is
one limiting factor for these methods. In addition,
requirements for a persistently exciting reference yaw
velocity results in unrealistic topological restrictions
on which type of paths that can be tracked by these
controllers (Lefeber et al. 2003).

Conventional way-point guidance systems are usually
designed by reducing the output space from 3 DOF
position and heading to 2 DOF heading and surge
(Healey and Marco 1992). In its simplest form this
involves the use of a classical autopilot system where
the commanded yaw angle ψd is generated such that
the cross-track error is minimized. This can be done in
a multivariable controller, for instanceH∞ or LQG, or
by including an additional tracking error control-loop
in the autopilot; see Holzhüter and Schultze (1996),
and Holzhüter (1997). A path following control sys-
tem is usually designed such that the ship moves for-
ward with reference speed ud at the same time as the
cross-track error to the path is minimized. As a result,
ψd and ud are tracked using only two controls. The de-
sired path can be generated using a route management
system or by specifying way-points (Fossen 2002).
If weather data are available, the optimal route can
be generated such that the effects of wind and water
resistance are minimized.

1.2 Main Contribution

The main contribution of this paper is a ship ma-
neuvering design involving a LOS guidance system
and a nonlinear feedback tracking controller. The de-
sired output is reduced from (xd, yd, ψd) to ψd and
ud using a LOS projection algorithm. The tracking
task ψ(t) → ψd(t) is then achieved using only one
control (normally the rudder), while tracking of the
speed assignment ud is performed by the remaining
control (the main propeller). Since we are dealing with
segments of straight lines, the LOS projection algo-
rithm will guarantee that the task of path following is
satisfied.

First, a LOS guidance procedure is derived. This in-
cludes a projection algorithm and a way-point switch-
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Fig. 1. The Line-of-Sight guidance principle.
ing algorithm. To avoid large bumps in ψd when
switching, and to provide the necessary derivatives of
ψd to the controller, the commanded LOS heading is
fed through a reference model. Secondly, a nonlinear
2 DOF tracking controller is derived using the back-
stepping technique. Three stabilizing functions α =
[α1, α2, α3]

> are defined where α1 and α3 are speci-
fied to satisfy the tracking objectives in the controlled
surge and yaw modes. The stabilizing function α2 in
the uncontrolled sway mode is left as a free design
variable. By assigning dynamics to α2, the resulting
controller becomes a dynamic feedback controller so
that α2(t)→ v(t) (sway velocity) during path follow-
ing. This is a new idea that adds to the extensive the-
ory of backstepping. The presented design technique
results in a robust controller for underactuated ships
since integral action can be implemented for both path
following and speed control.

1.3 Problem Statement

The problem statement is stated as a maneuvering
problem with the following two objectives (Skjetne et
al. 2002):

LOS Geometric Task: Force the vessel position p =

[x, y]
> to converge to a desired path by forcing the

yaw angle ψ to converge to the LOS angle:
ψlos = atan2 (ylos − y, xlos − x) (1)

where the LOS position plos = [xlos, ylos]
> is the

point along the path which the vessel should be
pointed at; see Figure 1. Note that utilizing the
four quadrant inverse tangent function atan2(y, x)
ensures the mapping ψlos ∈ h−π, πi.

Dynamic Task: Force the speed u to converge to a
desired speed assignment ud, that is:

lim
t→∞ [u(t)− ud(t)] = 0 (2)

where ud is the desired speed composed along the
body-fixed x-axis.

2. LINE-OF-SIGHT GUIDANCE SYSTEM

The desired geometric path considered here is com-
posed by a collection of way-points in a way-point



Fig. 2. LOS guidance system.
table. The LOS position plos is located somewhere
along the straight line segment connecting the previ-
ous pk−1 and current pk way-points. Let the ship’s
current horizontal position p be the center of a circle
with radius of n ship lengths (nLpp). This circle will
intersect the current straight line segment at two points
where plos is selected as the point closest to the next
way-point. To calculate plos, two equations with two
unknowns must be solved online. These are:

(ylos − y)2 + (xlos − x)2 = (nLpp)
2 (3)

ylos − yk−1
xlos − xk−1

=
yk − yk−1
xk − xk−1

= tan(αk−1) (4)

The first equation is recognized as the theorem of
Pythagoras, while the second equation states that the
slope of the path between the previous and current
way-point is constant.

Selecting way-points in the way-point table relies on
a switching algorithm. A criteria for selecting the next
way-point, located at pk+1 = [xk+1, yk+1]

>
, is for the

ship to be within a circle of acceptance of the current
way-point pk. Hence, if at some instant of time t the
ship position p(t) satisfies:

(xk − x(t))2 + (yk − y(t))2 ≤ R2
k, (5)

the next way-point is selected from the way-point
table. Rk denotes the radius of the circle of acceptance
for the current way-point. It is imperative that the
circle enclosing the ship has a sufficient radius such
that the solutions to (3) exist. Therefore, nLpp ≥ Rk,
for all k is a necessary bound.

The signals ψd, ψ̇d, and ψ̈d are required by the con-
troller. To provide these signals, a reference model
is implemented. This will generate the necessary sig-
nals as well as smoothing the discontinuous way-point
switching to prevent rapid changes in the desired yaw
angle fed to the controller. However, since the atan2-
function is discontinuous at the −π/π-junction, the
reference model cannot be applied directly to its out-
put. This is solved by constructing a mapping Ψd :
h−π, πi → h−∞,∞i and sandwiching the reference
filter between Ψd and Ψ−1d ; see Fig. 2. Details about
the mappings can be found in Breivik (2003).

3. LINE-OF-SIGHT CONTROL DESIGN

A conventional tracking control system for 3 DOF is
usually implemented using a standard PID autopilot
in series with a LOS algorithm as shown in Figure 3.
Hence, a state-of-the-art autopilot system can be mod-
ified to take the LOS reference angle as input. This

adds flexibility since the default commercial autopilot
system of the ship can be used together with the LOS
guidance system. The speed can be adjusted manually
by the Captain or automatically using the path speed
profile. A model-based nonlinear controller that solves
the control objective as stated in Section 1.3 is derived
next. The basis is a 3 DOF ship maneuvering model.
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Fig. 3. Conventional autpilot with a LOS projection
algorithm for way-point tracking.

3.1 Surge, Sway, and Yaw Equations of Motion

Consider the 3 DOF nonlinear maneuvering model in
the form (Fossen 2002):

η̇ =R(ψ)ν (6)

Mν̇ +N(ν)ν =

 τ1
0
τ3

 (7)

where η = [x, y, ψ]>, ν = [u, v, r]> and:

R(ψ) =

 cosψ − sinψ 0
sinψ cosψ 0
0 0 1

 (8)

The matrices M and N are defined as:

M =

m11 0 0
0 m22 m23

0 m32 m33


=

m−X u̇ 0 0
0 m− Y v̇ mxg−Y ṙ

0 mxg−N v̇ Iz−N ṙ


N(ν)=

 n11 0 0
0 n22 n23
0 n32 n33

=
−Xu 0 0

0 −Y v mu− Y r

0 −Nv mxgu−Nr


Symmetrization of the System Inertia Matrix: If
M 6= M>, the inertia matrix can be made symmetric
by acceleration feedback; see Fossen et al. (2002) and
Lindegaard (2003). This is necessary in a Lyapunov
stability analysis for a kinetic energy function to be ap-
plied. For low-speed applications like DP, a symmetric
system inertia matrix M is an accurate assumption.
However, for craft operating at high speed, this as-
sumption is not valid since M is largely nonsymmetric
due to hydrodynamically added mass.

Acceleration feedback is implemented by the inner
feedback loop:

τ3 = (m32 −m23)v̇ + τ∗3 (9)



where the sway acceleration v̇ is assumed to be mea-
sured. The new control variable τ∗3 is then used for
maneuvering control. The resulting model is:

η̇ = R(ψ)ν (10)

M∗ν̇ +N(ν)ν =

 τ1
0
τ∗3

 (11)

where

M∗ =

m11 0 0
0 m22 m23

0 m23 m33

 = (M∗)> > 0 (12)

Consequently, the following control design can be
based on a symmetric representation of M .

3.2 Control Design

The design is based on the model (6)–(7) where M is
symmetric or at least made symmetric by acceleration
feedback. Define the error signals z1 ∈ R and z2 ∈ R3
according to:

z1 , ψ − ψd (13)
z2 , [z2,1, z2,2, z2,3]> = ν − α (14)

where ψd and its derivatives are provided by the
guidance system, ud ∈ L∞ is the desired speed, and
α = [α1, α2, α3]

> ∈ R3 is a vector of stabilizing
functions to be specified later. Next, let:

h = [0, 0, 1]> (15)

such that:

ż1 = r − rd = h>ν − rd

= α3 + h>z2 − rd (16)

where rd = ψ̇d and:

Mż2 =Mν̇ −Mα̇ = τ −Nν −Mα̇. (17)

Motivated by backstepping; see Fossen (2002, Ch. 7),
we consider the control Lyapunov function (CLF):

V =
1

2
z21 +

1

2
z>2 Mz2, M =M> > 0. (18)

Differentiating V along the trajectories of z1 and z2,
yields:

V̇ = z1ż1 + z>2 Mż2

= z1(α3 + h>z2 − rd) + z>2 (τ −Nν −Mα̇).

Choosing the virtual control α3 as:

α3 = −cz1 + rd (19)

while α1 and α2 are yet to be defined, gives:

V̇ = −cz21 + z1h
>z2 + z>2 (τ −Nν −Mα̇)

= −cz21 + z>2 (hz1 + τ −Nν −Mα̇). (20)

Suppose we can assign:

τ =

 τ1
0
τ3

 =Mα̇+Nν −Kz2 − hz1 (21)

where K = diag(k1, k2, k3) > 0. This results in:

V̇ = −cz21 − z>2 Kz2 < 0, ∀z1 6= 0, z2 6= 0, (22)

and by standard Lyapunov arguments, this guarantees
that (z1, z2) is bounded and converges to zero.

However, notice from (21) that we can only prescribe
values for τ1 and τ3, that is:

τ1=m11α̇1 + n11u− k1(u− α1)

τ3=m32α̇2 +m33α̇3 + n32v + n33r − k3(r − α3)−z1

Choosing α1 = ud solves the dynamic task and gives
the closed-loop:

m11 (u̇− u̇d) + k1 (u− ud) = 0. (23)

in surge. The remaining equation (τ2 = 0) in (21)
results in a dynamic equality constraint:

m22α̇2 +m23α̇3 + n22v + n23r − k2(v − α2) = 0.
(24)

Substituting α̇3 = c2z1 − cz2,3 + ṙd, v = α2 + z2,2,
and r = α3(z1, rd) + z2,3 into (24), gives:

m22α̇2 = −n22α2 + γ(z1, z2, rd, ṙd) (25)

where:

γ(z1, z2, rd, ṙd) = (n23c−m23c
2)z1+(k2−n22)z2,2

+ (m23c− n23)z2,3 −m23ṙd − n23rd.

The variable α2 becomes a dynamic state of the
controller according to (25). Furthermore, n22 >
0 implies that (25) is a stable differential equation
driven by the converging error signals (z1, z2) and the
bounded reference signals (rd, ṙd). Since z2,2(t)→ 0,
we get that |α2(t)− v(t)| → 0 as t → ∞. The main
result is summarized by Theorem 1:

Theorem 1. (LOS Path Following). The LOS maneu-
vering problem for the 3 DOF underactuated vessel
model (6)–(7) is solved using the control laws:

τ1=m11u̇d + n11u− k1(u− ud)

τ3=m32α̇2 +m33α̇3 + n32v + n33r − k3(r − α3)−z1

where k1 > 0, k3 > 0, z1 , ψ − ψd, z2 , [u −
ud, v − α2, r − α3]

>, and:

α3 = −cz1 + rd, c > 0 (26)
α̇3 = −c(r − rd) + ṙd. (27)

The reference signals ud, u̇d, ψd, rd, and ṙd are
provided by the LOS guidance system, while α2 is
found by numerical integration of:

m22α̇2 = −n22α2+ (k2− n22)z2,2−m23α̇3− n23r

where k2 > 0. This results in a UGAS equilibrium
point (z1, z2) = (0, 0), while α2 ∈ L∞ satisfies:

lim
t→∞ |α2(t)− v(t)| = 0 (28)

Remark 1: Notice that the smooth reference signal
ψd ∈ L∞ must be differentiated twice to produce
rd and ṙd, while ud ∈ L∞ must be differentiated
once to give u̇d. This is most easily achieved by using
reference models represented by low-pass filters; see
Fossen (2002), Ch. 5.



Fig. 4. CyberShip 2 in action at the MCLab.

PROOF. The closed-loop equations become:·
ż1
ż2

¸
=

· −c h>

−M−1h −M−1K

¸ ·
z1
z2

¸
(29)

m22α̇2 = −n22α2 + γ(z1, z2, rd, ṙd). (30)

From the Lyapunov arguments (18) and (22), the equi-
librium (z1, z2) = (0, 0) of the z-subsystem is proved
UGAS. Moreover, the unforced α2-subsystem (γ =
0) is clearly exponentially stable. Since (z1, z2) ∈
L∞ and (rd, ṙd) ∈ L∞, then γ ∈ L∞. This
implies that the α2-subsystem is input-to-state sta-
ble from γ to α2. This is seen by applying for in-
stance V2 =

1
2m22α

2
2 which differentiated along so-

lutions of α2 gives V̇2 ≤ −12n22α22 for all |α2| ≥
2
n22

|γ(z1, z2, rd, ṙd)| . By standard comparison func-
tions, it is straight-forward to show that for all
|α2(t)| ≥ 2

n22
|γ(z1(t), z2(t), rd(t), ṙd(t))| then

|α2(t)| ≤ |α2(0)| e−
n22
4 t. (31)

Hence, α2 converges to the bounded set {α2 : |α2| ≤
2
n22

||γ(z1, z2, rd, ṙd)||}. Since z2,2(t) → 0 as t →
∞, we get the last limit.

4. CASE STUDY: EXPERIMENT PERFORMED
WITH THE CS2 MODEL SHIP

The proposed controller and guidance system were
tested out at the Marine Cybernetics Laboratory
(MCLab) located at the Norwegian University of
Science and Technology. MCLab is an experimen-
tal laboratory for testing of scale models of ships,
rigs, underwater vehicles and propulsion systems.
The software is developed by using rapid prototyp-
ing techniques and automatic code generation under
Matlab/SimulinkTM and RT-LabTM. The target PC on-
board the model scale vessels runs the QNXTM real-
time operating system, while experimental results are
presented in real-time on a host PC using LabviewTM.

In the experiment, CyberShip 2 (CS2) was used. It is
a 1:70 scale model of an offshore supply vessel with a
mass of 15 kg and a length of 1.255m. The maximum
surge force is approx. 2.0 N, while the maximum yaw
moment is about 1.5 Nm. The MCLab tank is L × B
×D = 40 m × 6.5 m × 1.5 m.
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Fig. 5. xy-plot of the measured and desired geometri-
cal path during the experiment.

Figure 4 shows CS2. Three spheres can be seen
mounted on the ship, ensuring that its position and
orientation can be identified by infrared cameras. Two
QualisysTM infrared cameras mounted on a towing
carriage currently supply the position and orientation
estimates in 6 DOF, but due to a temporary bad cali-
bration, the camera measurements vanished when the
ship assumed certain yaw angles and regions of the
tank. This affected the results of the experiment and
also limited the available space for maneuvering. Nev-
ertheless, good results were obtained. The cameras
operate at 10 Hz.

The desired path consists of a total of 8 way-points:

wpt1= (0.372,−0.181) wpt5= (6.872,−0.681)
wpt2= (−0.628, 1.320) wpt6= (8.372,−0.181)
wpt3= (0.372, 2.820) wpt7= (9.372, 1.320)
wpt4= (1.872, 3.320) wpt8= (8.372, 2.820)

representing an S-shape. CS2 was performing the ma-
neuver with a constant surge speed of 0.1 m/s. By
assuming equal Froude numbers, this corresponds to
a surge speed of 0.85 m/s for the full scale supply
ship. A higher speed was not attempted because the
consequence of vanishing position measurements at
higher speed is quite severe. The controller used:

M =

 25.8 0 0
0 33.8 1.0115
0 1.0115 2.76

N(ν) =

 2 0 0
0 7 0.1
0 0.1 0.5


c = 0.75, k1 = 25, k2 = 10, k3 = 2.5

In addition, a reference model consisting of three 1st-
order low-pass filters in cascade delivered continuos
values of ψd, rd, and ṙd. The ship’s initial states were:

(x0, y0, ψ0) = (−0.69 m,−1.25 m, 1.78 rad)
(u0, v0, r0) = (0.1 m/s, 0 m/s, 0 rad/s)

Both the ship enclosing circle and the radius of ac-
ceptance for all way-points was set to one ship length.
Figure 5 shows an xy-plot of the CS2’s position to-
gether with the desired geometrical path consisting
of straight line segments. The ship is seen to follow
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Fig. 6. The actual yaw angle of the ship tracks the
desired LOS angle well.

the path very well. To illustrate the effect of the po-
sitioning reference system dropping out from time to
time, Figure 6 is included. It shows the actual head-
ing angle of CS2 alongside the desired LOS angle.
The discontinuities in the actual heading angle is due
to the camera measurements dropping out. When the
measurements return, the heading angle of the ship is
seen to converge nicely to the desired angle.

5. CONCLUSIONS

A nonlinear guidance system that reduces the output
space from 3 DOF to 2 DOF was developed by using a
LOS projection algorithm. Moreover, a nonlinear con-
troller for maneuvering of underactuated marine craft
utilizing dynamic feedback has been developed with
a vectorial backstepping approach. UGAS is proven
for the controlled error states, and boundedness is
proven for a controller dynamic state that will track
the sway velocity. The design technique is robust since
integral action can easily be implemented. Note that
the controller also can be utilized for a fully actuated
ship since the control law is derived without assuming
a specific control allocation scheme. Hence, the con-
troller and control allocation blocks can be replaced
by other algorithms in a modular design. Experiments
with a model ship document the performance of the
guidance and control systems.
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Robotic Interception of Moving Objects Using an
Augmented Ideal Proportional Navigation Guidance

Technique
Mehran Mehrandezh, Member, IEEE, Naftali M. Sela, Robert G. Fenton, and Beno Benhabib, Member, IEEE

Abstract—This paper presents a novel approach to on-line,
robot-motion planning for moving-object interception. The pro-
posed approach utilizes anavigation-guidance-basedtechnique,
that is robust and computationally efficient for the interception
of fast-maneuvering objects. Navigation-based techniques were
originally developed for the control of missiles tracking free-flying
targets. Unlike a missile, however, the end-effector of a robotic
arm is connected to the ground, via a number of links and joints,
subject to kinematic and dynamic constraints. Also, unlike a
missile, the velocity of the robot and the moving object must be
matched for a smooth grasp, thus, a hybrid interception scheme,
which combines a navigation-based interception technique with
a conventional trajectory tracking method is proposed herein for
intercepting fast-maneuvering objects. The implementation of
the proposed technique is illustrated via numerous simulation
examples.

