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In-plane stresses

A

From notch to crack

|

x/a
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From notch to crack

A=1/2 %
N terms l

O, = ,.Kf cos(ﬁ)l—sin[ﬁ]sin[ﬁ] +...
' -x-"Z.?fIr 2 2 2

K 6 . (0 . (36
o= Lcc}s[—) l+sm(—)sm(—] +...
» \3? P [ 2 2

T = K CD‘-‘{E)GiH(E)CD{E]-F
& -\,.-’2.:? \2) \2) (2) 7
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Westergaard/ Irwin stresses

Cartesian/ Cylindrical coordinates

K, 0 . (0 . (36
o, = cos| — || 1=sin| — [sin| —
27y 2)| 2 2 )]
K, N, . (6).(30)]
o= cos| — || 1+sin| — |sin| —
» 2y 2)| 2 2 )]
T, = cos| — |sin| — |[cos| —
g 2rr 2 2 2
GW .
xy
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Westergaard stresses

Stresses ahead of the crack tip

6=0
— — KI
Ny Notes:
K j—
Oy =gy = 2—1 o, =0, evenatthenotchroot
nr
Ty =79 =0 7., =0 symmetry of the problem
o
Yy
9 — 0 Txy
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Westergaard stresses

Stresses ahead of the crack tip

. K,

] O =0 = —> 00

I X y

! 2rr
%
CTy i

o, >0,

Crack | o.—0
r

Far field zone
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Westergaard stresses

Stress Intensity Factor (SIF)

K, 1s the (first) Stress Intensity Factor

(sameintensification meaning)

KI VAN kI
N27r \/;

Different K, values, Whatis thereason of 277 ?

4 weaker and stronger  Griffith Energy releaserate" G "
singularities

K;
G= E

Now this equation holds

without any 277 term
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Stress Intensity Factor

The Stress Intensity Factor is NOT the Stress Concentration Factor

A
; y/a
K
O-y = I i Gmax = Kto-n
27Ty
Crack
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Stress Intensity Factor

Units, two options MPavmm =
3
MPa\/E = Nzx/mm:Nmm 2
[MPa | mhm
N K [MPa] ﬁy
g 27[7”“ hS o = K,
- [m] g 27r
™ [ mm]
Conversion:

xMPa+/m = xMPa \/1000mm =+/1000 x MPa+/mm ~31.6 x MPa v'mm

Example:

8.0MPa+/m =252.8 MPa+/mm
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Stress Intensity Factor

Logarithm scale

Let's log both sides...
1 1
(_\—’ log(o,) =log(K,) -~ log(27) = log(r)
K,
O-y - : i Gy (log) i
2y :
1
2
1 \
Crack Crack .
77
: r =0goes to—o0 r(log)
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Stress Intensity Factor

ANSYS Apdl (classic) — MATLAB:

Verify the -1/2 slope (log-log) and
calculate the SIF for a plate with a

lateral crack o =100 MPa

A A O A A A

a=15mm
2h =70mm

b =100mm

VoV Vv

Element type
to be used

________________________________________

1
1 1
1 1
1 1
1 L K 1
1 1
1 1
! K, L 1
1 1
1 @ 1
1 & |
1 1
: Y | 1
1

v{oraxial) | 4
1 1
: @ 4 {Trianguier Opticn - |
¥ {or radialy not recommended) :
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Stress Intensity Factor

- Half model with Symmetry
- Full model
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Stress Intensity Factor

- Half model with Symmetry
Full model

“Kidney bean” shape
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log-log scales