Index Terms—Moving object interception, proportional naviga-
tion guidance, robot motion planning.

I. INTRODUCTION

A NOVEL navigation-guidance-based technique is pre-
sented herein for intercepting moving objects via an

autonomous robotic manipulator. The interception task is
defined as “approaching a moving object while matching
its location and velocity in the shortest possible time.” The
object’s instantaneous location and velocity are predicted
using visual feedback. Similar robotic interception problems
have been previously addressed in the literature. The targets
have been considered as eitherfast- or slow-maneuvering. A
slow-maneuvering target moves on a continuous path with a
relatively constant velocity or acceleration. In such a case,
accuratelong-term predictionof the target’s motion is possible
and time-optimal interception methods can be employed. For
a fast-maneuvering-type motion, on the other hand, the target
varies its motion randomly and quickly, making time-optimal
interception a difficult task. A brief review of the pertinent

Manuscript received September 16, 1998; revised January 16, 2000. This
paper was recommended by Associate Editor R. A. Hess.

M. Mehrandezh is with the School of Engineering Science, Simon Fraser
University, Burnaby, B.C., Canada, V5A 1S6.

N. M. Sela is with the Research and Development Department, RAFAEL,
Haifa, Israel.

R. G. Fenton is with the Department of Mechanical and Industrial Engi-
neering, University of Toronto, Toronto, Ont., Canada, M5S 3G8.

B. Benhabib is with the Department of Mechanical and Industrial Engi-
neering, University of Toronto, Toronto, Ont., Canada, M5S 3G8 (e-mail:
beno@mie.utoronto.ca).

Publisher Item Identifier S 1083-4427(00)03705-X.

literature is, thus, provided below according to the target’s
motion class.

Slow-Maneuvering Objects:Prediction, Planning, and Ex-
ecution (PPE) methods are well suited for intercepting objects
traveling along predictable trajectories [1]–[6]. When using a
PPE technique, the robot is directly sent to an anticipated ren-
dezvous point on the target’s predicted trajectory. Active Predic-
tion, Planning, and Execution (APPE) techniques, which replan
robot trajectories on-line in response to changes in the target’s
continuously-monitored motion, have also been reported in the
literature [7], [8]. However, for fast-maneuvering objects, even
such techniques would lose their time efficiency due to lack of
reliable long-term predictability of the target’s motion.

Fast-Maneuvering Objects: Numerous visual-feed-
back-based tracking systems, which continuously minimize the
difference between the target and the robot, have been reported
in the literature [9]–[12]. Because of their computational
efficiency, such systems are well suited for tracking fast-ma-
neuvering objects. The performance of these techniques,
however, may deteriorate when taking the dynamic constraints
of the robot into account. Also, in order to compensate for
computational delays, which are inherent in a tracking system,
the state of the object has to be predicted a few steps ahead. A
heuristicprocedure forlocal-minimum time, on-line tracking of
fast-maneuvering objects has also been reported in the literature
[13]. In [14], apotential-field-basedtechnique for intercepting
a maneuvering object that is moving amidst known stationary
obstacles is addressed.

The methods mentioned above cannot generate min-
imum-time robot trajectories to intercept fast-maneuvering
targets. However, minimum time in its absolute sense is not a
critical criterion, since the important task at hand is successful
interception.

Another widely used method for tracking fast-maneuvering
moving objects falls under the category ofnavigation and
guidancetheory. Such techniques have normally been used for
tracking free-flying targets (e.g., missiles tracking evasive air-
craft). These techniques are usually designed for time-optimal
interception. Unlike a missile, however, the end-effector of a
robotic arm is connected to the ground via joints and a number
of links, and thus, it is subject to kinematic and dynamic
constraints. On the other hand, a robot can maneuver in any
direction, while missiles can usually accelerate only laterally in
the direction of their velocity.

Guidance laws typically fall into one offive categories:
Command-To-The-Line-of-Sight (CLOS), Pursuit, Propor-

1083–4427/00$10.00 © 2000 IEEE
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tional Navigation Guidance (PNG), Optimal Linear Control
(OLC), and guidance laws dominated by Differential-Game
Methods [15]. The PNG is the most common technique used
in the interception of targets by missiles. It seeks to nullify the
angular velocity of the Line-of-Sight (LOS) angle. The Ideal
Proportional Navigation Guidance (IPNG) is an improvement
over the classical PNG techniques with respect to mathematical
tractability (being less sensitive to the initial conditions of the
interceptor and the target) [16].

One should note that navigational guidance methods are
designed to have the interceptor in a collision course with
the target, therefore, they have to be modified for robotic
interception. The utilization of a navigation-based technique in
robotics was first reported in [17]. However, terminal-velocity
matching was not presented as an issue. A comprehensive
robotic interception technique via IPNG was presented in [18].
It was reported that a combination of an IPNG-based intercep-
tion technique with a conventional tracking method, namely a
PD-type computed-torque control method, performs favorably
over pure PD-type tracking methods. Unlike the method in [17],
this technique guarantees terminal match between interceptor
and target’s location/velocity at the intercept point.

The PNG-based techniques normally yieldtime-optimalre-
sults for cruising targets(i.e., targets moving with relatively
constant velocity) [19]–[21]. In contrast, Augmented Propor-
tional Navigation Guidance (APNG) has been reported in the
literature as an optimal interception technique for maneuvering
targets [22], [23]. In this method, it is assumed that 1) the inter-
ceptor and target can only accelerate laterally in the direction of
their velocities and the target’s acceleration amplitude is con-
stant and 2) autopilot and seeker loop dynamics are fast enough
to be neglected when compared to the overall guidance loop be-
havior. The PNG acceleration command is augmented by adding
a term that reflects the target’s acceleration.

A novel Augmented Ideal Proportional Navigation Guidance
(AIPNG) technique is introduced in this paper to improve on
the IPNG method reported in [18] for cases where the target’s
acceleration can be reliably predicted. The proposed technique
takes into account the position- and orientation-tracking prob-
lems kinematically, however, since the impact of the robot’s
wrist dynamics on the dynamics of the first three links of a
6-DOF robot is negligible, orientation-tracking problem has
been disregarded in our robot’s dynamics model.

II. PROBLEM DEFINITION

The problem addressed in this paper is the time-optimal inter-
ception of fast-maneuvering objects in industrial settings. The
autonomous manufacturing environment considered primarily
comprises of a 6-DOF robot and a “conveyor” device trans-
porting different parts. The motion of the conveyor is not known
in advance, and random variations in its motion are expected.
The state of the object as a function of time is identified through
a vision system. Visual recognition and tracking of the motion of
the object is assumed to be provided to the robot’s motion-plan-
ning module, and thus, they are not addressed herein. However,
the robustness of proposed technique to the noise in target’s mo-
tion readings is discussed in [24]. The randomly-moving object

Fig. 1. Hybrid interception scheme.

is assumed to stay within the robot’s workspace for a limited
time. The current state of the robot is obtained from its con-
troller.

As mentioned in Section I, navigation-guidance methods can
provide faster interceptions than do conventional trackers. How-
ever, since navigation techniques are designed to bring the in-
terceptor into a collision course with the target rather than at-
tempting to accomplish a smooth grasp, they must be modified
for robotic interception. They must be complemented with a
tracker for allowing the robot to match the target’s state at the
last stage of the interception.

In contrast to tracking methods, in which the difference
between the state of the robot and the target is continuously
minimized, navigation-based techniques nullify the time-rate of
change of the LOS angle, (i.e., the angle that a line connecting
the interceptor to the moving object makes with a refer-
ence-frame axis) through an acceleration command normal to
the interceptor’s velocity. This scheme was originally designed
for missiles that can only accelerate laterally to their velocity.
However, robotic manipulators can maneuver in any direction
at any time. In order to reflect this capability of robots, the
acceleration command must be upgraded by taking the robot’s
dynamics into account.

Fig. 1 shows a schematic diagram of the hybrid robotic-in-
terception method proposed in this paper. The robot initially
moves under the AIPNG control. At a “switching point,” a con-
ventional tracking method takes over the control of the robot,
bringing its end-effector to the interception point matching the
target’s location and velocity.

III. OVERVIEW OF IPNG

A. Ideal Proportional Navigation Guidance [16]

The control input in an IPNG interception scheme, in an ac-
celeration command form, is given as

aaaIPNG = � _r_r_r � _�LOS (1)

where
rrr position-difference vector between the target and the

robot;
� navigation gain;
_�LOS angular velocity of the LOS angle.
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Fig. 2. Optimal Switching Point (OSP) in robotic IPNG.

In (1), _�LOS can also be expressed as a function ofrrr and _r_r_r as
follows:

_�LOS =

�
rrr � _r_r_r

jrrrj2

�
: (2)

By substituting (2) into (1), one obtains

aaaIPNG =
�

jrrrj2
f _r_r_r � (rrr � _r_r_r)g : (3)

Since _r_r_r � (rrr � _r_r_r) = rrr( _r_r_r: _r_r_r)� _r_r_r(rrr: _r_r_r), (3) can be rewritten as

aaaIPNG = Kd(rrr; _r_r_r; �) _r_r_r +Kp(rrr; _r_r_r; �)rrr (4)

whereKd andKp are calculated as

Kp(rrr; _r_r_r; �) = �

�
j _r_r_rj

jrrrj

�2
; Kd(rrr; _r_r_r; �) = ��

�
(rrr: _r_r_r)

jrrrj2

�
:

(5)
The capture criterionfor IPNG is simply� > 1. Namely,

regardless of the initial condition of the interceptor, interception
can always be achieved successfully when� > 1. During the
interception period,_�LOS approaches infinity when� < 2, and
approaches zero when� > 2 for cruising targets.

B. IPNG for Robotic Interception [18]

The IPNG technique for robotic interception was modified in
[18] in order to reflect the capabilities of a robotic manipulator.
The IPNG acceleration command is upgraded by adding an ac-
celeration component to theaIPNG in the LOS direction

aaac = aaaIPNG + �UUULOS (6)

whereULOS is the unit vector in the LOS direction and� is a
scalar whose value is computed according to

� = max
�

n
\
i=1

Hi

�
; Hi = f�kTij � �jTimaxjg ;

i = 1; 2; � � � ; n: (7)

In (7),Ti denotes the torque needed to produce the acceleration
given in (6) for theith actuator, and� represents the percentage
of the maximum torque in theith actuator,Timax, used for up-
gradingaIPNG. The factor�, applied to the maximum torque at

each joint level in (7), represents asafety marginto avoid ex-
ceeding the torque limits.

Combining this interception scheme with a Com-
puted-Torque (CT) control method, utilizing a decentralized
PD-type controller, would match the terminal velocity of the
target at the interception point. The optimal performance of
this hybrid technique relies on the selection of an optimal
“switching time,” at which the control of the robot is taken over
by a CT–PD-type control method (see Fig. 2).

IV. A UGMENTED IPNG INTERCEPTIONMETHOD

In this section, first the conventional Augmented Proportional
Navigation Guidance (APNG) technique is briefly reviewed.
Later on, the proposed augmented ideal proportional navigation
guidance (AIPNG) and its advantages over an APNG technique
for robotic interception are discussed.

A. APNG Interception Technique

Introducing the target’s acceleration, when utilizing a Pro-
portional Navigation Guidance (PNG) law, yieldstime-optimal
solution to the interception problem when the target is moving
with constant acceleration [22], [23]. As PNG-type navigation
techniques have been derived with the objective of optimal con-
trol for interceptingnonmaneuveringtargets (i.e., cruising tar-
gets), augmented proportional navigation guidance (APNG) can
be seen as a special case of optimal control for interceptingma-
neuvering targets(i.e., targets moving with nonzero accelera-
tion).

The optimal-interception solution of the APNG has been ob-
tained for cases in which both the interceptor and target can have
only velocity-turning maneuvers(i.e., they can only accelerate
in a direction normal to their velocities) [22], [23]. The time/en-
ergy optimal solution to this interception problem yields an ac-
celeration command as follows:

(aaaI)n = � _�LOSVVV I +

�
�

2

�
(aaaT )n (8)

where
VVV I interceptor’s velocity;
� navigation gain;
(aaaI)n interceptor’s acceleration command normal to theVVV I ;
(aaaT )n target’s acceleration normal to its velocity.
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Equation (8) has been derived for the case in which
k(aaaT )nk = constant. It is well known that, both mod-
eling and measuring target’s acceleration are complex tasks and
filtering the noise associated with target’s acceleration measure-
ments, withon-board filters, is computationally cumbersome
[25]. This type of navigation maintains both interceptor’s and
target’s speeds constant. However, for maneuvering targets, the
optimal pursuit-evasion situation, where the target can have
any type of maneuver, has not been considered in general.

B. AIPNG Interception Technique

In IPNG, the acceleration command is normal to the relative
velocity between the target and the robot, therefore, augmenting
it as in the APNG technique would not yield an optimal solution.
No closed-form solution has been reported in the literature for
this type of navigation guidance for optimal interception. In our
proposed augmented IPNG technique, the target’s acceleration
is taken into consideration differently from that in the APNG
technique, represented by (8).

In this method, the acceleration command computed through
the IPNG technique is augmented by the target’s acceleration as
follows:

aaaAIPNG = aaaIPNG + aaaT � Kd _r_r_r +Kprrr + aaaT (9)

whereKd andKp are defined in (5). The arguments of coeffi-
cientsKp andKd are dropped for simplicity.

This type of a novel acceleration command augmentation
yields a performance for the AIPNG formaneuvering targets
analogous to the performance of the IPNG fornonmaneuvering
targets[24]. It will be shown later in this section that, defining
the augmented acceleration command of the IPNG technique
as in (9) has three advantages over the pure IPNG technique:

1) AIPNG yields a position-difference error equation similar
to that of a PD-type CT-method;

2) rrr converges to zero, for� > 1, regardless of the target’s
motion type, (stability is assured); and,

3) _�LOS approaches zero, for� > 2, regardless of the
target’s motion type, yielding the phase II of our hy-
brid interception technique (i.e., PD-type CT-method)
optimal.

These points are discussed below in more detail.
1) The AIPNG proposed in (9) can be simplified by rewriting
it as

Kprrr +Kd _r_r_r + (aaaT � aaaAIPNG) = 0 (10)

and substituting (aaaT � aaaAIPNG) with �r�r�r:

�r�r�r +Kd _r_r_r +Kprrr = 0: (11)

Equation (11) represents a second-order differential equation
for the position difference between the target and the robot,
rrr. The coefficients of this second-order differential equation
are time- and state-dependent scalars, constituting a nonliner
system. However, for the case where the target’s velocity rel-
ative to the robot’s velocity is in the opposite direction of the
LOS,rrr, from (7), one can obtain the following relation between
Kp andKd,

Kd =
p
�Kp: (12)

This condition is met after_�LOS approaches zero and the
robot closes its distance with the target. By choosing 4 as
the value of the navigation gain,�, (12) can be rewritten
asKd = 2

p
Kp. This set of gains defines a second-order

system with critically damped response (i.e., nonoscillating
response). This, specifically, shows the close relationship
between the proposed augmented IPNG law and a PD-type
CT-method controller, whose error equation is similar
to that in (11) but with time-invariant gains [18]. It can
be shown thatlimrrr!0 _r_r_r = �Krrr, whereK is a positive
constant for� > 2. Therefore, (12) is always achievable [24].
2) Interception (i.e., rrr = 0) is always achievable
for � > 1, regardless of the target’s motion
type, when utilizing the AIPNG technique [24].
3) When using AIPNG the final value of_�LOS approaches zero
whenrrr approaches zero for targets moving with any type of
maneuver. The greater the navigation gain,�, is the sooner
_�LOS would go to zero [24].

In [26], it has been shown that the polarity of_�LOS plays
an important role in the PN-based laws. By invoking the
sliding-modecontrol technique structured around the basic
PN-law with an additive bias term, which depends on the
polarity of the _�LOS, the acceleration profile of this method
would closely follow that of the APNG law. The navigation
gain,�, also plays an important role in this technique hence the
interception time is decreased by increasing�. However, a high
navigation gain means a high maneuvering energy expended
by the interceptor [27].

C. Dimensionality Reduction in AIPNG

_�LOS is proportional to the cross-product ofrrr and _r_r_r, (2).
Therefore, at_�LOS = 0, the two vectorsrrr and _r_r_r must be par-
allel. By selecting a navigation gain,�, greater than two and
with the assumption that target’s velocity and acceleration are
continuous over time reaching_�LOS = 0 is guaranteed before
interception [24]. From (11) one can conclude that�r�r�r has to be
parallel torrr. Thus, reaching a point at which_�LOS = 0 (i.e.,
interceptor locking on the target being in right course),_�LOS is
kept at zero for the rest of the interceptor’s motion up to the in-
terception point. Subsequently, the dimensionality of the inter-
ception problem, whether in two-dimensional (2-D) or three-di-
mensional (3-D), is reduced to a 1-D tracking problem.

Since the relative acceleration and velocity of the robot and
the target lie on a direction parallel to the LOS, the interception
problem can be simply redefined as finding the time at which an
interceptor, namely a robotic manipulator, meets a moving ob-
ject (i.e.,rrr = 0) with the assumption that the relative motion be-
tween the target and the robot is conveyed in the fixed direction
of the LOS. The robotic interception process, however, should
yield a smooth grasp of the moving object, defined herein as
the match of the position and velocity of the moving object and
those of the robot’s end-effector at the intercept

rrr(tint) = _r_r_r(tint) = 0 (13)

wheretint denotes the interception time.
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This reduction in dimensionality specifically minimizes the
time during which the robot is under the CT control up to the
interception point. The moment at whichrrr is parallel to_r_r_r (i.e.,
_�LOS = 0), accelerating the interceptor in any direction other
than one parallel torrr will introduce an overshoot in robot’s
response in the direction normal to the LOS, prolonging the
interception time. This issue will be discussed in detail in
Section VI-A.

D. AIPNG Technique in 3-D

The error equation in 3-D is the same as that in 2-D repre-
sented by (10). Whenrrr and _r_r_r are parallel in 3-D space, from the
relation�r�r�r = �Kd _r_r_r�Kprrr derived from (10), one can conclude
that�r�r�r will be parallel torrr as well as_r_r_r. Namely, at the moment
whenrrr and _r_r_r become parallel, they remain so up to the inter-
ception point. Yanget al. [28], proved that when utilizing an
IPNG technique for a 3-D-interception case,_�LOS goes to zero
regardless of the target’s motion class. In [24], it is shown that,
the AIPNG technique causes the interceptor to move on an in-
ertially-fixed flat-plane (i.e., the interceptor’s velocity sweeps a
flat plane) for targets moving with constant acceleration. This is
analogous to the performance of an optimal interception law in
3-D proposed in [27].

V. AIPNG FOR ROBOTIC INTERCEPTION

In this section, the necessary modifications to the AIPNG
scheme for robotic interception are discussed.

A. Robot Dynamic Model

A rigid robotic manipulator withn degrees of freedom in joint
space is governed by the following dynamic equation [29]:

MMM (qqq)�q�q�q +CCC(qqq; _q_q_q) _q_q_q +GGG(qqq) = TTT (14)

where
qqq 2 RRRn joint-angle vector;
TTT 2 RRRn torque vector;
MMM(qqq) 2
RRRn�n

inertia matrix;

CCC(qqq; _q_q_q) _q_q_q 2
RRRn

Coriolis and centripetal force vector;

GGG(qqq) 2 RRRn torque vector due to the gravitational force.
Mappings between the joint coordinatesqqq and the robot end-
effector coordinatesXXXr are given as

XXXr =PPP (qqq) (15a)
_X_X_Xr =JJJ(qqq) _q_q_q (15b)
�X�X�Xr = _J_J_J(qqq) _q_q_q + JJJ(qqq)�q�q�q (15c)

wherePPP (qqq) represents the forward kinematic relation for the
end-effector andJJJ(qqq) is the end-effector Jacobian matrix. By
substituting (15a)–(15c) into (14), one can obtain the robot’s
dynamic equation in task space

MJMJMJ�1
n
�X�X�Xr � _JJ_JJ_JJ

�1 _X_X_Xr

o
+ CJCJCJ�1 _X_X_Xr +GGG = TTT : (16)

By rearranging the terms, one can obtain the robot’s dynamic
equation of motion as

MJMJMJ�1 �X�X�Xr +
n
CCC �MJMJMJ�1 _J_J_J

o
JJJ�1 _X_X_Xr +GGG = TTT : (17)

In (17), the torque vector,TTT , is subject to dynamic constraints
as

jTij � jTimaxj; i = 1; 2; � � � ; n (18)

whereTimax is the maximum torque available in theith actu-
ator. The relationship between the acceleration vector,�X�X�Xr , and
the torque needed to produce this acceleration,TTT , is linear.

B. Upgrading the Acceleration Command of AIPNG

The proposed AIPNG must be upgraded for robotic inter-
ception. The process is similar to that of the IPNG technique
described in [18]. Namely, the acceleration command of the
AIPNG is upgraded as follows:

aaac = aaaAIPNG+�(t)UUULOS � � _r_r_r� _�LOS+aaaT+�(t)UUU LOS (19)

whereUUULOS is the unit vector in the LOS direction and�(t) is
a scalar, whose value is computed as

� = max
�

n
\
i=1

Hi

�
; Hi = f�kTij�jTimaxjg;

i = 1; 2; � � � ; n: (20)

In (20),TTT denotes the torque needed to produce the acceleration
given in (19). This torque can be computed by replacing�X�X�Xr in
(17) withaaac given in (19). TheTi in (20) denotes theith com-
ponent of the torque vectorTTT . The coefficient� represents the
user-defined percentage of the maximum available torque to be
utilized. This additional acceleration component does not affect
the parallelism of lines-of-sight after_�LOS = 0. This can be
simply proved by substitutingaaaAIPNG in (19) by its equivalent
given in (9). One thus obtains

aaac = Kd _r_r_r +Kprrr + aaaT + �(t)UUULOS: (21)

By replacing (aaaT �aaac) by �r�r�r andUUULOS byrrr=jrrrj and rearranging
the remaining terms in (21), one obtains

�r�r�r +Kd _r_r_r +

�
Kp +

�(t)

jrrrj

�
rrr = 0: (22)

As can be seen from (22), whenrrr and _r_r_r are parallel,�r�r�r will
be parallel to the LOS as well. Therefore, the LOS direction
remains constant up to the interception point. Fig. 3 shows a
schematic diagram for upgrading the proposed interception
scheme based on (19). This figure shows a mapping between
the robot’s joint torques and permissible accelerations. This
mapping is linear for the current robot configuration [30], [31].

The additional acceleration component in (19) does not af-
fect the speed of convergence of the angular velocity of the LOS
angle to zero, [24]. By utilizing this additional term, intercep-
tion is guaranteed for� > 2. The rational behind upgrading the
AIPNG is 1) initially to send the robot toward the current loca-
tion of the target with maximum permissible acceleration and
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Fig. 3. Upgrading the acceleration command of the AIPNG.

Fig. 4. Limiting the acceleration command of the AIPNG.

Fig. 5. Alternative technique for limiting the acceleration command of the AIPNG.

2) to close the distance between the target and the robot with
maximum permissible speed when cruising.

C. Limiting the Acceleration Command of the AIPNG

The acceleration command calculated in (9) might exceed the
maximum torques available at some of the joints. In this case,
the acceleration command should be limited. A method of lim-
iting the aaaAIPNG similar to that proposed in [18] is adopted
herein. The command acceleration is calculated as

aaac = KaaaAIPNG (23)

whereK is a scalar computed as follows

K = max

�
n

\
i=1

Si

�
; Si = f�kTij � jTimaxjg;

i = 1; 2; � � � ; n: (24)

Once again,Ti denotes the torque needed to produce the ac-
celeration given in (23). Fig. 4 shows a schematic diagram for
limiting the acceleration command of the proposed interception
scheme based on (23).

However, it should be noted that, limitingaaaAIPNG, when
using (23), might violate the parallelism of the LOS direction.
In this case, the limiting procedure is suggested to be carried
out alternatively as follows:

aaac = aaaAIPNG + �UUULOS (25)

where� is a scalar, whose value is computed the same way as in
(24), whereTi in (24) denotes the torque needed to produce the
acceleration given in (25). Limiting the acceleration command
using this technique will not violate the parallelism of the LOS
direction (see Fig. 5).
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Fig. 6. Algorithm for modifying the acceleration command of the AIPNG.

The decision on which method to use for limitingaaaAIPNG
must be based on the following “conditional” rule:

when jTij > jTimaxj
if :

�LOS=0
use limiting technique as in (23)

else
use limiting technique as in (25)

end
end

Fig. 6 shows the proposed overall algorithm for modifying
(i.e., upgrading and/or limiting) the acceleration command of
the AIPNG technique for robotic interception.

VI. AIPNG INTERCEPTIONTECHNIQUE WITH A CT METHOD

In order to match the target’s position and velocity at the in-
terception point, a PD-type CT-control method is proposed to
take over the robot’s control at an optimal switching time.

A. An Overview of the PD-type CT-Control Method

The error equation for a PD-type CT-controller can be rep-
resented as a second-order system with constant coefficients
known as proportional and derivative gains [18], [32]. The error
is defined as the difference between the target and robot’s posi-
tions, given as

�r�r�r +Kd _r_r_r +Kprrr = 0 (26)

whereKp andKd are diagonal proportional and derivative gain
matrices, respectively. These gains should be selected such that
the response of the system is critically damped

Kdi =; 2
p

Kpi; i = 1; 2; 3: (27)

For the set of gains defined in (27), the time-optimal
response is the one with no-overshoot [33]. Overshoot in a
critically-dampedsystem depends on the initial conditions ofrrr

and _r_r_r. Sincerrr is generally a vector in 3-D, overshooting must
be avoided in each ofrrr’s components. Satisfying this condition
on-line is a time-consuming process. However, if_r_r_r and �r�r�r

are both parallel torrr, the dimensionality of the interception
problem is reduced to 1 (i.e., the interception problem would
be analogous to one in which the robot tracks an object moving
on a straight-line). Thus, overshooting should be considered
only in the LOS direction. When�r�r�r is parallel torrr and _r_r_r, the
matricesKp andKd become scalars.

Fig. 7 shows a schematic diagram of two different classes of
trajectories in the phase-space, one representing an overshoot
and the other representing a nonovershoot response. The shape
of the overshoot-zone can be derived by solving the second
order ODE given in (26)

_r =

2
664�Kd

2
+

�
_r0 +

Kd

2
r0

�
�
r0 +

�
_r0 +

Kd

2
r0

�
t

�
3
775 r (28)

wherer0 and _r0 are the initial values ofr and _r. The over-
shoot-zone is defined as the area confined between the line
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Fig. 7. Phase-plane trajectories.

Fig. 8. Phase-portraits and the intercept tolerance square.

_r + (Kd=2)r = 0 and the_r-axis. In [24], it is shown that the
minimum interception time can be achieved by a PD-type CT
method, ifrrr and _r_r_r are initially parallel.

Interception is defined herein as when

jrj � (Tol)p andj _rj(Tol)v (29)

for N consecutive time steps, whereN � 2. (Tol)p and
(Tol)v are tolerances for position and velocity errors at the
rendezvous-point, respectively. A trajectory that starts within
the overshoot-zone normally renders a larger interception time
when(Tol)p ! 0 and(Tol)v ! 0 [33]. However, interception
time would also be influenced by the size of aforementioned
tolerances. Fig. 8 shows a schematic diagram of three different
trajectories labeled as I, II, and III. There may exist a significant
difference between the interception times corresponding to
overshooting trajectories II and III. A trajectory that crosses
over ther-axis, renders a larger interception time. The impact
of introducing a trajectory which does not cross over ther-axis
on our hybrid interception scheme will be addressed below in
Sections VI-B and IV-C.

Fig. 9. Overshooting response of the CT-method.

B. AIPNG + CT Interception Scheme

In the hybrid interception method proposed herein, when uti-
lizing AIPNG in the Phase I and a PD-type CT-method in the
Phase II of our robot motion control, there exists an Optimal
Switching Point (OSP) that renders minimal interception time.
The overall interception time,tint, is thus a combination of time
during which the robot is under the AIPNG control and the time
during which the robot is under the CT-method control

tint = tAIPNG + tCT: (30)

tint can be approximated on-line as follows:

~tint = tAIPNG + ~tCT (31)

where~tCT denotes the estimation of the time during which the
robot is under the control of the CT-method. In [18], it was
shown that,~tCT can be approximated on-line and its value is
independent of the target motion class.~tCT can be found by
solving a second order ODE of the position-error given in (26)
with the initial conditionsr(t = 0) = r0 and _r(t = 0) = _r0,
and an end condition given by (29).

Fig. 9 shows a schematic diagram of the phase-plane trajec-
tory when utilizing the aforementioned interception technique.
Two segments are featured: In segment (A–C) the AIPNG is in
control, and in segment (C–O) the CT-method has taken over.
Segment (A–C) itself has two parts. In segment (A–B) the an-
gular velocity of the LOS angle has not approached zero yet. In
segment (B–C), however,_�LOS approaches zero, namely,

aaac = aaaT ) �r = 0: (32)

Equation (32) indicates that in segment (B–C) the robot is
cruising toward the interception point with zeroclosing-accel-
eration. If the condition _�LOS = 0 is satisfied before reaching
the optimal switching point, the necessary condition for opti-
mality of the PD-type CT-method is ensured, [24]. Otherwise,
the AIPNG + CT technique may yield results no better than that
for the IPNG + CT technique discussed in [18].
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C. AIPNG + ModifiedCT Interception Method

A method for modifying the Phase II of the interception
trajectory, namely using the PD-type CT-method, is discussed
in this section. The objective of this method is to reduce the
overall interception time. In this technique the AIPNG remains
unchanged up to the optimal switching point (OSP).

a) Relationship Between Interception Time and
Phase-plane Trajectory:For a phase-plane trajectory starting
at t = t0 and ending att = tf one can write

tf � t0 =

Z tf

t0

dt =

Z (r)t=tf

(r)t=t0

dr

d _r
: (33)

Equation (33) suggests that the area confined between the phase-
plane trajectory and ther-axis must be maximized in order for
(tf � t0) to be minimized.

b) The ModifiedCT Method: As was discussed in Sec-
tion VI-B, for a typical phase-plane trajectory of the AIPNG +
CT method, Fig. 9, the CT-method takes over at Point C. The
area confined between the Trajectory (C–O) and ther-axis is in-
versely proportional to the time during which the robot is under
the control of the PD-type CT-method. Point C in Fig. 9 corre-
sponds to the OSP. The objective here is to increase the afore-
mentioned area by changing the shape of the phase-plane tra-
jectory.

Fig. 10 shows a typical phase-plane trajectory when uti-
lizing our proposed technique. The phase-plane trajectory
(C–D–E–O) yields an area which is larger than that for a
regular CT-method. Thus, the time during which the robot is
under the control of this proposed technique is shorter than
that for a CT-method, although Segment (A–B–C) is the same
for both methods. Three segments are characterized in our
proposed modifiedCT method:

Segment (C–D): The start point of this segment, Point C, rep-
resents the OSP. At this point_�LOS must have approached zero
(by selecting the navigation gain,�, sufficiently high this would
be achievable). Segment (C–D) represents the zero-closing-ac-
celeration phase,�r = 0. The robot’s control does not switch to
a CT-method at Point C, but it keeps moving as instructed by
AIPNG. The OSP is found on-line by one-time-step-ahead esti-
mation of the overall interception time given current state of the
robot and the target. The OSP represents the point at which the
estimated value of the overall interception time is minimum.

Segment (D–E): In this segment the robot moves with con-
stant deceleration. The value of this deceleration, and also the
location of Point D, are found by taking the robot’s dynamics
into account.

Segment (E–O): At Point E, the conventional PD-type
CT-method, exactly the same method used in the AIPNG + CT
technique, takes over. Point E is a user-defined point located
along the Trajectory C–O, as shown in Fig. 10. Trajectory C–O
is the phase-plane trajectory of the CT-method when it takes
over at OSP. The choice of Point E will be discussed below.

The concept behind the above-proposed CT-method modifi-
cation technique is that a PD-type CT-method can be consid-
ered to be acting as aslowing downoperation for our hybrid
interception technique. It continuously tries to match both the

Fig. 10. Phase-plane trajectory of the AIPNG + modifiedCT method.

position and the velocity of the robot and the target. Clearly,
matching the velocities of the interceptor and the target from the
beginning (e.g., when the robot is initially far from the target)
may not be practical. However, the navigation technique mini-
mizes the distance between the interceptor and the target as fast
as possible while bringing the interceptor to the proper heading
toward the interception point. In the proposed technique the use
of a PD-type CT-method is postponed. At Point E, the PD-type
CT-method takes over matching the terminal position and ve-
locity of the interceptor and the target.

The overall interception time of the AIPNG + modifiedCT
method is given as

tint = tAIPNG + tmod CT: (34)

Fig. 11 shows the conceptual algorithm for implementing the
AIPNG + modified CT method.

c) Selecting Point E along the Trajectory C–O:Point E,
as shown in Fig. 10, is an arbitrary point located along the tra-
jectory presented by C–O. In general, a candidate for Point E
would be a point with the following coordinate along ther-axis
in the phase-plane

rE = ro + 
(rc � ro) (35)

whererc andro denote the coordinates of Points C and O along
ther-axis, respectively, (the coordinates of Point O can be com-
puted on-line). The coefficient
 2 [0; 1] in (35) is user defined.
The smaller it is, the closer Point E would be to Point O. The
coordinate of Point E along the_r-axis can be then calculated an-
alytically, see [24]. Control of the robot is switched to a PD-type
CT-method, whenjr� rE j � (Tol)p andj _r� _rEj � (Tol)v. It
is conjectured that, the closer Point E is to Point O, the shorter
the overall interception time would be, [24].

Implementing the Segment (D–E) online:An important
remaining issue is to calculate the starting point of the con-
stant-closing-acceleration-based motion, namely Point D. The
objective is to move the robot with a constant closing accelera-
tion (or constant deceleration),�r = constant, starting from Point



MEHRANDEZH et al.: ROBOTIC INTERCEPTION OF MOVING OBJECTS USING AIPNG TECHNIQUE 247

Fig. 11. Conceptual algorithm for implementing the AIPNG + modifiedCT method.

D to Point E. This constant closing acceleration can be readily
computed for each arbitrary point on segment C-D as follows:

�rconstant =
( _rE)

2 � ( _r)2t=tAIPNG+i�t

2[(rE) � (r)t=tAIPNG+i�t]
; i = 1; 2; � � � (36)

where�t denotes the time-step of the control system. To check
whether the acceleration computed in (36) is executable, one
should compare that with the maximum permissible value. The
maximum permissible deceleration, as a reference closing ac-
celeration, is proposed to be estimated as follows:

�rpermissible =

iX

i=1

(�rmax)i + �rE

i+ 1
(37)

where�r�r�rmax denotes the maximum permissible closing accel-
eration computed by taking the robot’s dynamics into account.
�rpermissible in (37) represents the average of the maximum per-
missible decelerations of the robot along the segment C–D–E.
The robot is proposed to start moving with a constant closing
deceleration given in (36) at the point where the following is
satisfied:

�rconstant � �rpermissible : (38)

This method guarantees that the torque limits of the robot
would not be violated when the robot is moving along the D-E
trajectory. Thus, moving along Trajectory D-E with the constant
closing acceleration given in (36) is executable. The algorithmic
procedure for implementing the proposed trajectory, C-D-E-O,
is given below.

Step 0: Is OSP reached? If yes, solve for the Trajectory
(C–O). Assign a value torE . Compute the value of
_rE , (see [24]) and go to Step 1. Otherwise, let the
robot move as instructed by AIPNG.

Step 1: Seti = 1.
Step 2: Compute the constant deceleration of the robot to

bring it from its current state to the state found in
Step 0, namely Point E, using (36).

Fig. 12. Robotic manipulator.

Step 3: Compute the permissible deceleration of the robot in
the LOS direction using (37).

Step 4: Compare the�rconstant, computed in Step 2, with
�rpermissible , found in Step 3. If (38) is satisfied go
to Step 5, otherwise, go to Step 6.

Step 5: Move the robot with�r = 0 for the next time-step.
Seti = i + 1. Go to Step 2.

Step 6: Move the robot with�r = �rconstant for the next time-
step. Seti = i + 1.

Step 7: If j _ri � _rEj � (Tol)vgCT andjri � rEj �
f(Tol)pgCT , go to Step 8. Otherwise, go to Step 6.

Step 8: Move the robot with�r = �Kd _ri � Kpri. If r �
Tolp and _r � Tolv , stop the interception scheme.
Otherwise, go to Step 9.