Stress Intensity Factor

15

|
| N
I P
— 1 N
[ s s s 1 B s s oy S A iy i
Pl b 4 — b — bk —— = ——— A b A =+ =+ — — 4 =~ — 1 P VA
Pl bt — b — b ——F ———— A bbbt A=+ =+ ——F = — — 1 (@)
TTTTJ,\T\+\\+\\\\¢fTT+¢\+\+\\+N\H\\\ 1 - L
I T e & ) T e AR AR A
I R S S DR SR S A S R S =
[ T T T T I 14 D
e s I A A I 1
e I R [ | 1 VJ lav] R
[ R A I [ [ I | v [Q\
[ e e e N + ——+ - - - | 0 d ~
[ | | [ | { | O S
[ R A I [ Al I 1 p on
[ R A ! [ i/ I o 1 = @] =)
Ay Ay A L Y L A A o 1 g o
CCCZCIZCCL CCZILCLCL L-IZ-1-Z-2-2Z°7] — |
N 1 p—
[ et e il et Fot -t . +
[t Sl el TErT TTTT ST ~
[l e Sl it o m T Tt -t -7 ! A 5 P
Flml- 4=k =+ e Fot -+ - -+ 1 ()
T B O (Y I A S I R 1 L O
[ R | [ i \ _ —
LilLa_L_oi] = | __JL Ll L1 1] T
R S VAN o | ! __
- W [ I ol __
e i el ol 4 -+ e 1 —
[ R A [ [ I —
1] 1
[ R A — [ [ I |
[ S I I 4 [ [ I — |
e o -x— T e B e e e e B
FoCry-eTi--i--Z-ivcrpyoTicytoytioz] @ 1
R e e e e e e M |
I TT T /T AT T T T T T T T |
[ e B 2 S i S e iy B
[ e i B e i ek B ol el el B e s Al !
1 I o | !
e | R | 1
/2O T T 1
[ R A I [ T I |
[ R B I [ T I
[l e e Sl e Sttt el B ol el el i Bl e St |
[ N R B I [ T I 1
[ A I [ T I 1
[ I R VA I [ T I [ |
I I 1 1 I 1 1 1 |
"o = = _
— — — I
I
I
I
|

Pisa, June 15 — July 14, 2015

MATLAB elaboration




Stress Intensity Factor

Homework:

Verify the angle dependency of the Path at any different
stress distribution at the crack tip

angle

K, N, . (6). (306
o, = cos| — || l=sin| — |sin| —
2 2 2

K, o, . (0).(36)
= cos| — || 1+sin| — |sin| —
2 2 2

seos 3 Jon( oo 3
T = cos| — |sin| — |[cos| —
Y 27r 2 2 2
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In-plane Stress Intensity Factors

There are two distinct ways to apply in-plane loading

K, Al
o, = cos| —
2y 2)
K, Al
o, = cos| —
2zr 2)

1—sin

1+sin

L4
2
0
2

sin

sin

3¢

KII

. (6?
sin| —
2

COS

X, (6’) | (ej | (3&)
cos| — || 1—sin| — [sin| —
27y 2 2 2

Mode | and Mode I
Stress Intensity Factors

=,

XX

-

ol

Symmetrical and
Nonsymmetrical stress

components

Cartesian coordinates
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In-plane Stress Intensity Factors

There are two distinct ways to apply in-plane loading
K |5 (0) 1 (39} K, | 5. (ej 3 . (39)
o, = —CoS| — |——cos| — | | +——| ——sm| — |+—smn| —
27r |4 \2) 4 2 27zr| 4 \2) 4 2
K, |3 (9) 1 (39] K, | 3. (0} 3 . (39)
Oy = —CoS| — |[+—CO8| — | |+ ——| ——sIn| — |——sIn| —
2rr |4 \2) 4 2 2zr| 4 \2) 4 2
K |1 (ej 1. (30} K, |1 (ej 3 (39)
To= —SsSin| — (+—SIn + —COS| — [+ —COS| —
2ar |4 \2) 4 2 27r |4 \2) 4 2

Mode | and Mode I
Stress Intensity Factors

Cylindrical coordinates

Symmetrical and
Nonsymmetrical stress
components
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Plane Stress/ Strain

Same solution In-plane

K, 0 . (0). (30)] K, . (0 6 30
o= cos| — || l—sm| — [sin| — | |- sin| — || 2+cos| — |cos| —
2y 2)| 2 2 )| \N2#r 2 2 2
K, oN . . (e). (30\] K, . (6 (9) 39)
o, = cos| — || 1+sin| — [sin| — | |+ sin| — |cos| — |cos| —
Y 2 2) 2 2 )| \2xr 2 2 2
K, ). (6 30 K, (9) . (9) . (39)
T = COS| — [sin| — [cos + cos| — || 1 =smn| — [sin| —
g 2y 2 2 2 2rr 2 2 2
Similarly to the notch,
any point even very close
to the singularity:
0 plane stress
o, = :
© v (O'xx +0o, ) plane strain
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Plane Stress/ Strain

Plane stress, transversal stress/ strain

GZZ :0

K K, .
gZZ:—L(O'xx+0' )=—L L Cos ¢ —2—_sin
E P E 2 2

2mr 2mr

Plane strain, transversal stress/ strain

o.=v(oc_+o0 )—v( £, cos(gj—Z K, sin(g)j
- Y N27r 2 27y 2

Pisa, June 15 — July 14, 2015
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Plane Stress/ Strain

How plane stress can be possible at the crack tip?

is “infinitely” smaller being just

zero.
Why talking about plane stress
for a crack?