Step 9: Seti = i + 1. Go to Step 8.
In summary, the algorithmic procedure described above

generates three trajectory segments; cruising (Segment C–D),
moving with a constant relative deceleration (Segment D–E),
and tracking, based on a PD-type CT-method, (Segment E–O).
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TABLE I
MANIPULATOR’S PHYSICAL

PARAMETERS

Fig. 13. (a)X–Y plot of the robot and the target trajectories utilizing AIPNG
+ modified CT technique for CASE #1 and (b)X–Y position and velocity of
the robot and the target versus time for CASE #1

VII. SIMULATION RESULTS AND DISCUSSIONS

In this section, computer simulations of the proposed inter-
ception scheme are presented. For simplicity a SCARA-type
two-link planar robot is utilized, Fig. 12. The physical parame-
ters of the manipulator are given in Table I, [31]. The object to
be grasped is assumed to be a point mass moving in theX–Y
plane. TheX–Y coordinates of the object are assumed to be
available to the interception system via a vision system. The dy-
namic simulation module, SIMULINK, and a robotic toolbox of
MATLAB were used for our simulations, [34].

The grasping tolerances areTolp = 10 mm (1% of the max-
imum distance between the robot and the target), andTolv = 10

mm/s (2% of the maximum target’s speed). The coefficient� in
(20) is chosen as 0.5.

Fig. 14. (a) Phase-portrait of the AIPNG + modifiedCT method for CASE #1
and (b) phase-portrait of the AIPNG + CT method for CASE #1.

The proposed hybrid interception scheme was applied to a
variety of object trajectories. Some of them are given herein to
illustrate the most-difficult-case scenarios. In all the simulations
a navigation constant of� = 5:0, and proportional and deriva-
tive gains ofKp = 1:0 andKd = 2:0 are employed. The results
are for two target motion cases:

CASE #1: (Target Moving with a Constant Acceleration as a
Projectile):

XXXT0 =

�
0:5

1:5

�
; VVV T0 =

�
0:2

0:1

�
; aaaT =

�
0

�0:1

�
:

(39)
CASE #2: (Target Moving on a Sinusoidal Curve):

XXXT0 =

�
1:0

1:2

�
; VVV T0 =

�
0:2

�
�
2

�
�0:2

�

aaaT =

�
�0:2

�
�
2

�2
sin

�
�t
2

�
0:0

�
(40)

whereVT0 andXT0 are the initial velocity and position of the
target, respectively. The robot’s end-effector is initially located
at (0, 1) m. The interception time obtained via the AIPNG +
modified CT technique is better than that of the IPNG + CT
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Fig. 15. (a)X–Y plot of the robot and the target trajectories utilizing AIPNG
+ modified CT technique for CASE #2 and (b)X–Y position and velocity of
the robot and the target versus time for CASE #2.

method discussed in [18] by approximately 15% for CASE #1
and 30% for CASE #2.

Fig. 13(a) shows theX–Y plots of the robot’s and target’s
trajectories for CASE #1 for AIPNG + modifiedCT method.
Fig. 13(b) shows the position and velocity of the target and of the
robot in theX andY directions versus time. The phase-portraits
of the AIPNG + modifiedCT and the AIPNG + CT methods are
shown in Fig. 14(a) and (b), respectively. Figs. 15 and 16 show
the same results for CASE #2.

VIII. C ONCLUSIONS

This paper presented a novel approach to on-line, robot-mo-
tion planning for moving-object interception. The proposed
approach utilizes anavigation-basedtechnique, that is robust
and computationally efficient for the interception of fast-ma-
neuvering objects. The navigation technique utilized is an
augmentation of the ideal proportional navigation guidance
(IPNG) technique. Since navigation techniques were originally
developed for the control of missiles tracking free-flying tar-
gets, this technique had to be modified for robotic interception
in order to reflect some maneuvering capabilities of robots over

Fig. 16. (a) Phase-portrait of the AIPNG + modifiedCT method for CASE #2
and (b) phase-portrait of the AIPNG + CT method for CASE #2.

missiles. The implementation of the proposed technique has
been illustrated via simulation examples. It has been clearly
shown that the hybrid interception method proposed herein
yields results favorable over the pure conventional tracking
methods, namely a PD-type CT-method.
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Abstract
Underwater robots require adequate guidance
and control to perform useful tasks. Visual
information is important to these tasks and
visual servo control is one method by which
guidance can be obtained. To coordinate and
control thrusters, complex models and control
schemes can be replaced by a connectionist
learning approach. Reinforcement learning uses
a reward signal and much interaction with the
environment to form a policy of correct behav-
ior. By combining vision-based guidance with a
neurocontroller trained by reinforcement learn-
ing our aim is to enable an underwater robot to
hold station on a reef or swim along a pipe.

1 Introduction
At the Australian National University we are develop-
ing technologies for underwater exploration and obser-
vation.  Our objectives are to enable underwater robots
to autonomously search in regular patterns, follow
along fixed natural and artificial features, and swim
after dynamic targets.  These capabilities are essential
to tasks like exploring geologic features, cataloging
reefs, and studying marine creatures, as well as
inspecting pipes and cables, and assisting divers. For
underwater tasks, robots offer advantages in safety,
accuracy, and robustness.

We have designed a guidance and control architec-
ture to enable an underwater robot to perform useful
tasks. The architecture links sensing, particularly
visual, to action for fast, smooth control. It also
allows operators or high-level planners to guide the
robot’s behavior. The architecture is designed to
allow autonomy of at various levels: at the signal
level for thruster control, at the tactical level for com-
petent performance of primitive behaviors and at the
strategic level for complete mission autonomy.

We use visual information, not to build maps to
navigate, but to guide the robot’s motion using visual
servo control. We have implemented techniques for
area-based correlation to track features from frame to
frame and to estimate range by matching between ste-
reo pairs. A mobile robot can track features and use
their motion to guide itself. Simple behaviors regu-
late position and velocity relative to tracked features.

Approaches to motion control for underwater vehi-
cles, range from traditional control to modern control
[1][2] to a variety of neural network-based architec-
tures [3]. Most existing systems control limited
degrees-of-freedom and ignore coupling between
motions. They use dynamic models of the vehicle and
make simplifying assumptions that can limit the oper-
ating regime and/or robustness. The modeling process
is expensive, sensitive, and unsatisfactory.

We have sought an alternative. We are developi
a method by which an autonomous underwater ve
cle (AUV) learns to control its behavior directly from
experience of its actions in the world.  We start wi
no explicit model of the vehicle or of the effect tha
any action may produce.  Our approach is a conn
tionist (artificial neural network) implementation o
model-free reinforcement learning.  The AUV learn
in response to a reward signal, attempting to ma
mize its total reward over time.

By combining vision-based guidance with a neur
controller trained by reinforcement learning our aim
is to enable an underwater robot to hold station on
reef, swim along a pipe, and eventually follow a mo
ing object.
1.1 Kambara Underwater Vehicle
We are developing a underwater robot named Ka
bara, an Australian Aboriginal word for crocodile
Kambara's mechanical structure was designed and 
ricated by the University of Sydney. At the Australia
National University we are equipping Kambara wit
power, electronics, computing and sensing.

Kambara's mechanical structure, shown 
Figure 1, has length, width, and height of 1.2m, 1.5
and 0.9m, respectively and displaced volume 
approximately 110 liters. The open-frame design ri
idly supports five thrusters and two watertigh
enclosures. Kambara’s thrusters are commercia
available electric trolling motors that have been mod
fied with ducts to improve thrust and have custo
power amplifiers designed to provide high current 
the brushed DC motors. The five thrusters enable ro
pitch, yaw, heave, and surge maneuvers. Hen
Kambara is underactuated and not able to perfo
direct sway (lateral) motion; it is non-holonomic.

A real-time computing system including main an
secondary processors, video digitizers, analog sig
digitizers, and communication component is mount
in the upper enclosures. A pan-tilt-zoom came
looks out through the front endcap. Also in the upp
enclosure are proprioceptive sensors including a 

Figure 1: Kambara
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axial accelerometer, triaxial gyro, magnetic heading
compass, and inclinometers. All of these sensors are
wired via analog-to-digital converter to the main
processor.

The lower enclosure, connected to the upper by a
flexible coupling, contains batteries as well as power
distribution and charging circuitry. The batteries are
sealed lead-acid with a total capacity of 1200W. Also
mounted below are depth and leakage sensors.

In addition to the pan-tilt-zoom camera mounted in
the upper enclosure, two cameras are mounted in
independent sealed enclosures attached to the frame.
Images from these cameras are digitized for process-
ing by the vision-based guidance processes.

2 Architecture for Vehicle Guidance
Kambara’s software architecture is designed to allow
autonomy at various levels: at the signal level for adap-
tive thruster control, at the tactical level for competent
performance of primitive behaviors, and at the strate-
gic level for complete mission autonomy.

The software modules are designed as indepen-
dent computational processes that communicate over
an anonymous broadcast protocol, organized as
shown in Figure 2. The Vehicle Manager is the sole
downstream communication module, directing com-
mands to modules running on-board. The Feature
Tracker is comprised of a feature motion tracker and
a feature range estimator as described in section 3. It
uses visual sensing to follow targets in the environ-
ment and uses their relative motion to guide the
Vehicle Neurocontroller. The Vehicle Neurocontrol-
ler, described in 4, learns an appropriate valuation of
states and possible actions so that it can produce con-
trol signals for the thrusters to move the vehicle to its
goal. The Thruster Controller runs closed-loop servo
control over the commanded thruster forces. The
Peripheral Controller drives all other devices on the
vehicle, for example cameras or scientific instru-
ments. The Sensor Sampler collects sensor
information and updates the controllers and the State
Estimator. The State Estimator filters sensor informa-
tion to generate estimates of vehicle position,
orientation and velocities. The Telemetry Router
moves vehicle state and acquired image and science
data off-board.

The Visualization Interface will transform teleme
try into a description of vehicle state that can b
rendered as a three-dimensional view. The Opera
Interface interprets telemetry and presents a nume
cal expression of vehicle state. It provides method 
generating commands to the Vehicle Interface f
direct teleoperation of vehicle motion and for superv
sory control of the on-board modules.

The Swim Planner interprets vehicle telemetry 
analyze performance and adjust behavior acco
ingly, for example adjusting velocity profiles to bette
track a pattern. A Terrain Mapper would transform
data (like visual and range images) into maps that c
be rendered by the Visualization Interface or used 
the Swim Planner to modify behavior. The Missio
Planner sequences course changes to produce c
plex trajectories to autonomously navigate the vehic
to goal locations and carry out complete missions.
2.1 Operational Modes
The software architecture is designed to accommod
a spectrum of operational modes. Teleoperation of 
vehicle with commands fed from the operator direct
to the controllers provides the most explicit control o
vehicle action. While invaluable during developmen
and some operations, this mode is not practical 
long-duration operations. Supervised autonomy, 
which complex commands are sequenced off-boa
and then interpreted over time by the modules o
board, will be our nominal operating mode. Unde
supervised autonomy, the operator’s commands 
infrequent and provide guidance rather than dire
action commands. The operator gives the equivalen
“swim to that feature” and “remain on station”. In fully
autonomous operation, the operator is removed fro
the primary control cycle and planners use state inf
mation to generate infrequent commands for the ve
cle. The planners may guide the vehicle over a lo
traverse, moving from one target to another, or tho
oughly exploring a site with no human intervention

3 Vision-based Guidance of an Underwater 
Vehicle 

Many tasks for which an AUV would be useful o
where autonomous capability would improve effec
tiveness, are currently teleoperated by human ope
tors. These operators rely on visual information 
perform tasks making a strong argument that visu
imagery could be used to guide an underwater vehic

Detailed models of the environment are often n
required. There are some situations in which a thre
dimensional environment model might be useful bu
for many tasks, fast visual tracking of features or ta
gets is necessary and sufficient.

Visual servoing is the use of visual imagery t
control the pose of the robot relative to (a set of) fe
tures.[4] It applies fast feature tracking to provid
closed-loop position control of the robot. We ar
applying visual servoing to the control of an unde
water robot. 
3.1 Area-based Correlation for Feature Tracking
The feature tracking technique that we use as the b
for visual servoing applies area-based correlation to
image transformed by a sign of the difference of Gau
sians (SDOG) operation. A similar feature trackin
technique was used in the visual-servo control of 
autonomous land vehicle to track natural features.[5

Vehicle
Neurocontroller

On-board controlOff-board telemetryOff-board guidance

Sensor
Sampler

Thruster
Controller

Image
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Telemetry

Peripheral
Controller
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Vehicle
Manager Feature
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Figure 2:  Architecture for vehicle guidance and control
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Input images are subsampled and processed using
a difference of Gaussian (DOG) operator. This opera-
tor offers many of the same stability properties of the
Laplacian operator, but is faster to compute.[6] The
blurred sub-images are then subtracted and binarized
based on sign information. This binary image is then
correlated with an SDOG feature template matching a
small window of a template image either from a pre-
vious frame or from the paired stereo frame. A logical
exclusive OR (XOR) operation is used to correlate
the feature template with the transformed sub-image;
matching pixels give a value of zero, while non-
matching pixels will give a value of one. A lookup
table is then used to compute the Hamming distance
(the number of pixels which differ), the minimum of
which indicates the best match. 
3.2 Tracking Underwater Features
We are verifying our feature tracking method with
actual underwater imagery. Figure 3 shows tracking
three features through 250 images of a support pile. 

The orientation and distance to the pile changes
through this 17 second sequence. Some features are
lost and then reacquired while the scene undergoes
noticeable change in appearance. The changing posi-
tion of the features provides precisely the data needed
to inform the Vehicle Neurocontroller of Kambara’s
position relative to the target.
3.3 Vehicle Guidance from Tracked Features
Guidance of an AUV using our feature tracking
method requires two correlation operations within the
Feature Tracker, as seen in Figure 4. The first, the fea-

ture motion tracker, follows each feature between p
vious and current images from one camera while t
other, the feature range estimator, correlates betw
left and right camera images. The feature motio
tracker correlates stored feature templates to determ
the image location and thus direction to each featu
Range to a feature is determined by correlating fe
tures in both left and right stereo images to find the
pixel disparity. This disparity is then related to an abs
lute range using camera intrinsic and extrinsic para
eters which are determined by calibration.  

The appearance of the features can change dra
cally as the vehicle moves so managing and updat
feature templates is crucial part in reliably trackin
features. We found empirically that updating the fe
ture template at the rate at which the vehicle move
distance equal to the size of the feature is sufficient
handle appearance change without suffering fro
excessive accumulated correlation error.[5]

The direction and distance to each feature are 
the Vehicle Neurocontroller, The neurocontrolle
requires vehicle state, from the State Estimator, alo
with feature positions to determine a set of thrust
commands. To guide the AUV, thruster comman
become a function of the position of visual features.

4 Learned Control of an Underwater Vehicle 
Many approaches to motion control for underwat
vehicles have been proposed, and although work
systems exist, there is still a need to improve their p
formance and to adapt them to new vehicles, tasks, 
environments.  Most existing systems control limite

Figure 3: Every tenth frame (top left across to bottom right) in a sequence of 250 images of an underwater support pile recorded 
at 15Hz. Boxes indicate three features tracked from the first frame through the sequence.
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degrees-of-freedom, for example yaw and surge, and
assume motion along some dimensions can be con-
trolled independently.  These controllers usually
require a dynamic model and simplifying assumptions
that may limit operating regime and robustness.

Traditional methods of control for vehicle systems
proceed from dynamic modelling to the design of a
feedback control law that compensates for deviation
from the desired motion. This is predicated on the
assumption that the system is well-modelled and that
specific desired motions can be determined.

Small, slow-moving underwater vehicles present a
particularly challenging control problem. The dynam-
ics of such vehicles are nonlinear because of inertial,
buoyancy and hydrodynamic effects. Linear approxi-
mations are insufficient, nonlinear control techniques
are needed to obtain high performance.[7]

Nonlinear models of underwater vehicles have
coefficients that must be identified and some remain
unknown because they are unobservable or because
they vary with un-modelled conditions. To date, most
controllers are developed off-line and only with con-
siderable effort and expense are applied to a specific
vehicle with restrictions on its operating regime.[8]
4.1 Neurocontrol of Underwater Vehicles
Control using artificial neural networks, neurocontrol,
[9] offers a promising method of designing a nonlinear
controller with less reliance on developing accurate
dynamic models. Controllers implemented as neural
networks can be more flexible and are suitable for deal-
ing with multi-variable problems. 

A model of system dynamics is not required. An
appropriate controller is developed slowly through
learning. Control of low-level actuators as well as
high-level navigation can potentially be incorporated
in one neurocontroller.

Several different neural network based controlle
for AUVs have been proposed. [10] Sanner and Ak
[11] developed a pitch controller trained by back
propagation. Training of the controller was done of
line in with a fixed system model. Output error at th
single output node was estimated by a critic equ
tion. Ishii, Fujii and Ura [12] developed a headin
controller based on indirect inverse modelling. Th
model was implemented as a recursive neural n
work which was trained offline using data acquire
by experimentation with the vehicle and then furth
training occurred on-line. Yuh [10] proposed sever
neural network based AUV controllers. Error at th
output of the controller is also based on a critic.
4.2 Reinforcement Learning for Control
In creating a control system for an AUV, our aim is fo
the vehicle to be able to achieve and maintain a g
state, for example station keeping or trajectory follow
ing, regardless of the complexities of its own dynami
or the disturbances it experiences. We are developin
method for model-free reinforcement learning. Th
lack of an explicit a priori model reduces reliance o
knowledge of the system to be controlled.

Reinforcement learning addresses the problem
forming a policy of correct behavior through observe
interaction with the environment. [13] The strategy 
to continuously refine an estimate of the utility o
performing specific actions while in specific state
The value of an action is the reward received for ca
rying out that action, plus a discounted sum of th
rewards which are expected if optimal actions are c
ried out the future. The reward follows, often wit
some delay, an action or sequence of actions. Rew
could be based on distance from a target, roll relat
to vertical or any other measure of performance. T
controller learns to choose actions which, over tim
will give the greatest total reward.

Q-learning [14] is an implementation method fo
reinforcement learning in which a mapping is learne
from a state-action pair to its value (Q). The mapping
eventually represents the utility of performing an pa
ticular action from that state. The neurocontrolle
executes the action which has the highest Q value in
the current state. The Q value is updated according to

where Q  is the expected value of performing action u
in state x; R is the reward; α is a learning rate and γ  is
the discount factor. Initially Q(x,u) is strongly influ-
enced by the immediate reward but, over time, it com
to reflect the potential for future reward and the lon
term utility of the action.

Q-learning is normally considered in a discret
sense. High-performance control cannot be ad
quately carried out with coarsely coded inputs a
outputs. Motor commands need to vary smoothly a
accurately in response to continuous changes in st
When states and actions are continuous, the learn
system must generalize between similar states a
actions. To generalize between states, one approac
to use a neural network.[15] An interpolator can pr
vide generalization between actions.[16] Figure
shows the general structure of such a system.

A problem with applying Q-learning to AUV con-
trol is that a single suboptimal thruster action in 
long sequence does not have noticeable effe
Advantage learning [17] is a variation of Q-learning
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Figure 4: Diagram of the AUV visual servoing system
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which addresses this by emphasizing the difference in
value between actions and assigning more reward to
correct actions whose individual effect is small.

Kambara’s neurocontroller [18] is based on advan-
tage learning coupled with an interpolation method
[16] for producing continuous output signals.
4.3 Evolving a Neurocontroller
We have created a simulated non-holonomic, two
degree-of-freedom AUV with thrusters on its left and
right sides, shown in Figure 6. The simulation includes
linear and angular momentum, and frictional effects.
Virtual sensors give the location of targets in body
coordinates as well as linear and angular velocity. 

The simulated AUV is given a goal at 1 units of
distance away in a random direction. For 200 time
steps the controller receives reward based upon its
ability to move to and then maintain position at the
goal. A purely random controller achieves an average
distance of 1.0. A hand-coded controller, which pro-
duces apparently good behavior by moving to the
target and stopping, achieves 0.25 in average dis-
tance to the goal over the training period. 

Every 200 time steps, a new goal is randomly gen-
erated until the controller has experienced 40 goals. A
graph showing the performance of 140 neurocontrol-
lers, trained with advantage learning is shown in the
box-and-whisker plot of Figure 7. All controllers
(100%) learn to reach each goal although some dis-
play occasionally erratic behavior, as seen by the
outlying “+” marks. Half of the controllers perform

within the box regions, and all except outliers li
within the whiskers. This learning method converg
to good performance quickly and with few and sma
magnitude spurious actions.

The next experiments are to add additional degre
of freedom to the simulation so that the controlle
must learn to dive and maintain roll and pitch, and 
repeat the procedure in the water, on-line, with t
real Kambara. Experiments in linking the vision sy
tem to the controller can then commence.

A significant challenge lies in the nature and effe
of live sensor information. We anticipate bias, drif
and non-white noise in our vehicle state estimatio
How this will effect learning we can guess by addin
noise to our virtual sensors but real experiments w
be most revealing. 

5 Commanding Thruster Action
The task of Vehicle Neurocontroller is simplified if its
commanded output is the desired thrust force rath
than motor voltage and current values. The neuroco
troller need not learn to compensate for the non-line
ities of the thruster, its motor and amplifier. Individua
thruster controllers use force as a desired referenc
control average motor voltage and current internally

Considerable effort has been applied in rece
years to developing models of underwater thrus
ers.[19][20][21] This is because thrusters are 
dominant source of nonlinearity in underwater veh
cle motion.[19] Every thruster is different either in
design or, among similar types, due to tolerances a
wear, so parameter identification must be undertak
for each one.

We have measured motor parameters includi
friction coefficients and motor inertia and begun in
tank tests measure propeller efficiency and relatio
ships between average input voltage and curre
motor torque, and output thrust force. Using a thrus
model [21] and these parameters, the neurocontr
lers force commands can be accurately produced
the thrusters.

6 Estimating Vehicle State
In order to guide and control Kambara we need 
know where it was. where it is, and how it is moving

Figure 5: A Q-learning system with continuous states and 
actions as implemented in the neurocontroller.
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This is necessary for long-term guidance of the vehicle
as it navigates between goals and for short-term con-
trol of thruster actions. Continuous state information is
essential to the reinforcement learning method that
Kambara uses to learn to control its actions.

Kambara carries a rate gyro to measure its three
angular velocities and a triaxial accelerometer to mea-
sure its three linear accelerations. A pressure depth
sensor provides absolute vertical position, an incli-
nometer pair provide roll and pitch angles and a
magnetic heading compass measures yaw angle in a
fixed inertial frame. Motor voltages and currents are
also relevant state information. The Feature Tracker
could also provide relative position, orientation and
velocity of observable features.

These sensor signals, as well as input control sig-
nals, are processed by a Kalman filter in the State
Estimator to estimate Kambara’s current state. From
ten sensed values (linear accelerations, angular veloc-
ities, roll, pitch, yaw and depth) the filter estimates
and innovates twelve values: position, orientation and
linear and angular velocities.

The Kalman filter requires models of both the sen-
sors and the vehicle dynamics to produce its estimate.
Absolute sensors are straightforward, producing a
precise measure plus white Gaussian noise. The gyro
models are more complex to account for bias and
drift. A vehicle dynamic model, as described previ-
ously, is complex, non-linear, and inaccurate. All of
our models are linear approximations.

There is an apparent contradiction in applying
model-free learning to develop a vehicle neurocon-
troller and then estimating state with a dynamic
model. Similarly, individual thruster controllers
might be redundant with the vehicle neurocontroller.
We have not fully reconciled this but believe that as
practical matter partitioning sensor filtering and inte-
gration, and thruster control from vehicle control will
facilitate learning. Both filtering and motor servo-
control can be achieved with simple linear approxi-
mations leaving all the non-linearities to be resolved
by the neurocontroller. 

If the neurocontroller is successful in doing this,
we can increase the complexity (and flexibility) by
reducing reliance on modelling. The first step is to
remove the vehicle model from the state estimator,
using it only to integrate and filter data using sensor
models. Direct motor commands (average voltages)
could also be produced by the neurocontroller,
removing the need for the individual thruster control-
lers and the thruster model. Without the assistance of
a model-based state estimator and individual thruster
controllers the neurocontroller will have to learn from
less accurate data and form more complex mappings.

7 Conclusion
Many important underwater tasks are based on visual
information. We are developing robust feature tracking
methods and a vehicle guidance scheme that are based
on visual servo control. We have obtained initial results
in reliably tracking features in underwater imagery and
have adapted a proven architecture for visual servo
control of a mobile robot.

There are many approaches to the problem of
underwater vehicle control, we have chosen to pur-
sue reinforcement learning. Our reinforcement
learning method seeks to overcome some of the limi-

tations of existing AUV controllers and their
development, as well as some of the limitations 
existing reinforcement learning methods. In simul
tion we have shown reliable development of stab
neurocontrollers.

Acknowledgements
We thank Wind River Systems and BEI Systron Do
ner for their support and Pacific Marine Group for pr
viding underwater imagery. We also thank the RS
Underwater Robotics team for their contributions.

References
[1] D. Yoerger, J-J. Slotine, “Robust Trajectory Control of Unde

water Vehicles,” IEEE Journal of Oceanic Engineering, vo
OE-10, no. 4,  pp.462-470, October1985.

[2] R. Cristi, F. Papoulias, A. Healey, “Adaptive Sliding Mode
Control of Autonomous Underwater Vehicles in the Div
Plane,” IEEE Journal of Oceanic Engineering, vol. 15, no. 
pp. 152-159, July 1990.

[3] J. Lorentz, J. Yuh, “A survey and experimental study of neur
network AUV control,” IEEE Symposium on Autonomous
Underwater Vehicle Technology, Monterey, USA, pp 109-11
June 1996.

[4] S. Hutchinson, G. Hager, P. Corke, “A Tutorial on Visual Serv
Control,” IEEE International Conference on Robotics an
Automation, Tutorial, Minneapolis, USA, May 1996.

[5] D. Wettergreen, H. Thomas, and M. Bualat, “Initial Result
from Vision-based Control of the Ames Marsokhod Rove
“IEEE International Conference on Intelligent Robots and Sy
tems, Grenoble,  France,1997.

[6] K. Nishihara, “Practical Real-Time Imaging Stereo Matcher
Optical Engineering, vol. 23, pp. 536-545, 1984.

[7] T. Fossen, “Underwater Vehicle Dynamics,” Underwater
Robotic Vehicles: Design and Control, J. Yuh (Editor), TSI
Press, pp.15-40, 1995.

[8] K. Goheen, “Techniques for URV Modeling,” Underwater
Robotic Vehicles: Design and Control, J. Yuh (Ed), TSI Press,
pp.99-126, 1995.

[9] P. Werbos, “Control,” Handbook of Neural Computation,
F1.9:1-10, Oxford University Press, 1997.

[10] J. Yuh, “A Neural Net Controller for Underwater Robotic Vehi
cles,” IEEE Journal of Oceanic Engineering, vol. 15, no. 3, p
161-166, 1990.

[11] R. M. Sanner and D. L. Akin, “Neuromorphic Pitch Attitude
Regulation of an Underwater Telerobot,” IEEE Control Sys
tems Magazine, April 1990.

[12] K. Ishii, T. Fujii, T. Ura, “An On-line Adaptation Method in a
Neural Network-based Control System for AUV's,” IEEE Jou
nal of Oceanic Engineering, vol. 20, no. 3, July 1995.

[13] L. Kaebling, M. Littman, A. Moore, “Reinforcement Learning
A Survey,” Journal of Artificial Intelligence Research, vol. 4
pp. 237-285, 1996.

[14] C. Watkins, Learning from Delayed Rewards, Ph.D. Thesis,
University of Cambridge, England,1989.

[15] L.-J. Lin. “Self-Improving Reactive Agents Based on Rein
forcement Learning, Planning and Teaching” Machine Lear
ing Journal, 8(3/4), 1992.

[16] L. Baird, A. Klopf, “Reinforcement Learning with High-
dimensional, Continuous Actions,” Technical Report WL-TR
93-1147, Wright Laboratory, 1993.

[17] M. Harmon, L. Baird, “Residual Advantage Learning Applie
to a Differential Game,” International Conference on Neur
Networks, Washington D.C, USA, June 1995. 

[18] C. Gaskett, D. Wettergreen, A. Zelinsky, “Reinforcemen
Learning applied to the control of an Autonomous Underwat
Vehicle,” Australian Conference on Robotics and Automatio
Brisbane, Australia, pp. 125-131, March 1999.

[19] D. Yoerger, J. Cooke, J-J Slotine, “The Influence of Thrust
Dynamics on Underwater Vehicle Behavior and Their Incorp
ration Into Control System Design,” IEEE Journal of Ocean
Engineering, vol. 15, no. 3, pp. 167-178, July 1990.

[20] A. Healey, S. Rock, S. Cody, D. Miles, and J. Brown, “Towar
an Improved Understanding of Thruster Dynamics for Unde
water Vehicles,” IEEE Journal of Oceanic Engineering, vol. 2
no. 4., pp. 354-361, July 1995.

[21] R. Bachmayer, L. Whitcomb, M. Grosenbaugh, “A Four-Qua
rant Finite Dimensional Thruster Model,”  IEEE OCEANS’98
Conference, Nice, France, pp. 263-266, September 1998.



Submitted to IEEE 2002 Conference on Decision and Control

Dynamic positioning and way-point tracking of
underactuated AUVs in the presence of ocean currents1

António Pedro Aguiar António M. Pascoal

ISR/IST - Institute for Systems and Robotics, Instituto Superior Técnico,
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Abstract

This paper addresses the problem of dynamic position-
ing and way-point tracking of an underactuated au-
tonomous underwater vehicles (AUVs) in the presence
of constant unknown ocean currents and parametric
model uncertainty. A nonlinear adaptive controller is
proposed that steers the AUV to track a sequence of
points consisting of desired positions (x, y) in a inertial
reference frame, followed by vehicle positioning at the
final point. The controller is first derived at the kine-
matic level assuming that the ocean current disturbance
is known. An exponential observer is then designed and
convergence of the resulting closed loop system trajec-
tories is analyzed. Finally, integrator backstepping and
Lyapunov based techniques are used to extend the kine-
matic controller to the dynamic case and to deal with
model parameter uncertainty. Simulation results are
presented and discussed.

Keywords: Underactuated Systems, Autonomous
Underwater Vehicles, Way-Point Tracking, Nonlinear
Adaptive Control.

1 Introduction

In an underactuated dynamical system, the dimension
of the space spanned by the control vector is less than
the dimension of the configuration space. Consequently,
systems of this kind necessarily exhibit constraints on
accelerations. See [17] for a survey of these concepts.
The motivation for the study of controllers for underac-
tuated systems, namely mobile robots is manifold and
includes the following:

i) Practical applications. There is an increasing
number of real-life underactuated mechanical sys-
tems. Mobile robots, walking robots, spacecrafts,
aircraft, helicopters, missiles, surface vessels, and
underwater vehicles are representative examples.

ii) Cost reduction. For example, for underwater ve-
hicles that work at large depths, the inclusion of
a lateral thruster is very expensive and represent
large capital costs.

iii) Weight reduction, which can be critical for aerial
vehicles.

1This work was supported in part by the EC under the
FREESUB network and by the PDCTM programme of the FCT
of Portugal under projects DREAM and MAROV.

iv) Thruster efficiency. Often, an otherwise fully ac-
tuated vehicle may become underactuated when
its speed changes. This happens in the case
of AUVs that are designed to maneuver at low
speeds using thruster control only. As the forward
speed increases, the efficiency of the side thruster
decreases sharply, thus making it impossible to
impart pure lateral motions on the vehicle.

v) Reliability considerations. Even for full actuated
vehicles, if one or more actuator failures occur,
the system should be capable of detecting them
and engaging a new control algorithm specially
designed to accommodate the respective fault,
and complete its mission if at all possible.

vi) Complexity and increased challenge that this class
of systems bring to the control area. In fact, most
underactuated systems are not fully feedback lin-
earizable and exhibit nonholonomic constraints.

Necessary and sufficient conditions for an underac-
tuated manipulator to exhibit second-order nonholo-
nomic, first-order nonholonomic, or holonomic con-
straints are given in [13]. See also [18] for an exten-
sion of these results to underactuated vehicles (e.g. sur-
face vessels, underwater vehicles, aeroplanes, and space-
craft). The work in [18] shows that if so-called unac-
tuated dynamics of a vehicle model contain no gravita-
tional field component, no continuously differentiable,
constant state-feedback control law will asymptotically
stabilize it to an equilibrium condition. This result
brings out the importance of studying advanced con-
trol laws for underactuated systems.
The underactuated vehicle under consideration in this
paper is the Sirene autonomous underwater vehicle
(AUV). The Sirene AUV was developed in the course of
the MAST-II European project Desibel (New Methods
for Deep Sea Intervention on Future Benthic Labora-
tories), that aims to compare different methods for de-
ploying and servicing stationary benthic laboratories.
The reader is referred to [8] for a general description
of the project and to [7] for complete technical de-
tails of the work carried out by IFREMER (FR), IST
(PT), THETIS (GER), and VWS (GER). The main
task of the Sirene vehicle is to automatically trans-
port and accurately position benthic laboratories at
pre-determined target sites in the seabed. The Sirene
vehicle - depicted in Fig. 1 - has an open-frame struc-
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ture and is 4.0 m long, 1.6 m wide, and 1.96 m high. It
has a dry weight of 4000 Kg and a maximum operating
depth of 4000 m. The vehicle is equipped with two back
thrusters for surge and yaw motion control in the hori-
zontal plane, and one vertical thruster for heave control.
Roll and pitch motion are left uncontrolled, since the
metacentric height1 is sufficiently large (36 cm) to pro-
vide adequate static stability. The AUV has no side
thruster. In the figure, the vehicle carries a represen-
tative benthic lab which is cubic-shaped with a volume
of approximately 2.3m3.

The problem of steering an underactuated AUV to a
point with a desired orientation has only recently re-
ceived special attention in the literature. This task
raises some challenging questions in control system the-
ory because in addition to being underactuated the ve-
hicle exhibit complex hydrodynamic effects that must
necessarily be taken into account during the controller
design phase. Namely, the vehicle exhibits sway and
heave velocities that generate non-zero angles of sideslip
and attack, respectively. This rules out any attempt to
design a steering system for the AUV that would rely
on its kinematic equations only. In [14] and [15], the
design of a continuous, periodic feedback control law
that asymptotically stabilizes an underactuated AUV
and yields exponential convergence to the origin are de-
scribed. In [16], a time-varying feedback control law is
proposed that yields global practical stabilization and
tracking for an underactuated ship using a combined
integrator backstepping and averaging approach. More
recently, in [4], the problem of regulating a nonholo-
nomic underactuated AUV in the horizontal plane to
a point with a desired orientation in the presence of
parametric modeling uncertainty was posed and solved.
The control algorithm proposed relies on a non smooth
coordinate transformation, Lyapunov stability theory,
and backstepping design techniques.

In practice, an AUV must often operate in the presence
of unknown ocean currents. Interestingly enough, even
for the case where the current is constant, the problem
of regulating an AUV to a desired point with an arbi-
trary desired orientation does not have a solution. In
fact, if the desired orientation does not coincide with
the direction of the current, normal control laws will
yield one of two possible behaviors: i) the vehicle will
diverge from the desired target position, or ii) the con-
troller will keep the vehicle moving around a neighbor-
hood of the desired position, trying insistently to steer
it to the given point, and consequently inducing an os-
cillatory behavior.
Motivated by this consideration, [5] addresses the prob-
lem of dynamic positioning of an AUV in the horizontal
plane in the presence of unknown, constant ocean cur-
rents. To tackle that problem, the approach considered
was to drop the specification on the final desired ori-
entation and use this extra degree of freedom to force
the vehicle to converge to the desired point. Naturally,

1distance between the center of buoyancy and the center of
mass.

the orientation of the vehicle at the end will be aligned
with the direction of the current.

Another problem that extends the previous one is that
of designing a guidance scheme to achieve way-point
tracking before the AUV stops at the final goal posi-
tion. The AUV can then be made to track a predefined
reference path that is specified by a sequence of way
points. Way-point tracking can in principle be done in
a number of ways. Most of them have a practical flavor
and lack a solid theoretical background. Perhaps the
most widely known is so-called line-of-sight scheme [10].
In this case, vehicle guidance is simply done by issuing
heading reference commands to the vehicle’s steering
system so as to approach the line of sight between the
present position of the vehicle and the way-point to be
reached. Tracking of the reference command is done via
a properly designed autopilot. Notice, however, that
the separation of guidance and autopilot functions may
not yield stability.

roll

pitchyaw

xB

yB

zB

f

qy

{    }

zU

xU

yU

U

{    }B

Figure 1: The vehicle SIRENE coupled to a benthic lab-
oratory. Body-fixed {B} and earth-fixed {U}
reference frames

Motivated by the above considerations, this paper ex-
tends the strategy proposed in [5] to position the AUV
Sirene at the origin to actually force the AUV to track a
sequence of points consisting of desired positions (x, y)
in a inertial reference frame before it converges to the
finally desired point. See [6] for related work in the
area of wheeled robots. A nonlinear adaptive controller
is proposed that yields convergence of the trajectories
of the closed loop system in the presence of a con-
stant unknown ocean current disturbance and para-
metric model uncertainty. Controller design relies on
a non smooth coordinate transformation in the original
state space followed by the derivation of a Lyapunov-
based, adaptive, control law in the new coordinates and
an exponential observer for the ocean current distur-
bance. For the sake of clarity of presentation, the con-
troller is first derived at the kinematic level, assuming
that the ocean current disturbance is known. Then, an
observer is designed and convergence of the resulting
closed loop system is analyzed. Finally, resorting to in-
tegrator backstepping and Lyapunov techniques [12], a
nonlinear adaptive controller is developed that extends
the kinematic controller to the dynamic case and deals
with model parameter uncertainties. See [2] for full de-
tails.