Plane strain if a<<B

¥ A Sy

@

t:thickness

p:.radius

Plastic zone need to introduced.

Pisa, June 15 — July 14, 2015
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Fully three-dimensional problem

The three crack loading modes and related Stress Intensity Factors

Mode 1 Mode 11 Mode III
(Opening) (In-Plane Shear) (Out-of-Plane Shear)

- a

¢ In-plane: Out-of-plane:
KI 3 KH K I
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| problem

mensiona

i

Fully three-d

Many figures available to show the three crack modes

(s}

Mode I
Tensile fracture

—_ e e e e e ———— ———

o)
~
o
N
<
J
=
S
3
|
%)
-
o
c
5
3
©
L
o




Mode Il stress distribution

Out of plane shear stresses

7.7, Of alternatively 0,0,

xz 2

were zero for Mode I and Mode 11

either plane Stress or plain Strain

¥4 Cyy

other stress component are zero
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How to calculate SIFs for structures

Different approaches

Dimensional approach, with graph and tabular data

Weight function

Finite elements with different techniques, previously an example with the

stress asymptotic approach has been shown
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How to calculate SIFs for structures

Dimensional approach

K, =FS\ra

a and S are required just for the

dimensional analysis

F1s the "shape function" it is
dimensionless and depends on the
loading configuration and relative

dimensions (similarly to K,)

For this specific problem:
F =1.0(theoretical result)

lTTHTTTTHHS

TEEEEEEEEEN

Pisa, June 15 — July 14, 2015
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How to calculate SIFs for structures

Dimensional approach T T T T T T T (S
K,=FS~ga [ g

Finite with, far stress

Usually S, grossstress isused

in the formula rather than

S which i1s the net stress

For this specific case: LZ—J
F dependson a/bratio ¢
... tabular cases available on textbooks 2b

and atlas to find (approximated)

values for ‘ RN
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How to calculate SIFs for structures

Crack on plate cases

Values for small a /b and limits for 10% accuracy:

P @ Sy ® S Sa (a) K=S8,/ma (b) K — 1128, J/7a (c) K - 1128, /ma
ﬁ b hl [h - (a/b < 0.4) (a/b < 0.6) (afb = 0.13)
g ~la
{ St; { %}t ’;_‘ "jl iT_.’t " Expressions for any « = a/b:
1 — 0.5« + 0.326a?
IR il RE a) F = hib = 1.5)
(a) N (hj/b =
6 T
] ! —
sl K = FSq/7a / 4 | (b) F = (1 + 0,122 cos* ?) ,j%m? (h/b = 2)
| ] :
P (a,b) / i ]

4 9" 2bt — - ) 265

R © | ! () F:ﬂ.iﬁi{l—a)"+035?+ﬂ1? N T R

So=m = © / (1 — )’

3 7 /,

‘ / @ Az
2 el P £ by —

— ____,_4-':‘-'

1 —f# = F=1.12

| | for a single-edge-cracked
0 0.2 0.4 (] 0.8 1.0 .

a-ab plate with a small crack
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How to calculate SIFs for structures

Previous example solved with FE simulation

(c) Sg
o =100MPa | N
Pt rrrtrrtt el
b
tr
a=15mm (c) F=0265(1 —a) + ”'HT i ﬂ'_i?iu (h/b = 1)
2h=70mm . _ He
Here 4 > bisnot satisfied,
however, approximately:
b =100mm a=al/b=0.15
l l l i i l l l l F =1.28 (not much larger than1.12)
1
K, = FSN7a =880 MPamm?
1
K, (ANSYS) =1047 MPamm? (16%)
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How to calculate SIFs for structures