The organization of this paper is as follows: Section
2 describes the dynamical model of an underactuated
AUV and formulates the corresponding problem of ve-
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hicle dynamic positioning and way-point tracking in the
presence of a constant unknown ocean current distur-
bance and parametric model uncertainty. In Section
3, a solution to this problem is proposed in terms of a
nonlinear adaptive control law. Section 4 evaluates the
performance of the control algorithms developed using
computer simulations. Finally, Section 5 contains some
concluding remarks.

2 The AUV. Control Problem Formulation

This section describes the kinematic and dynamic equa-
tions of motion of the AUV of Fig. 1 in the horizontal
plane and formulates the problem of dynamic position-
ing and way-point tracking. The control inputs are the
thruster surge force τu and the thruster yaw torque τr.
The AUV has no side thruster. See [1, 3] for model
details.

2.1 Vehicle Modeling
Following standard practice, the general kinematic and
dynamic equations of motion of the vehicle can be de-
veloped using a global coordinate frame {U} and a
body-fixed coordinate frame {B} that are depicted in
Fig. 1. In the horizontal plane, the kinematic equations
of motion of the vehicle, can be written as

ẋ = u cosψ − v sinψ, (1a)
ẏ = u sinψ + v cosψ, (1b)

ψ̇ = r, (1c)

where u (surge speed) and v (sway speed) are the body
fixed frame components of the vehicle’s velocity, x and
y are the cartesian coordinates of its center of mass,
ψ defines its orientation, and r is the vehicle’s angu-
lar speed. In the presence of a constant and irrota-
tional ocean current, (uc, vc)′ 6= 0, u and v are given
by u = ur + uc and v = vr + vc, where (ur, vr)′ is the
relative body-current linear velocity vector.
Neglecting the motions in heave, roll, and pitch the sim-
plified equations of motion for surge, sway and heading
yield [9]

muu̇r −mvvrr + durur = τu, (2a)
mv v̇r +muurr + dvrvr = 0, (2b)
mr ṙ −muvurvr + drr = τr, (2c)

where mu = m − Xu̇, mv = m − Yv̇, mr = Iz − Nṙ,
and muv = mu − mv are mass and hydrodynamic
added mass terms and dur = −Xu − X|u|u|ur|, dvr =
−Yv−Y|v|v|vr|, and dr = −Nr−N|r|r|r| capture hydro-
dynamic damping effects. The symbols τu and τr de-
note the external force in surge and the external torque
about the z axis of the vehicle, respectively. In the
equations, and for clarity of presentation, it is assumed
that the AUV is neutrally buoyant and that the centre
of buoyancy coincides with the centre of gravity.

2.2 Problem Formulation
Observe Fig. 2. The problem considered in this paper
can be formulated as follows:

Consider the underactuated AUV with the kinematic

and dynamic equations given by (1) and (2). Let
p = {p1, p2, . . . , pn}; pi = (xi, yi), i = 1, 2, · · · , n be
a given sequence of points in {U}. Associated with
each pi; i = 1, 2, · · · , (n − 1) consider the closed ball
Nεi(pi) with center pi and radius εi > 0. Derive a
feedback control law for τu and τr so that the vehi-
cle’s center of mass (x, y) converges to pn after vis-
iting (that is, reaching) the ordered sequence of neigh-
borhoods Nεi(pi); i = 1, 2, · · · , (n − 1) in the presence
of a constant unknown ocean current disturbance and
parametric model uncertainty.

Notice how the requirement that the neighborhoods be
visited only applies to i = 1, 2, · · · , (n− 1). In fact, for
the last way-point the vehicle will be steered using the
controller developed in [5] (see Section 4). Details are
omitted.

3 Nonlinear Controller Design

This section proposes a nonlinear adaptive control law
to steer the underactuated AUV through a sequence
of neighborhoods Nεi(pi); i = 1, 2, · · · , (n − 1), in the
presence of a constant unknown ocean current distur-
bance and parametric model uncertainty. For the sake
of clarity, the controller is first derived at the kinematic
level, that is, by assuming that the control signals are
the surge velocity ur and the yaw angular velocity r.
At this stage it is also assumed that the ocean current
disturbance intensity Vc and its direction φc (see Fig.
2) are known. Then, a current observer is designed and
the convergence of the resulting closed loop system is
analyzed. Next, resorting to integrator backstepping
techniques, adaptive nonlinear Lyapunov theory [12],
the kinematic controller is extended for the dynamic
case to include model parameter uncertainties.

3.1 Coordinate Transformation
Let (xd, yd)′ denote a generic way-point pi. Let d be the
vector from the origin of frame {B} to (xd, yd)′, and e
its length. Denote by β the angle measured from xB to
d. Consider the coordinate transformation (see Fig. 2)

e =
√

(x− xd)2 + (y − yd)2, (3a)
x− xd = −e cos(ψ + β), (3b)
y − yd = −e sin(ψ + β), (3c)

ψ + β = tan−1

(−(y − yd)
−(x− xd)

)
. (3d)

In equation (3d), care must be taken to select the
proper quadrant for β. The kinematics equations of
motion of the AUV can be rewritten in the new coor-
dinate system to yield

ė = −ur cosβ − vr sinβ − Vc cos(β + ψ − φc), (4a)

β̇ =
sinβ
e

ur − cosβ
e

vr − r +
Vc
e

sin(β + ψ − φc),
(4b)

ψ̇ = r. (4c)
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Figure 2: Coordinate Transformation.

Notice that the coordinate transformation (3) is only
valid for non zero values of the variable e, since for
e = 0 the angle β is undefined.

In what follows it is important to introduce the fol-
lowing notation. Let χ = (x, y)′ and χd = (xd, yd)′.
Clearly, e = ‖χ − χd‖2. Notice that e = e(i); i =
1, 2, · · · , (n − 1), that is, the error depends on what
current way-point χd = pi is selected. Let Zn be the
set Zn = {1, 2, . . . , n}. Consider the piecewise constant
signal σ : [t0,∞) → Zn that is continuous from the
right at every point and defined recursively by

σ = η(χ, σ−), t ≥ t0 (5)

where σ−(τ) is equal to the limit from the left of σ(τ) as
τ → t. The operator η : R3×Zn → Zn is the transition
function defined by

η(χ, i) =





i, e = e(i) > εi
i+ 1, e = e(i) ≤ εi; i 6= n

n, i = n.

(6)

In order to single out the last way-point as a desired
target towards which the AUV should converge, and
inspired by the work of [5], (xd, yd)′ is formally defined
as

(xd, yd) =

{
pσ if σ < n,

pσ − γ(cosφc, sinφc) if σ = n.
(7)

3.2 Kinematic Controller
At the kinematic level it will be assumed that ur and r
are the control inputs. At this stage, the relevant equa-
tions of motion of the AUV are simply (4) and (2b). It
is important to stress out that the dynamics of the sway
velocity v must be explicitly taken into account, since
the presence of this term in the kinematics equations
(1) is not negligible (as is usually the case for wheeled
mobile robots).
Returning now to the control problem, observe equa-
tions (4). The strategy for controller design consists
basically of i) for i = 1, 2, · · · (n − 1), fixing the surge
velocity to a constant positive value Ud, ii) manipu-
lating r to regulate β to zero (this will align xB with
vector d), and iii) for i = n (the final target), actuating
on ur to force the vehicle to converge to position pn.

At this stage, it is assumed that the intensity Vc and
the direction φc of the ocean current disturbance are
known. The following result applies for the case where
i < n.

Theorem 1 Consider the sequence of points
{p1, p2, . . . , pn} and the associated neighbor-
hoods {Nε1(p1), Nε2(p2), . . . , Nεn−1(pn−1)}. Let
ε = min1≤i<n εi and Ud, k2, and k2 > 0 be positive
constants. Consider the nonlinear system Σkin de-
scribed by the AUV nonlinear model (1) and (2b) and
assume that

k2 ≥ Ud + Vc
ε

+ k2, Ud > Vc,
dvr
mu

>
Ud
ε
. (8)

Let the control law ur = α1 and r = α2 be given by

α1 = Ud, (9a)

α2 = k2β +
Vc
e

sin(ψ − φc) cosβ − vr
e

cosβ (9b)

with β and e as given in (3) where (xd, yd)′ is computed
using (5)-(7).
Let Xkin(t) = (x, y, ψ, vr)′ = {Xkin : [t0,∞) → R4},
t0 ≥ 0, be a solution to Σkin. Then, for any initial
conditions Xkin(t0) ∈ R4 the control signals and the
solution Xkin(t) are bounded. Furthermore, there are
finite instants of time tm1 ≤ tM1 ≤ tm2 ≤ tM2 , . . . ,≤
tmn−1 ≤ tMn−1 such that

(
x(t), y(t)

)′ stays in Nεi(pi) for
tmi ≤ t ≤ tMi , i = 1, 2, . . . , n− 1.

Proof. Consider the candidate Lyapunov function

Vkin =
1
2
β2. (10)

Computing its time derivative along the trajectories of
system Σkin gives

V̇kin = −β2
[
k2 − Ud

e

sinβ
β
− Vc

e

sinβ
β

cos(ψ − φc)
]

which is negative definite if k2 satisfies condition (8).
Thus, β → 0 as t → ∞. To prove that vr is bounded
consider its dynamic motion in closed loop given by

v̇r = −
[dvr
mv
− mu

mv

Ud
e

cosβ
]
vr

− mu

mv
Ud

[
k2β +

Vc
e

cosβ sin(ψ − φc)
]
,

(11)

Clearly, if condition (8) holds, then vr is bounded since
lim|vr|→∞ vrv̇r = −∞. The convergence of e is shown
by observing that

ė = −Ud cosβ − vr sinβ − Vc cos(β + ψ − φc).
Thus, since β → 0, vr is bounded and Ud > Vc it fol-
lows that there exist a time T ≥ t0 and a finite positive
constant α such that ė < −α for all t > T . Conse-
quently, the vehicle position (x, y) reaches the neigh-
borhood Nεi(pi) of pi in finite time. 2

Notice that Theorem 1 only deals with the first n − 1
way-points. Steering to the last way-point can be done
using the control structure proposed in [5].
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3.3 Observer Design
Let vcx and vcy denote the components of the ocean
current disturbance expressed in {U}. Then, the kine-
matic equation (1a) can be rewritten as

ẋ = ur cosψ − vr sinψ + vcx .

A simple observer for the component vcx of the current
is

˙̂x = ur cosψ − vr sinψ + v̂cx + kx1 x̃,

˙̂vcx = kx2 x̃,

where x̃ = x − x̂. Clearly, the estimate errors x̃ and
ṽcx = vcx − v̂cx are asymptotically exponentially stable
if all roots of the characteristic polynomial p(s) = s2 +
kx1s+ kx2 associated with the system

[ ˙̃x
˙̃vcx

]
=
[−kx1 1
−kx2 0

] [
x̃
ṽcx

]

have strictly negative real parts.

The observer for the component vcy can be written in
an analogous manner.

Define the variables V̂c and φ̂c as the module and argu-
ment of the vector [v̂cx , v̂cy ], respectively. The next the-
orem shows convergence of the kinematic control loop
when the observer is included.

Theorem 2 Consider the nonlinear time invariant
system Σkin+Obs consisting of the nonlinear AUV
model (1), (2b), the current observer, and the con-
trol law (5)-(7), together with ur = α1 and r =
α2, where α1 and α2 are given by (9) with Vc and
φc replaced by their estimates V̂c and φ̂c, respec-
tively. Assume that Ud and k2 are positive constants
and satisfy conditions (8). Consider the sequence
of points {p1, p2, . . . , pn} and the associated neigh-
borhoods {Nε1(p1), Nε2(p2), . . . , Nεn−1(pn−1)}. Let
Xkin+Obs(t) = (x, y, ψ, vr, ṽcx , ṽcy )′ = {Xkin+Obs :
[t0,∞)→ R6}, t0 ≥ 0, be a solution of Σkin+Obs. Then,
for any initial conditions Xkin+Obs(t0) ∈ R6 the control
signals and the solution Xkin+Obs(t) are bounded. Fur-
thermore, there are finite instants of time tm1 ≤ tM1 ≤
tm2 ≤ tM2 , . . . ,≤ tmn−1 ≤ tMn−1 such that

(
x(t), y(t)

)′
stays in Nεi(pi) for tmi ≤ t ≤ tMi , i = 1, 2, . . . , n− 1.

Proof. Consider first the case where V̂c = Vc and
φ̂c = φc for all t ≥ t0. Then, from Theorem 1, one can
conclude that for any initial conditions Xkin+Obs(t0)
on manifold {ṽcx = 0, ṽcy = 0} the control signals and
the solution Xkin+Obs(t) are bounded and the position
(x, y) reaches the sequence of neighborhoods of points
p1, p2, . . . , pn−1. Observe also that, from Section 3.3,
(ṽcx , ṽcy ) → 0 as t → ∞. Thus, to conclude the proof
it remains to show that all off-manifold solutions are
bounded. Starting with β, one has

β̇ = −β2
[
k2 − Ud

e

sinβ
β
− Vc

e

sinβ
β

cos(ψ − φc)
]

−
[ V̂c
e

sin(ψ − φ̂c)− Vc
e

sin(ψ − φc)
]

cosβ.

Clearly it can be seen that β is bounded. Notice also
that vr is bounded, since its dynamics are given by (11)
replacing Vc and φc by V̂c and φ̂c, respectively.

Since all off-manifold solutions are bounded and
{ṽcx , ṽcy} converge to zero, then, resorting to LaSalle’s
invariance principle and the positive limit set lemma
[11, Lemma 3.1], Theorem 2 follows. 2

3.4 Nonlinear Dynamic Controller Design
This section indicates how the kinematic controller can
be extended to the dynamic case (details are omitted).
This is done by resorting to backstepping techniques
[12]. Following this methodology, let ur and r be virtual
control inputs and α1 and α2 (see equations (9a) and
(9b)) the corresponding virtual control laws. Introduce
the error variables

z1 = ur − α1, (13a)
z2 = r − α2, (13b)

and consider the Lyapunov function (10), augmented
with the quadratic terms z1 and z2, that is,

Vdyn = Vkin +
1
2
muz

2
1 +

1
2
mrz

2
2 .

The time derivative of Vdyn can be written as

V̇dyn ≤ −k2β
2 + z1

[
τu +mvvrr − durur −muα̇1+

sinβ
e

β
]

+ z2

[
τr +muvurvr − drr −mrα̇2 − β

]
.

Let the control law for τu and τr be chosen as

τu = −mvvrr + durur +muα̇1 − sinβ
e

β − k3z1,

τr = −muvurvr + drr +mrα̇2 + β − k4z2,

where k3 and k4 are positive constants. Then,

V̇dyn ≤ −k2β
2 − k3z

2
1 − k4z

2
2

that is, V̇dyn is negative definite.

3.5 Adaptive Nonlinear Controller Design
So far, it was assumed that the AUV model parameters
are known precisely. This assumption is unrealistic. In
this section the control law developed is extended to
ensure robustness against uncertainties in the model
parameters.
Consider the set of all parameters of the AUV model
(2) concatenated in the vector

Θ =
[
mu,mv,muv,mr, Xu, X|u|u, Nr, N|r|r,

mr
mu

mv
,mr

Yv
mv

,mr

Y|v|v
mv

]′
,

and define the parameter estimation error Θ̃ as Θ̃ =
Θ−Θ̂, where Θ̂ denotes a nominal value of Θ. Consider
the augmented candidate Lyapunov function

Vadp = Vdyn +
1
2

Θ̃TΓ−1Θ̃, (14)
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where Γ = diag {γ1, γ2, ..., γ11}, and γi > 0, i =
1, 2, ...11 are the adaptation gains.

Motivated by the choices in the previous sections,
choose the control laws

τu = −θ̂2vrr − θ̂5ur − θ̂6|ur|ur
+ θ̂1α̇1 − sinβ

e
β − k3z1,

(15a)

τr = −θ̂3urvr − θ̂7r − θ̂8|r|r + θ̂4α̇2a + θ̂9
ur
e
r cosβ

+ θ̂10
vr
e

cosβ + θ̂11|vr|vr
e

cosβ (15b)

+ θ̂4
vr
e

( ė
e

cosβ + β̇ sinβ
)

+ β − k4z2,

where θ̂i denotes the i-th element of vector Θ̂, α2a =
k2β + Vc

e sin(ψ − φc) cosβ, α2b = −vre cosβ. Then,

V̇adp ≤ −k2β
2 − k3z

2
1 − k4z

2
2 + Θ̃T

[
Q− Γ−1 ˙̂Θ

]
,

where Q is a diagonal matrix given by

Q = diag
{
−α̇1z1, z1vrr, z2urvr,−z2α̇2a − z2

vr
e

( ė
e

cosβ + β̇ sinβ
)
, z1ur, z1|ur|ur, z2r, z2|r|r,

− urr z2

e
cosβ,

vr
e
z2 cosβ,

vr
e
|vr|z2 cosβ

}
.

Notice in above equation how the terms containing Θ̃i

have been grouped together. To eliminate them, choose
the parameter adaptation law as

˙̂Θ = ΓQ, (16)

to yield V̇adp ≤ −k2β
2 − k3z

2
1 − k4z

2
2 ≤ 0.

The above results play an important role in the proof
of the following theorem that extends Theorem 2 to
deal with vehicle dynamics and model parameter un-
certainty.

Theorem 3 Consider the nonlinear invariant system
Σadp consisting of the nonlinear AUV model (1) and
(2), the current observer, and the adaptive control law
(9), (13), (15), and (16) when Vc and φc are replac-
ing by theirs estimates V̂c and φ̂c, respectively. Assume
that the control gains ki, i = 2, 3, 4, and Ud are positive
constants and satisfy conditions (8). The adaptation
gain Γ is a (11× 11) diagonal positive definite matrix.
Let variables β and e be given as in (3) where (xd, yd)′
is computed using (5)-(7). Consider the sequence of
points {p1, p2, . . . , pn} and the associated neighborhoods
{Nε1(p1), Nε2(p2), . . . , Nεn−1(pn−1)}. Let Xadp(t) =
(x, y, ψ, u, v, r, ṽcx , ṽcy , Θ̃

′)′ = {Xadp : [t0,∞) → R19},
t0 ≥ 0, be a solution to Σadp. Then, for any initial con-
ditions Xkin+Obs(t0) ∈ R6 the control signals and the
solution Xkin+Obs(t) are bounded. Furthermore, there
are finite instants of time tm1 ≤ tM1 ≤ tm2 ≤ tM2 , . . . ,≤
tmn−1 ≤ tMn−1 such that

(
x(t), y(t)

)′ stays in Nεi(pi) for
tmi ≤ t ≤ tMi , i = 1, 2, . . . , n− 1.