Previous example modified, larger height (c) S
o =100MPa | N
rtrrr ettt i
b
A Y R
a=15mm (c) F=0265(1 —a)* + ”'HT ! ﬂ'_i?iu (hib = 1)
2h =300mm o o
Now 4 > bissatisfied:
a=a/b=0.15
A b =100mm Ay F =1.28(not much larger than1.12)
1
vy K, = FS\za = 880 MPa mm>
1
K, (ANSYS) =899 MPamm? (2%)
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How to calculate SIFs for structures

Three-dimensional elliptical or circular (penny-shaped) cracks

-
——

Infinite Half : 2
space space Surf. EIM)’(.
Ellipt.  Circ. K, =10, 70 1(0)

Embedded Crack: Surface Crack:

) [ma ) 165
}\_I:O"II—f[[IfP] KIZEG'\-:}TG Q:|+]464[a]
T

&

A, = [I 13- o_oa(ﬂ]]u +0.1(1 —sin )]
&

5 m
flor= {sinz[tﬁr) +(E) coszlq&]}
e

FIGURE 2.19 Mode I stress intensity factors for elliptical and semielliptical cracks. These solutions are valid
only as long as the crack is small compared to the plate dimensions and a = .
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How to calculate SIFs for structures

Many cases available on books and atlas

T.L. Anderson, Fracture Mechanics: Fundamentals and Applications,
third edition. CRC Press 2005.

S.A. Laham, R.A. Ainsworth, Stress Intensity Factor and Limit Load
Handbook. EPD/GEN/REP/0316/98, ISSUE 2, 1998.

Y. Murakami, Stress Intensity Factors Handbook. Pergamon, 1986.

ASTM standards (to be shown next)

... and others
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How to calculate SIFs for structures

S.A. Laham, R.A. Ainsworth, Stress Intensity Factor and Limit Load

Handbook. EPD/GEN/REP/0316/98, ISSUE 2, 1998.

L —_— 1 2c/a=2
: : L Y 7 S N N 7
: : 0 0.659 0.471 0.387 0.337 0.299 0.266
: B PN : 0.2 0.663 0.473 0.388 0.337 0.299 0.269
: L : 0.4 0.678 0.479 0.390 0.339 0.300 0.271
: : 0.6 0.692 0.486 0.396 0.342 0.304 0.274
I > ! 08 | 0697 | 0497 | 0405 | 0349 | 0300 | 0.278
: | 2c/a= 512
;Y : T S A 7 I S
: : 0 0.741 0.510 0411 0.346 0.300 0.266
: : 0.2 0.746 0.512 0.413 0.352 0.306 0.270
: : 0.4 0.771 0.519 0416 0.356 0.309 0.278
: : 0.6 0.800 0.531 0422 0.362 0.317 0.284
e S ! 0.8 | 0820 | 0548 | 0436 | 0375 | 0326 | 0.295
i g | 2¢/a=10/3
The stress intensity factor K is given by ! a/t i IS £ £ I 5
S fa 2 ! 0 | 0833 | 0540 | 0425 | 0351 | 0301 | 0267
K; =E§Ufﬁ[?j] (ALD) 02 | os41 | 0554 | 0430 | 0350 | 0300 | 0.271
- : 0.4 0.885 0.568 0.442 0.371 0.320 0.285
o; (i=0to 5) are stress components which define the stress state ¢ according to X 0.6 0.930 0.587 0.454 0.381 0.331 0.295
S (uY ) : 0.8 0.960 0.605 0.476 0.399 0.346 0.310
0’={}'(u]=zgl.[ —J for0=u<a (AT2)
=0 +da 1
1
1
1

0 is to be taken normal to the prospective crack plane in an uncracked plate. 0 is |

i , i i 7 ~a-0rd] i w ; R
icltcirmmed by fitting ¢ to Equation (AIL2). The co-ordinate u is defined in Figure Iduly 14, 2015

— e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e = ===
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How to calculate SIFs for structures

Homework:
Calculate the SIF fora
surface crack in a half-space

at A and B points:

a <<t
a=2mm,c =2.5mm
o =100 MPa (uniform)

Compare the results

Andreson vs. Laham

______________________________________

1 1
1 1
1 1
1 1
1 a 1
1 1
1 B 1
1 1
1 1
1 A u 1
1 & > 1
1 1
1 1
1Y 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 t 1
e e o e D L L L D e o o o o o o o o e o o e o e e e e e e e 1
2(’x’;"!=2
Py fo{ ﬁ{ f:‘l‘ fjj‘ ff f_"
0 0.659 0.471 0.387 0.337 0.299 0.266

0.2 0.663 0.473 0.388 0.337 0.299 0.269
0.4 0.678 0.479 0.390 0.339 0.300 0.271
0.6 0.692 0.486 0.396 0.342 0.304 0.274
0.8 0.697 0.497 0.405 0.349 0.309 0.278

2¢c/0=5/2
Wt f-D_-\ flA f:_-\ ﬁ_—k f:IA ﬁ_-\
0 0.741 0.510 0.411 0.346 0.300 0.266

0.2 0.746 0.512 0.413 0.352 0.306 0.270
0.4 0.771 0.519 0.416 0.356 0.300 0.278
0.6 0.800 0.531 0.422 0.362 0.317 0.284
0.8 0.820 0.548 0.436 0.375 0.326 0.205
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Irwin 1961

Crack tip plastic zone

Gy 0=0
Elastic
Material model:
) ) Elastic-Plastic
elastic perfectly plastically
o S f——r---- — >
r
After equlibrium
Plane stress: .
correction:
o, =5y
y o S
1 (K SN
& ry, =—1| — (1, =2ry,)
27\ Sy
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Irwin 1961

Crack tip plastic zone

Gy 0=0
Elastic
Material model:
. . Elastic-Plastic
elastic perfectly plastically
o S f——r---- — >
F
, After equlibrium
Plane strain: ,
correction:
o, =58y
o0 o [K
o 3xS,
> Il [ K
E rY{;‘:— —I (rpgzerg)
o\ Sy

Pisa, June 15 — July 14, 2015 36




Crack tip plastic zone

Plane Stress/ Plain Strain

Pl. Strain at intermediate
“Kidney bean” shape thickness, only for a thick
plate

y

; F\plane stress
i Always PI. Stress
at the surface

plane strain
€—

d.1 02

3 times size
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Crack tip plastic zone

Plane Stress/ Plain Strain

After considering the plastic

Within the Linear Elastic zone, the size to be compared
assumption, always plain to the thickness is 7,

strain at the singularity, To distinguish between plane
local radius = 0 Stress/ Strain

v A Oyy
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Crack tip plastic zone

Plane Stress/ Plain Strain

To have fully developed

plane strain:
2
B>2.5 EKI]
SY
K 2
z.SLIj _
SY

2
:(2.5><67z)L Ao
o\ Sy

=(2.5x6m)r,, =507,
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Crack tip plastic zone

Small Scale Yielding for LEFM validity

t ¢t ¢t ¢t ¢t ¢t ¢

- N
/ \
S
v = /  farfield
plastic
N\ zone /
~ _ ~
a

To have LEFM validity:
a>>r,

this way the plastic zone

is dominated by the K -field.
Usuallyitisstated that:

a > 8r,_ (for pl.stress)

a > 81, (for pl.stress)

/N

for Pl. Stress: for Pl. Strain:

4( K\ 4 (K
a>—| =L a>—| =L
7\ Sy 3z \ Sy
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Crack tip plastic zone

Small Scale Yielding for LEFM validity

1y (1)) has to be limited also . for PL. Stress: for P1. Strain:
with respect to the ? ?
. : a,(b—a),h>i K a,(b—a),h>i K
geometry boundaries i S, 3z S,
¢ { -4 )
! : >
Ern”‘ "* h ! 7 h
—) - 7 D‘% —t
— a—h—(b—a)— |
_‘1‘_b a i {b—a}}-—- ;
S @ B S R -
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Crack tip plastic zone

At surface (PI. Stress)

ANSYS Wb — ASTM CT specimen:

Interior section (PIl. Strain)

Elastic-Plastic
material :
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Crack tip plastic zone

ANSYS Wb — ASTM CT specimen:

Same F/thick.

Pléhe\ Stress (small thickness
with respect to the plastic zone)

A\

Sty

Pisa, June 15 — July 14, 2015 43



Crack tip plastic zone

___________________________

ANSYS Wb — ASTM CT specimen: . Plane Strain, interior
thick specimen i

1
1
1
L e e e e - S

y
/I\-\\planestress
| ' Plane Stress, at !
. /pllanestram : h k . :
P e s =X :t Ick specimen
' surface |
| Q
\o.h__

_______________________

Plane Stress, i
small thickness
specimen :

_______________________
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