Proof. See [2]. 2

4 Simulation Results

In order to illustrate the performance of the way-point
tracking control algorithm derived (in the presence of
parametric uncertainty and constant ocean current dis-
turbances), computer simulations were carried out with
a model of the Sirene AUV. The vehicle dynamic model
can be found in Section 2. See also [1, 3], for complete
details.
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Figure 3: Way-point tracking with the Sirene AUV. Ud =
0.5m/s, Vc = φc = 0.
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Figure 4: Way-point tracking with the Sirene AUV. Ud =
0.5m/s, Vc = 0.2m/s, φc = π

4
rad.

Figures 3-5 display the resulting vehicle trajectory in
the xy-plane for three different simulations scenarios
using the nonlinear adaptive control law (15), (16) for
i < n and the controller described in [5] for i = n
(the last point). The control parameters (for i < n)
were selected as following: k2 = 1.8, k3 = 1 × 103,
k4 = 500, kx1 = 1.0, kx2 = 0.25, ky1 = 1.0, ky2 = 0.25,
and Γ = diag(10, 10, 10, 1, 1, 2, 2, 2, 1, 0.1, .1)×103. The
parameters satisfy the constraints (8). The initial es-
timates for the vehicle parameters were disturbed by
50% from their true values. The sequence of points are
p = {(25.0, 0.0), (50.0, 0.0), (75.0, 0.0), (100.0, 0.0),
(125.0, 0.0), (125.0,−25.0), (125.0,−50.0),
(125.0,−75.0), (125.0,−100.0), (125.0,−125.0),
(125.0,−125.0)}. The maximum admissible deviations
from pi; i = 1, 2, · · · , 10 were fixed to εi = 5m, except
for i = 5, where ε5 = 20m. In both simulations, the ini-
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Figure 5: Way-point tracking with the Sirene AUV. Ud =
1.0m/s, Vc = 0.2m/s, φc = π

4
rad.
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Figure 6: Time evolution of the position variables x(t)
and y(t), and the orientation variable ψ(t).

tial conditions for the vehicle were (x, y, ψ, u, v, r) = 0.
In the first simulation (see Fig. 3) there is no ocean
current. The other two simulations capture the sit-
uation where the ocean current (which is unknown
from the point of view of the controller) has intensity
Vc = 0.2m/s and direction φc = π

4 rad, but with differ-
ent values on the controller parameter Ud. See Figures
4 and 5 for Ud = 0.5 and Ud = 1.0, respectively. The
figures show the influence of the ocean current on the re-
sulting xy-trajectory. Clearly, the influence is stronger
for slow forward speeds ur. In spite of that, notice
that the vehicle always reaches the sequence of neigh-
borhoods of the points p1, p2, . . . , p10 until it finally
converges to the desired position p11 = (125, 125)m.
Figures 6-8 condense the time responses of the rele-
vant variables for the simulation with ocean current and
Ud = 0.5. Notice also how in the presence of an ocean
current the vehicle automatically recruits the yaw angle
that is required to counteract that current at the target
point. Thus, at the end of the maneuver the vehicle is
at the goal position and faces the current with surge
velocity ur equal to Vc.

5 Conclusions

A solution to the problem of dynamic positioning and
way-point tracking of an underactuated AUV (in the
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Figure 7: Time evolution of the relative linear velocity
in x-direction (surge) ur(t), the relative linear
velocity in y-direction (sway) vr(t), and the an-
gular velocity r(t).
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Figure 8: Time evolution of the variables e(t), β(t), and
ψ(t)− φc + π.

horizontal plane) in the presence of a constant unknown
ocean current disturbance and parametric model uncer-
tainty was proposed. Convergence of the resulting non-
linear system was analyzed and simulations were per-
formed to illustrate the behaviour of the proposed con-
trol scheme. Simulation results show that the control
objectives were achieved successfully. Future research
will address the application of the new control strat-
egy developed to the operation of a prototype marine
vehicle.
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I. Introduction

The development and application of most pre-
sent-day systems and control theory were spurred on
by the need to resolve aerospace problems. This is
roughly the problem of analyzing and designing
guidance law and flight control systems (autopilot)
for tactical missiles or aircraft. Therefore, it is bene-
ficial to review the development of systems and con-
trol theory.

The guidance and control laws used in current
tactical missiles are mainly based on classical con-
trol design techniques. These control laws were
developed in the 1950s and have evolved into fairly
standard design procedures (Locke, 1955). Earlier
guidance techniques worked well for targets that
were large and traveled at lower speeds. However,
these techniques are no longer effective against the
new generation targets that are small, fast, and high-
ly maneuverable. For example, when a ballistic mis-
sile re-enters the atmosphere after having traveled a
long distance, its radar cross section is relatively
small, its speed is high and the remaining time to
ground impact is relatively short. Intercepting targets
with these characteristics is a challenge for present-
day guidance and control designs.

In addition, the missile-target dynamics are
highly nonlinear partly because the equations of
motion are best described in an inertial system while
the aerodynamic forces and moments are best repre-
sented in a missile and target body axis system.
Moreover, unmodeled dynamics or parametric pertur-
bations usually exist in the plant modeling. Because
of the complexity of the nonlinear guidance design
problem, prior approximations or simplifications have
generally been required before the analytical guid-
ance gains can be derived in the traditional
approaches (Lin, 1991; Zarchan, 1994). Therefore,
one does not know exactly what the true missile
model is, and the missile behavior may change in
unpredictable ways. Consequently, one cannot ensure
optimality of the resulting design.

In the last three decades, optimality-based guid-
ance designs have been considered to be the most
effective way for a guided missile engaging the tar-
get (Bryson and Ho, 1969; Lin, 1991; Zarchan,
1994). However, it is also known from the optimal
control theory that a straightforward solution to the
optimal trajectory shaping problem leads to a two-
point boundary-value problem (Bryson and Ho,
1969), which is too complex for real-time onboard
implementation.
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Based on the reasons given above, advanced
control theory must be applied to a missile guidance
and control system to improve its performance. The
use of intelligent control systems has infiltrated the
modern world. Specific features of intelligent control
include decision making, adaptation to uncertain
media, self-organization, planning and scheduling
operations. Very often, no preferred mathematical
model is presumed in the problem formulation, and
information is presented in a descriptive manner.
Therefore, it may be the most effective way to solve
the above problems. 

Intelligent control is a control technology that
replaces the human mind in making decisions, plan-
ning control strategies, and learning new functions
whenever the environment does not allow or does
not justify the presence of a human operator.
Artificial neural networks and fuzzy logic are two
potential tools for use in applications in intelligent
control engineering. Artificial neural networks offer
the advantage of performance improvement through
learning by means of parallel and distributed pro-
cessing. Many neural control schemes with back-
propagation training algorithms, which have been
proposed to solve the problems of identification and
control of complex nonlinear systems, exploit the
nonlinear mapping abilities of neural networks
(Miller et al., 1991; Narendra and Parthasarthy,
1990). Recently, adaptive neural network algorithms
have also been used to solve highly nonlinear flight
control problems. A fuzzy logic-based design that
can resolve the weaknesses of conventional ap-
proaches has been cited above. The use of fuzzy
logic control is motivated by the need to deal with
highly nonlinear flight control and performance
robustness problems. It is well known that fuzzy
logic is much closer to human decision making than
traditional logical systems. Fuzzy control based on
fuzzy logic provides a new design paradigm such
that a controller can be designed for complex, ill-
defined processes without knowledge of quantitative
data regarding the input-output relations, which are
otherwise required by conventional approaches
(Mamdani and Assilian, 1975; Lee, 1990a, 1990b;
Driankov et al., 1993). An overview of neural and
fuzzy control designs for dynamic systems was pre-
sented by Dash et al. (1997). Very few papers have
addressed the issue of neural or fuzzy-based neural
guidance and control design. The published literature
in this field will be introduced in this paper. 

The following sections are intended to provide
the reader with a basic, and unified view of the con-
cepts of intelligent control. Many potentially applica-
ble topologies are well studied. It is hoped that the

material presented here will serve as a useful source
of information by providing for solutions for current
problems and future designs in the field of guidance
and control engineering.

II. Conventional Guidance and Control
Design

Tactical missiles are normally guided from
shortly after launch until target interception. The
guidance and control system supplies steering com-
mands to aerodynamic control surfaces or to correct
elements of the thrust vector subsystem so as to
point the missile towards its target and make it pos-
sible for the weapon to intercept a maneuvering tar-
get. A basic homing loop for missile-target engage-
ment is illustrated in Fig. 1.

1. Guidance

From the viewpoint of a control configuration,
guidance is a special type of compensation network
(in fact, a computational algorithm) that is placed in
series with a flight control system (also called
autopilot) to accomplish an intercept. Its purpose is
to determine appropriate pursuer flight path dynamics
such that some pursuer objective can be achieved
efficiently. For most effective counterattack strategies,
different guidance laws may need to be used to
accomplish the mission for the entire trajectory. 

First, midcourse guidance refers to the process
of guiding a missile that cannot detect its target
when launched; it is primarily an energy manage-
ment and inertial instrumentation problem. When a
radar seeker is locked onto a target and is providing
reliable tracking data, such as the missile-target rela-
tive range, line-of-sight (LOS) angle, LOS angle rate
and boresight error angle, the guidance strategy in
this phase is called terminal guidance. Steering of
the missile during this period of flight has the most
direct effect on the final miss distance. The steering
law should be capable of achieving successful inter-
cept in the presence of target maneuvers and external

C.L. Lin and H.W. Su
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Fig. 1. Basic homing loop.



and internal disturbances.

2. Flight Control System

The flight control system executes commands
issued based on the guidance law with fidelity dur-
ing flight. Its function is three-fold: it provides the
required missile lateral acceleration characteristics, it
stabilizes or damps the bare airframe, and it reduces
the missile performance sensitivity to disturbance
inputs over the required flight envelope.

3. Conventional Design Methods

The principles benind controlling guided mis-
siles are well known to control engineers. Since the
basic principles were extensively covered by Locke
(1955), a large number of control technologies have
been developed to improve missile performance and
to accommodate environmental disturbances. These
techniques are mainly based on classical control the-
ory. Many different guidance laws have been exploit-
ed based on various design concepts over the years
(Lin, 1991). Currently, the most popular terminal
guidance laws defined by Locke (1955) involve LOS
guidance, LOS rate guidance, command-to-line-of-
sight (CLOS) guidance (Ha and Chong, 1992) and
other advanced guidance strategies, such as propor-
tional navigation guidance (PNG) (Locke, 1955),
augmented proportional navigation guidance (APNG)
(Zarchan, 1994) and optimal guidance law based on
linear quadratic regulator theory (Bryson and Ho,
1969; Nazaroff, 1976), linear quadratic Gaussian the-
ory (Potter, 1964; Price and Warren, 1973) or linear
exponential Gaussian theory (Speyer et al., 1982).
Classical guidance laws different from these guidance
laws were discussed by Lin (1991), and the perfor-
mance of various guidance laws was extensively
compared. Among the current techniques, guidance
commands proportional to the LOS angle rate are
generally used by most high-speed missiles today to
correct the missile course in the guidance loop. This
approach is referred to as PNG and is quite success-
ful against nonmaneuvering targets. While PNG
exhibits optimal performance with a constant-velocity
target, it is not effective in the presence of target
maneuvers and often leads to unacceptable miss dis-
tances. Classical and modern guidance designs were
compared by Nesline and Zarchan (1981).

The midcourse guidance law is usually a form
of PNG with appropriate trajectory-shaping modifica-
tions for minimizing energy loss. Among the mid-
course guidance laws, the most effective and sim-
plest one is the explicit guidance law (Cherry, 1964).

The guidance algorithm has the ability to guide the
missile to a desired point in space while controlling
the approach angle and minimizing a certain appro-
priate cost function. The guidance gains of the
explicit guidance law are usually selected so as to
shape the trajectory for the desired attributes (Wang,
1988; Wang et al., 1993). Other midcourse guidance
laws are theoretically optimal control-based approach-
es (Glasson and Mealy, 1983; Cheng and Gupta,
1986; Lin and Tsai, 1987; Imado and Kuroda, 1992).
These research efforts have produced many numerical
algorithms for open-loop solutions to problems using
digital computers. However, the main disadvantage of
these algorithms is that they generally converges
slowly and are not suitable for real-time applications.
Unfortunately, only rarely is it feasible to determine
the feedback law for nonlinear systems which are of
any practical significance.

The flight control system used in almost all
operational homing missiles today is a three loop
autopilot, composed of a rate loop, an accelerome-
ter, and a synthetic stability loop. Generally, the con-
troller is in a form of proportional-integral-derivative
(PID) parameters, and the control gains are deter-
mined by using classical control theory, such as the
root locus method, Bode method or Nyquist stability
criterion (Price and Warren, 1973; Nesline et al.,
1981; Nesline and Nesline, 1984). Modern control
theory has been used extensively to design the flight
control system, such as in the linear quadratic tech-
niques (Stallard, 1991; Lin et al., 1993), generalized
singular linear quadratic technique (Lin and Lee,
1985), H∞ design technique (Lin, 1994), µ synthesis
technique (Lin, 1994) and feedback linearization
(Lin, 1994). 

Over the past three decades, a large number of
guidance and control designs have been extensively
reported in the literature. For a survey of modern
air-to-air missile guidance and control technology, the
reader is referred to Cloutier et al. (1989). Owing to
space limitations, only representative ones were cited
above. For further studies on various design ap-
proaches that have not been introduced in this sec-
tion, the reader is referred to Lin (1991, 1994) and
Zarchan (1994). 

Current highly maneuverable fighters pose a
challenge to contemporary missiles employing classi-
cal guidance techniques to intercept these targets.
Guidance laws currently in use on existing and field-
ed missiles may be inadequate in battlefield environ-
ments. Performance criteria will probably require
application of newly developed theories, which in
turn will necessitate a large computation capability
compared to the classical guidance strategy.

Guidance and Control System Design
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However, advances in microprocessors and digital
signal processors allow increased use of onboard
computers to perform more sophisticated computation
using guidance and control algorithms.

III. Neural Net-based Guidance and
Control Design

The application of neural networks has attracted
significant attention in several disciplines, such as
signal processing, identification and control. The suc-
cess of neural networks is mainly attributed to their
unique features:

(1) Parallel structures with distributed storage and
processing of massive amounts of information.

(2) Learning ability made possible by adjusting
the network interconnection weights and bias-
es based on certain learning algorithms.

The first feature enables neural networks to
process large amounts of dimensional information in
real-time (e.g. matrix computations), hundreds of
times faster than the numerically serial computation
performed by a computer. The implication of the
second feature is that the nonlinear dynamics of a
system can be learned and identified directly by an
artificial neural network. The network can also adapt
to changes in the environment and make decisions
despite uncertainty in operating conditions. 

Most neural networks described below can be
represented by a standard (N + 1)-layer feedforward
network. In this network, the input is z0 = y while
the output is zN = αn. The input and output are relat-
ed by the recursive relationship:

(1)

and

(2)

Here, the weights W j and V j are of the appropriate
dimension. V j is the connection of the weight vector
to the bias node. The activation function vectors
f j(.), j = 1, 2, ..., N–1 are usually chosen as some
kind of sigmoid, but they may be simple identity
gains. The activation function of the output layer
nodes is generally an identity function. The neural
network can, thus, be succinctly expressed as

(3)

where

where i denotes the i-th element of fj and λ is the
learning constant. For network training, error back-
propagation is one of the standard methods used in
these cases to adjust the weights of neural networks
(Narendra and Parthasarathy, 1991).

The first application of neural networks to con-
trol systems was developed in the mid-1980s.
Models of dynamic systems and their inverses have
immediate utility in control. In the literature on
neural networks, architectures for the control and
indentification of a large number of control struc-
tures have been proposed and used (Narendra and
Parthasarathy, 1990; Miller et al., 1991). Some of
the well-established and well-analyzed structures
which have been applied in guidance and control
designs are described below. Note that some network
schemes have not been applied in this field but do
possess potential are also introduced in the follows.

1. Supervisory Control

The neural controller in the system is utilized
as an inverse system model as shown in Fig. 2. The
inverse model is simply cascaded with the controlled
system such that the system produces an identity
mapping between the desired response (i.e., the net-
work input r) and controlled system output y. This
control scheme is very common in robotics applica-
tions and is appropriate for guidance law and autopi-
lot designs. Success with this model clearly depends
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on the fidelity of the inverse model used as the con-
troller (Napolitano and Kincheloe, 1995; Guez et al.,
1998).

In the terminal guidance scheme proposed by
Lin and Chen (1999), a neural network constructs a
specialized on-line control architecture, which offers
a means of synthesizing closed-loop guidance laws
for correcting the guidance command provided by
the PNG. The neural network acts as an inverse con-
troller for the missile airframe. The results show that
it can not only perform very well in terms of track-
ing performance, but also extend the effective defen-
sive region. Moreover, based on its feature of adap-
tivity, the neural net-based guidance scheme has been
shown to provide excellent performance robustness.
It was also demonstrated by Cottrell et al. (1996)
that using a neuro control scheme of this type for
terminal guidance law synthesis can improve the
tracking performance of a kinetic kill vehicle. Hsiao
(1998) applied the control scheme to treat the dis-
turbance rejection problem for the missile seeker. In
addition, a fuzzy-neural network control architecture,
called the fuzzy cerebellar model articulation con-
troller (fuzzy CMAC), similar to this scheme, was
proposed by Geng and MaCullough (1997) for
designing a missile flight control system. The fuzzy
CMAC is able to perform arbitrary function approxi-
mation with high speed learning and excellent
approximation accuracy. A control architecture based
on the combination of a neural network and a linear
compensator was presented by Steck et al. (1996) to
perform flight control decoupling. In Zhu and Mickle
(1997), a neural network was combined with a linear
time-varying controller to design the missile autopi-
lot.

2. Hybrid Control

Psaltis et al. (1987) discussed the problems
associated with this control structure by introducing
the concepts of generalized and specialized learning
of a neural control law. It was thought that off-line
learning of a rough approximation to the desired
control law should be performed first, which is
called generalized learning. Then, the neural control
will be capable of driving the plant over the operat-
ing range and without instability. A period of on-line
specialized learning can then be used to improve the
control provided by the neural network controller. An
alternative is shown in Fig. 3, it is possible to uti-
lize a linear, fixed gain controller in parallel with
the neural control law. This fixed gain control law
is first chosen to stabilize the plant. The plant is
then driven over the operating range with the neural

network tuned online to improve the control.
The guidance law (Lin and Chen, 1999) and

flight control system (Steck et al., 1996) possess a
similar control scheme of this type. 

3. Model Reference Control

The two control schemes presented above do
not consider the tracking performance. In this
scheme, the desired performance of the closed-loop
system is specified through a stable reference model,
which is defined by its input-output pair {r(t), yR(t)}.
As shown in Fig. 4, the control system attempts to
make the plant output y(t) match the reference model
output asymptotically. In this scheme, the error
between the plant and the reference model outputs is
used to adjust the weights of the neural controller.

In papers by Lightbody and Irwin (1994, 1995),
the neural net-based direct model reference adaptive
control scheme was applied to design an autopilot
for a bank-to-turn missile. A training structure was
suggested in these papers to remove the need for a
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Fig. 3. Hybrid control scheme.

Fig. 4. Model reference control scheme.



generalized learning phase. Techniques were dis-
cussed for the back-propagation of errors through the
plant to the controller. In particular, dynamic plant
Jacobian modeling was proposed for use as a parallel
neural forward model to emulate the plant.

4. Internal Model Control (IMC)

In this scheme, the role of the system forward
and inverse models is emphasized. As shown in Fig.
5, the system forward and inverse models are used
directly as elements within the feedback loop. The
network NN1 is first trained off-line to emulate the
controlled plant dynamics directly. During on-line
operation, the error between the model and the mea-
sured plant output is used as a feedback signal and
passed to the neuro controller NN2. The effect of
NN1 is to subtract the effect of the control signal
from the plant output; i.e., the feedback signal is
only the influence due to disturbances. The IMC
plays a role as a feedforward controller. However, it
can cancel the influence due to unmeasured distur-
bances, which can not be done by a traditional feed-
forward controller. The IMC has been thoroughly
examined and shown to yield stability robustness
(Hunt and Sbarbaro-Hofer, 1991). This approach can
be extended readily to autopilot designs for nonlinear
airframes under external disturbances.

5. Adaptive Linear or Nonlinear Control

The connectionist approach can be used not
only in nonlinear control, but also as a part of a
controller for linear plants. The tracking error cost
is evaluated according to some performance index.
The result is then used as a basis for adjusting the
connection weights of the neural network. It should
be noted that the weights are adjusted on-line using
basic backpropagation rather than off-line. The con-
trol scheme is shown in Fig. 6.

In the paper by Fu et al. (1997), an adaptive
robust neural net-based control approach was pro-
posed for a bank-to-turn missile autopilot design.
The control design method exploits the advantages
of both neural networks and robust adaptive control
theory. In McDowell et al. (1997), this scheme
employs a multi-input/multi-output Gaussian radial
basis function network in parallel with a constant
parameter, independently regulated lateral autopilot to
adaptively compensate for roll-induced, cross-cou-
pling, time-varying aerodynamic derivatives and con-
trol surface constraints, and hence to achieve consis-
tent tracking performance over the flight envelope.
Kim and Calise (1997) and McFarlane and Calise
(1997) proposed a neural-net based, parameterized,
robust adaptive control scheme for a nonlinear flight
control system with time-varying disturbances.

6. Predictive Control

Within the realm of optimal and predictive con-
trol methods, the receding horizon technique has
been introduced as a natural and computationally
feasible feedback law. In this approach, a neural net-
work provides prediction of future plant response
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Fig. 5. Internal model control scheme.

Fig. 6. Adaptive control scheme.

Fig. 7. Predictive control scheme.



over a specified horizon. The predictions supplied by
the network are then passed on to a numerical opti-
mization routine, which attempts to minimize a spec-
ified performance criteria in the calculation of a suit-
able control signal (Montague et al., 1991; Saint-
Donat et al., 1994).

7. Optimal Decision and Optimal Control

In the optimal decision control, the state space
is partitioned into several regions (feature space) cor-
responding to various control situations (pattern
classes). Realization of the control surface is accom-
plished through a training procedure. Since the time-
optimal surface is, in general, non-linear, it is neces-
sary to use an architecture capable of approximating
a nonlinear surface. One possibility is to partition
the state space into elementary hyper-cubes in which
the control action is assumed to be constant. This
process can be carried out using a learning vector
quantization architecture as shown in Fig. 8. It is
then necessary to have another network which acts
as a classifier. If continuos signals are required, a
standard back-propagation architecture can be used.

Neural networks can also be used to solve the
Riccati matrix equation, which is commonly encoun-
tered in the optimal control problems (Fig. 9). A
Hopfield neural network architecture was developed

by Steck and Balakrishnan (1994) to solve the opti-
mal control problem for homing missile guidance. In
this approach, a linear quadratic optimal control
problem is formulated in the form of an efficient
parallel computing device, known as a Hopfield
neural network. Convergence of the Hopfield network
is analyzed from a theoretical perspective. It was
shown that the network, when used as a dynamical
system, approaches a unique fixed point which is the
solution to the optimal control problem at any
instant during the missile pursuit. A recurrent neural
network (RNN) was also proposed by Lin (1997) to
synthesize linear quadratic regulators in real time. In
this approach, the precise values of the unknown or
time-varying plant parameters are obtained via an
identification mechanism. Based on the identified
plant parameters, an RNN is used to solve the
Riccati matrix equation and, hence, to determine the
optimal or robust control gain.

8. Reinforcement Learning Control

This control scheme is a minimally supervised
learning algorithm; the only information that is made
available is whether or not a particular set of control
actions has been successful. Instead of trying to
determine target controller outputs from target plant
responses, one tries to determine a target controller
output that will lead to an improvement in plant per-
formance (Barto et al., 1983). The critic  block is
capable of evaluating the plant performance and gen-
erating an evaluation signal which can be used by
the reinforcement learning algorithm. This approach
is appropriate when there is a genuine lack of
knowledge required to apply more specialized learn-
ing methods.

9. Example

A hybrid model reference adaptive control
scheme is described here, where a neural network is
placed in parallel with a linear fixed-gain indepen-
dently regulated autopilot as shown in Fig. 10
(McDowell et al., 1997). The linear autopilot is cho-
sen so as to stabilize the plant over the operating
range and provide approximate control. The neural
controller is used to enhance the performance of the
linear autopilot when tracking is poor by adjusting
its weights. A suitable reference model is chosen to
define the desired closed-loop autopilot responses Z̈ref
and Ÿref across the flight envelop. These outputs are
then compared with the actual outputs of the lateral
autopilot Z̈ and Ÿ to produce an error measurement
vector [ez ey]

T, which is then used in conjunction
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Fig. 8. Optimal decision control scheme.

Fig. 9. Neural net-aided optimal control scheme.



with an adaptive rule to adjust the weights of the
neural network so that the tracking error will be
minimized. A direct effect of this approach is to
suppress the influence resulting from roll rate cou-
pling.

IV. Fuzzy Logic-Based Guidance and
Control Design

The existing applications of fuzzy control range
from micro-controller based systems in home appli-
cations to advanced flight control systems. The main
advantages of using fuzzy are as follows:

(1) It is implemented based on human operator’s
expertise which does not lend itself to being
easily expressed in conventional proportional-
integral-derivative parameters of differential
equations, but rather in situation/action rules.

(2) For an ill-conditioned or complex plant
model, fuzzy control offers ways to imple-
ment simple but robust solutions that cover a
wide range of system parameters and, to
some extent, can cope with major distur-
bances.

The sequence of operations in a fuzzy system
can be described in three phases called fuzzification,
inference, and defuzzification shown as in Fig. 11.
A fuzzification interface converts input data into
suitable linguistic values that may be viewed as
labels of fuzzy sets. An inference mechanism can
infer fuzzy control actions employing fuzzy implica-
tion and the rules of the interface in fuzzy logic. A

defuzzification interface yields a nonfuzzy control
action from an inferred fuzzy control action. The
knowledge base involves the control policy for the
human expertise and necessary information for the
proper functioning of the fuzzification and defuzzifi-
cation modules.

Fuzzy control was first introduced and applied
in the 1970’s in an attempt to design controllers for
systems that were structurally difficult to model. It
is now being used in a large number of domains.
Fuzzy algorithms can be found in various fields,
such as estimation, decision making and, especially,
automatic control.

1. Fuzzy Proportional-Integral-Derivative (PID)
Control

In this case, fuzzy rules and reasoning are uti-
lized on-line to determine the control action based
on the error signal and its first derivative or differ-
ence. The conventional fuzzy two-term control has
two different types: one is fuzzy-proportional-deriva-
tive (fuzzy-PD) control, which generates a control
output from the error and change rate of error, and
is a position type control; the other is the fuzzy-pro-
portional-integral (fuzzy-PI) control, which generates
an incremental control output from the error and
change rate of error, and is a velocity type control
(Driankov et al., 1993). Figure 12 shows a fuzzy-PD
controller with normalization and denormalization
processes. In Mizumoto (1992) and Qiao and
Mizumoto (1996), a complete fuzzy-PID controller
was realized using a simplified fuzzy reasoning
method. Control schemes of these types can be easi-
ly designed and directly applied to guidance and
control system design. 

In fuzzy logic terminal guidance design, the
LOS angle rate and change of LOS angle rate can
be used as input linguistic variables, and the lateral
acceleration command can be used as the output lin-
guistic variable for the fuzzy guidance scheme
(Mishra et al., 1994). The LOS angle rate and target
acceleration can also be used as input linguistic vari-
ables to obtain an alternative fuzzy guidance scheme
(Mishra et al., 1994; Lin et al., 1999). It has been
shown that these fuzzy guidance schemes perform
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Fig. 11. Basic configuration of a fuzzy logic controller. Fig. 12. Fuzzy PD controller.

Fig. 10. Model reference control of coupled lateral dynamics.



better than traditional proportional navigation or aug-
mented proportional navigation schemes, i.e., smaller
miss distance and less acceleration command. A ter-
minal guidance law was proposed by Leng (1996)
using inverse kinematics and fuzzy logic with the
LOS angle and LOS angle rate constituting the input
linguistic variables. A complete PID guidance
scheme employing heading and flight path angle
errors was proposed by Gonslaves and Caglayan
(1995) to form the basis for fuzzy terminal guidance.
The fuzzy-PD control scheme has also been applied
to various missile autopilot designs (Schroeder and
Liu, 1994; Lin et al., 1998). Input-output stability
analysis of a fuzzy logic-based missile autopilot was
presented by Farinewata et al. (1994). A fuzzy logic
control for general lateral vehicle guidance designs
was investigated by Hessburg (1993). 

In the papers by Zhao et al. (1993, 1996) and
Ling and Edgar (1992), fuzzy rule-based schemes for
gain-scheduling of PID controllers were proposed.
These schemes utilize fuzzy rules and reasoning to
determine the PID controller’s parameters. Based on
fuzzy rules, human expertise is easily utilized for
PID gain-scheduling.

2. Hybrid Fuzzy Controller

Fuzzy controllers can have inputs generated by
a conventional controller. Typically, the error is first
input to a conventional controller. The conventional
controller filters this signal. The filtered error is then
input to the fuzzy system. This constitutes a hybrid
fuzzy control scheme as shown in Fig. 13. Since the
error signal is purified, one needs fewer fuzzy sets
describing the domain of the error signal. Based on
this specific feature, these types of controllers are
robust and need a less complicated rule base.

3. Fuzzy Adaptive Controller

The structure is similar to that of fuzzy PID
controllers. However, the shapes of the input/output
membership functions are adjustable and can adapt
to instantaneous error. A typical fuzzy adaptive con-
trol scheme is shown as in Fig. 14. Since the mem-

bership functions are adaptable, the controller is
more robust and more insensitive to plant parameter
variations (Dash and Panda, 1996). In a paper by
Lin and Wang (1998), an adaptive fuzzy autopilot
was developed for bank-to-turn missiles. A self-orga-
nizing fuzzy basis function was proposed as a tuning
factor for adaptive control. In Huang et al. (1994),
an adaptive fuzzy system was applied to autopilot
design of the X-29 fighter.

4. Fuzzy Sliding Mode Controller (SMC)

Although fuzzy control is very successful, espe-
cially for control of non-linear systems, there is a
drawback in the designs of such controllers with
respect to performance and stability. The success of
fuzzy controlled plants stems from the fact that they
are similar to the SMC, which is an appropriate
robust control method for a specific class of non-lin-
ear systems. The fuzzy SMC as shown in Fig. 15
can be applied in the presence of model uncertain-
ties, parameter fluctuations and disturbances, provid-
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Fig. 13. Hybrid fuzzy controller.

Fig. 14. Typical adaptive fuzzy control scheme.

Fig. 15. Fuzzy sliding mode control scheme.



ed that the upper bounds of their absolute values are
known (Driankov et al., 1993; Ting et al., 1996;
Palm and Driankov, 1997).

5. Fuzzy Model-Following Controller

To have the advantages of a fuzzy logic con-
troller with a desired level of performance, a fuzzy
adaptive controller can be used in a model-following
control system as shown in Fig. 16. In this scheme,
the error between the plant output and the reference
model output is used to adjust the membership func-
tions of the fuzzy controller (Kwong and Passino,
1996). 

6. Hierarchical Fuzzy Controller

In a hierarchical fuzzy controller as shown in
Fig. 17, the structure is divided into different levels.
The hierarchical controller gives an approximate out-
put at the first level, which is then modified by the
second level rule set. This process is repeated in
succeeding hierarchical levels (Kandel and Langholz,
1994).

7. Optimal Control

A fuzzy logic system can be utilized to realize
an optimal fuzzy guidance law. In this approach,
exact open-loop optimal control data from the com-
puted optimal time histories of state and control

variables are used to generate fuzzy rules for fuzzy
logic guidance. First, data related to the state and
control variables of optimal guidance are generated
using several scenarios of interest. The fuzzy logic
guidance law possesses a neuro-fuzzy structure.
Critical parameters of the membership functions of
linguistic variables are presented in the connecting
weights of a neural network. The collected data are
then used to train the network’s weights by using the
gradient algorithm or other numerical optimization
algorithms. After training has been performed suc-
cessfully, missile trajectories and acceleration com-
mands for the optimal solution and fuzzy logic guid-
ance solution will be close during actual flight using
these scenarios. This approach can effectively resolve
the computational difficulty involved in solving the
two-point boundary-value problem.

The problem considered by Boulet et al. (1993)
was that of estimating the trajectory of a maneuver-
ing object using fuzzy rules. The proposed method
uses fuzzy logic algorithms to analyze data obtained
from different sources, such as optimal control and
kinematic equations, using values sent by sensors.

8. Example

Figure 18 shows a fuzzy logic oriented archi-
tecture employed in a fuzzy terminal guidance sys-
tem (Gonsalvs and Caglayan, 1995). The architecture
is duplicated for both the heading and flight path
angle channels. Guidance path errors drive in parallel
with a PD and a PI controller. The results produced
by the fuzzy PD/PI controllers (uPD and uPI, respec-
tively) are combined via a fuzzy weighting rule-base.
The combined control utotal is then processed via a
gain scheduler to account for variations over the
flight envelope.

A fuzzy terminal guidance system can readily
achieve satisfactory performance that equals or
exceeds that of conventional guidance approaches
with additional advantages, such as intuitive specifi-
cation of guidance and control logic, the capability
of rapid prototyping via modification of fuzzy rule-
bases, and robustness to sensor noise and failure
accommodation.
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Fig. 16. Fuzzy model-following control scheme.

Fig. 17. Hierarchical fuzzy control system. Fig. 18. A fuzzy terminal guidance system.



It should be noted that fuzzy control systems
are essentially nonlinear systems. Therefore, it is dif-
ficult to obtain general results from the analysis and
design of guidance and control systems. Furthermore,
knowledge of the aerodynamics of missiles is nor-
mally poor. Therefore, the robustness of the result-
ing designs must be evaluated to guarantee stability
in spite of variations in aerodynamic coefficients.

V. Gain-Scheduling Guidance and
Control Design

Gain-scheduling is an old control engineering
technique which uses process variables related to
dynamics to compensate for the effect caused by
working in different operating regions. It is an effec-
tive way to control systems whose dynamics change
with the operating conditions. It is normally used in
the control of nonlinear plants in which the relation-
ship between the plant dynamics and operating con-
ditions is known, and for which a single linear time-
invariant model is insufficient (Rugh, 1991; Hualin
and Rugh, 1997; Tan et al., 1997). This specific fea-
ture makes it especially suitable for guidance and
control design problems. 

Gain-scheduling design involves three main
tasks: partitioning of the operating region into sev-
eral approximately linear regions, designing a local
controller for each linear region, and interpolation of
controller parameters between the linear regions. The
main advantage of gain-scheduling is that controller
parameters can be adjusted very quickly in response
to changes in the plant dynamics. It is also simpler
to implement than automatic tuning or adaptation. 

1. Conventional Gain-Scheduling (CGS)

A schematic diagram of a CGS control system
is shown in Fig. 19. As can be seen, the controller
parameters are changed in an open-loop fashion
based on measurements of the operating conditions

of the plant. A gain-scheduled control system can,
thus, be viewed as a feedback control system in
which the feedback gains are adjusted using feedfor-
ward compensation (Tan et al., 1997).

Gain-scheduled autopilot designs for tactical
missiles have been proposed by Balas and Packard
(1992), Eberhardt and Wise (1992), Shamma and
Cloutier (1992), White et al. (1994), Carter and
Shamma (1996) and Piou and Sobel (1996). An
approach to gain-scheduling of linear dynamic con-
trollers has been considered for a pitch-axis autopilot
design problem. In this application, the linear con-
trollers are designed for distinct operating conditions
using H∞ methods (Nichols et al., 1993; Schumacher
and Khargonekar, 1997, 1998). A gain scheduling
eigenstructure assignment technique has also been
used in autopilot design (Piou and Sobel, 1996). 

2. Fuzzy Gain-Scheduling (FGS)

The main drawback of CGS is that the parame-
ter change may be rather abrupt across the bound-
aries of the region, which may result in unacceptable
or even unstable performance. Another problem is
that accurate linear time-invariant models at various
operating points may be difficult, if not impossible,
to obtain. As a solution to these problems, FGS has
been proposed, which utilizes a fuzzy reasoning tech-
nique to determine the controller parameters (Sugeno,
1985; Takagi and Sugeno, 1985). For this approach,
human expertise in the linear control design and
CGS are represented by means of fuzzy rules, and a
fuzzy inference mechanism is used to interpolate the
controller parameters in the transition regions (Ling
and Edgar, 1992; Tan et al., 1997). Figure 20 shows
the fuzzy gain-scheduled control scheme.

The Takagi-Sugeno fuzzy models provide an
effective representation of complex nonlinear systems
in terms of fuzzy sets and fuzzy reasoning applied
to a set of linear input-output submodels. Based on
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Fig. 19. Conventional gain-scheduling control scheme. Fig. 20. Fuzzy gain-scheduling control scheme.
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